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Abstract: This paper concerns the properties of the generalized bi-periodic Fibonacci numbers {G, }
generated from the recurrence relation: G, = aG,_1 + G,y (n is even) or G, = bG,,_1 + G,_»
(n is odd). We derive general identities for the reciprocal sums of products of two generalized bi-

periodic Fibonacci numbers. More precisely, we obtain formulas for the integer parts of the numbers

(a/b)g(kﬂ) -1 o 1
<Z;o:n Gk Grim ,m=0,2,4,-- and Z;o:n Gk Grim

, m=1,3,5,---.
Keywords: bi-periodic Fibonacci numbers; reciprocal; floor function

MSC: 11B37; 11B39

1. Introduction

As is well known, the Fibonacci sequence {F,} is generated from the recurrence
relation F, = F,_1 + F,_» (n > 2) with the initial conditions Ff; = 0 and F; = 1. The Fi-
bonacci numbers possess many interesting properties and appear in a variety of application
fields [1].

Many authors tried to generalize the Fibonacci sequence. For example, Falcon and
Plaza [2] considered the k-Fibonacci sequence. Edson and Yayenie [3] introduced the
bi-periodic Fibonacci sequence { f, } defined by

ifn € Ng;

ifnen, (722 @

heos=1h={ 0T

where N, (N,, respectively) denotes the set of positive even (odd, respectively) integers.
Filipponi [4] defined the incomplete Fibonacci sequence, and Ramirez [5] introduced the
bi-periodic incomplete Fibonacci sequence.

In the remainder of this paper, we use the notation {G, }9>_, = S(Go, G1, 4, b) to denote
the generalized bi-periodic Fibonacci numbers {G, } generated from the recurrence relation

ifn € N,;

n>2),
ifn eN,, (n22)

aGy—1+ Gu—2,
Gn =
b GVl—l + Gn72/
with initial conditions Gy and Gj, where Gy is a nonnegative integer, G;, 4 and b are
positive integers.
Recently, Ohtsuka and Nakamura [6] reported an interesting property of the Fibonacci
numbers {F,} = 5(0,1,1,1) and proved the following identities:

-1
i 1 B E,—F,_1, ifn>2andn € N,; )
= F - F,—F,_1—1, ifn>1landnéeN,,

-1
i 1 B F, 1E,—1, ifn>2andn €N, 3)
= F? | BB ifn>1andn € N,
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where | -] is the floor function.

Following the work of Ohtsuka and Nakamura, diverse results for the numbers of the
form {G, } = S(Gy, G1,4a,a) have been reported in the literature (see [7-15] and references
cited therein).

On the other hand, reciprocal sums of the generalized bi-periodic numbers were con-
sidered in [16,17]. In [16], Basbuk and Yazlik proved the following identity for
{Gn} =5(0,1,4,b):

—1
Z a/b )G =Gy, ifn>2andn € N,; @
— - 1G,—G,.1—1, ifn>1landneN,,

where

P =Sk +1) g0+ 1) - (-1 | 557,

and ¢(n) is the parity function, such that

0,ifn € {0} UN,;
gy = O e 03U
1, if n € N,.

For {G, } = S(Go, G1,4,b), Choi and Choo [17] identified the integer parts for the numbers

® (g/p)s0k+1) B
y
k=n Gk

In this paper, we extend the results in [17] by considering the reciprocal sums of
products of two generalized bi-periodic Fibonacci numbers. More precisely, we obtain
general identities for the numbers

-1
© (g/p)sKk+1)
(L) mewmon,

k=n

-1
ad 1
, m € Np.
(kgn G Grt-m )
2. Results

2.1. The Case where m € {0} UN,
Lemma 1 below will be used to prove the results for the case where m € N,.

and

Lemma 1. Assume that m € {0} UN,. Then, for {G,} = S(Go, G1,a,b), (a)—(e) below hold:

(a) Gn+2Gn+m+1 - GnGnerfl = aé(n)bé(nJrl)GnGn-&-m + u@(n+1)b§(n)cn+1 Gn+m+1-
1) Gui1Gutm — Gu2Guym—1 = (=1)"(GnG3 — Gy 11G2).
(@) atDEMG, 1 Gyprr — afWHE GGy = (—1)"(aGy1G1 — G y2Go).
(d) Gn+lGn+m—2 - GnGnerfl - ( 1) (GmG3 Gm+1G2)
(e)  Gu1Guim — GnGpym—1 = (=1)"(Gp, Gm+1Go)-

Proof. Since
Gp = a*"VpEMG 4G, s,

then, (a) follows from the identity

GnGn+m+1 = (Gn+2 - ag(n+1)bg(n)cn+l)cn+m+1
= Gn(‘lg(n)bé(nJrl)Gn-&-m + Gn+m71)'
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(b)—(e) are special cases of ([18], Theorem 2.2). O

Theorem 1. Consider the generalized bi-periodic Fibonacci numbers {G,} = S(Go, G1,a,b)
and let

qu = b(GmG3 — Gm+1G2).

Ifm € {0} UN,, then (a) and (b) below hold:

(a)

(b)

If
Dy
ab+2 £z,
define
where

A 1, if &y > 0;
0, if d,, < 0.

(i) If @y, > O, then there exist positive integers ng and ny such that

= GkGram bGyGyim-1— m, ifn>mnyandn € N,.

. Z(k+1) 1
(mQJ>J_{MﬁHWH&Fm prematne W

(ii) If ®y, < 0O, then there exist positive integers ny and n3 such that

N\ ERFD
<oo (y) ) J {bGnGn+m1+gm, ifn > nyand n € Ny; ©
k

— GkGirm bGyGrim—1—8gm—1, ifn>nzandn € N,.
If
Dy
Z
ab +2 €&
define
. Dy
Sm = b2
and

]_—'m = gmb(me+2GO - ﬂGm+1G1) - gAgn

(i) If Ty, > 0, then there exist positive integers ny and ns, such that

2\ oD
\‘< i (E) ) J _ {bGnGn—i-m—l +§m, lfﬂ > Ny and n € N,; (7)

—n Gk Grm bGyGuym—1 —8&m, fn>nsandn € N,.

(ii) If T’y < 0, then there exist positive integers ny and ns, such that

. Z(k+1) 1
{<wQJ>J_{wﬁHWH®Fm e ®
k

Gk Gigm bGyGuym—1—8m—1, ifn>nyandn € N,.

=n

Proof. (a) To prove (5), assume that ®,;, > 0. Then

P, — gm(ab+2) <O0.
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Firstly, consider

g(n+1) ¢(n)
. _ : 1 NORENON

bGnGn+m71 + (—1)”gm B bGn+2Gn+m+1 + (—1)”gm GnGn+m Gn+1Gn+m+1
Yq
(bGnGn+m—1 + (_1)ngm)(bGn+2Gn+m+l + (_1)ngm)GnGn+1Gn+mGn+m+1’

where, by Lemma 1 (a)

Yl = { (%)g(H)GnGn—Fm + (%) é(nJrl)Gn+1Gn+m+l }Y/l/

with
V1 = 0*(GnGua Gram Grrimi1 — GGz Gram1 Grimi1) — (—1)"gmb (Gu Gt + G2 Gremi1 ) — -

By Lemma 1 (b,c), we have

GnGn+1Gn+mGn+m+l - GnGn+2Gn+m—1Gn+m+1 = (Gn+1Gn+m - Gn+ZGn+m—1)GnGn+m+l
= (=1)"(GnG3 — Gus1G2)GnGpym1,

and

GnGn+m—1 + Gn+2Gn+m+1
= Gu(Gpyme1 — a@(n+m)b§("+m+1)cn+m) + (aé(”H)bé(”)GnH + Gu)Grgmit
= 2GuGuimi1 — a*MBETNG, Gy 4 afHDREM) (gD G 4 G )G
= (ab+2)GpGpimir — DG, Gy + af VMG, G
= (ab+2)GyGpimi1 + (—1)"(aGyy1 — bGp12Go).

Then

=
|

(_1)nb2(GmG3 - Gm+1G2)GnGn+m+l
_(_1)ngmb{(ab + Z)GnGn—l-m-i-l + (_1)n(aGm+1 - meJrZGO)} - 3%1
(_1)”b{®m - g(ab + 2)}GnGn+m+l +gmb(me+2GO - aGm+1G1) - g%1

If n € N, then there exists a positive integer m such that, for n > mg, X; < 0, and

: : (%>§(”+1) . (%)C(”)

bGuGpim—1+8n  0Gni2Guimi1 +8m  GuGuim  Gui1Guimi1

Repeatedly applying the above inequality, we have

Z(k+1)
e ()
bGnGpym—1+ 8m k Gk Grtm

,ifn>mgyandn € N,. 9)

=n
Similarly, we obtain, for some positive integer m,

. &(k+1)
ORI
Gka+m bGnGn-i—m—l _gM’

ifn >mj;andn € N,. (10)
k=n

Next, consider
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&(n+1)
X, = 1 _ 1 - (t)
2 bGnGnerfl + (_1)ngm -1 bGnJrlGn-i-m + (—1)”+1gm -1 GnGn+m
_ Y2
(bGnGpim—1+ (=1)"gm — 1) (bGy11Gpgm + (1) gy — 1)GuGrpm’
where
Y2 = bGuGuyn G%er - ag(n+1)b1+§(n)GnGn+1Gn+m71 Gntm — bG%Gnerfl Guim+1
—(=1)"8m{2GuGuim + " TV (G 1 Gy — GuGram—1) }
a0 DB (GGt + Gt Gogr) + aE DB (2 1),
Using Lemma 1 (d,e), we have
bGnGpy1Gaym — VBT GGy 1 Gy i1 Grtm — bG2 Gyt m—1 Gt
bGnGnJrl Gn+m(Gn+m - ug(nJrl)bg(n)Gnerfl) - bG%Gnerfl Gn+m
= bGnGn+m(Gn+1Gn+m72 - GnGn+m—1)
= (*1)nb(GmG3 - Gm+1G2)GnGn+mr
and
ZGnGn+m + a@(n—i—l)bg(n) (Gn+1Gn+m - GnGn+m—l)
= 2GuGuam +atFVREM (RN G 4 G )Gy — ag(”ﬂ)b‘:(”)GnGHm,l)
(ab +2)GuGutm + a* " VBEM (G 1 G — GuGrpm—1)
= (ab+2)GuGpim + (=) 2 Vpe) (G, Gy — Gsr Go).
Hence we obtain
Y, = (_1)n{q>m — 8&m (ab + 2)}GnGn+m + a@(n—i—l)bcf(n) (GnGn+m—1 + Gn+1Gn+m)
—at DM ¢ (GG — Gy Go) 4+ abHHDpE(m=1(g2 ),
and there exists a positive integer m;, such that, for n > my, X, > 0, and
. &(n+1)
(" | ] 1
GnGn+m bGnGn+m71 + (_1)71gm - 1 bGn+1Gn+m + <_1)n+1gm - 1 )
Repeatedly applying the above inequality, we have
< , if n > mo. 11
L GG~ WG 1+ (—1ign 1 : (v
Similarly, consider
&(n+1)
“ 1 - 1 - (%)
3 bGnGn—i-m—l + (_1)ngm +1 bGn—HGner + (_1)n+1gm +1 GnGn+m

Y3
(bGnGn+m—1 + (*1)”gm + 1)(bGn+1Gn+m + (*1)”+1gm + 1)GnGn+m’

where
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Y3 = YZ — 2ﬂ§(n+1>bé(n) (GnGn+m_1 + Gn+1Gn+m)
= (_1)11{(1)"1 — &m (ab + 2)}GnGn+m - a@(n—i—l)bcf(n) (GnGn+m—1 + Gn+1Gn+m)
—a‘:(”"’l)bg(”)gm(GmGl — Gp1Go) + aé’(fﬂrl)bf?(n)—l(g%1 —1).

There exists a positive integer m3 such that, for n > mj3, X3 < 0, and

&(n+1)
1 - 1 . (%)

from which we have

. N <%)§(k+1)

<Y 2L ifn > ms. 12
bGuGrim 1+ (—1)gy +1 k;n GiGrrm 3 (12)

Then (5) follows from (9)—(12).
Now, suppose that ®,, < 0. In this case, we have

P, — gm(ab+2) >0,

and (9)—(12) are respectively modified as

({1 @'(k+1)
~ (%) !
,ifn>myandn € N, 13
& GG 0GuGrim1 + g ! ‘ 13)
&(k+1)
! <w@ifn>m andn € N (14)
bGnGn+m—1 — 8m k=n Gka+m ’ = o
. (%)é(k-‘rl) .
< , ifn > mg, 15
k—=n Gk Grtm bGnGuym-1+ (=1)"gm — 1 ¥ 15)
and &(k+1)
i = (1)

< -, if n > my. 16
bGnGyim1+ (=1)"gm +1 k; GkGiam 7 (16)

Then, (6) easily follows and the proof of (a) is completed.
(b) Suppose that

Dy
Z.
ab+2 <

and there exists a positive integer mg such that X; > 0if n > mg. Hence, we obtain

. ¢(k+1)
= (1) !
Gka+m bGnGn+m—l + (_1)11(05”1’

We recall the proof of (a). If I';, > 0, then replacing g, by $m, we have Y, =T, >0,

if n > mg. (17)
k=n

Similarly, there exists a positive integer mg such that X3 < 0if n > mg, from which
we have
. Z(k+1)
1 ~ (t)

— < -~ ifn > my. 18
BCnGorm & (—175+1 ~ 2= GiGrrm 9 18)
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Then, (7) follows from (17) and (18). (8) can be proved similarly, and details are omitted.

O

If a = b, then Theorem 1 reduces ([7], Theorem 2.1) with m € {0} UN, and {G,} =

{H,} = S(Gy, Gy, 4,a).
If m = 0, then Theorem 1 reduces ([17], Theorem 2).

2.2. The Case Where m € N,
To deal with the case where m € N,, we need the following lemma.

Lemma 2. Assume that m € N,. Then, for {G, } = S(Go, Gy,4a,b), (a)-(e) below hold:

@  Gu2Gntm+1 — GnGpym—1 = aé(nJrl)bg(n)(GnGn—I—m + Gui1Gngmi1)

() aTVRENG, Gy — aWBEDG, Gyt = (=1)"(aGnGs — bGpyi1Ga).

(c) anlGn+m+1 - GnGn+m = (_1)n(Gm+2GO - Gm+1G1)~

(d) ag(n+1)bé(n>Gn+lGn+m72 - ag(n)bg(n+l)GnGn+m—l = (71)n(aGmG3 - me+1G2)'

() aSttUpEG, Gy — alMED GGy = (—=1)"(aGp Gy — bGyyy1Go).

Proof. (a) follows from the identity

GnGn+m+1 = (Gn+2 - ag(n+l)bé(n)Gn+1)Gn+m+l
= Gy (ag(n—i-m)bé(nﬁ-m-&-l)Gner + Gn+m—1)'

(b)—(e) are special cases of ([18], Theorem 2.2). O

Theorem 2. Consider the generalized bi-periodic Fibonacci numbers {G,} = S(Go, G1,a,b)

and let
Am = LleG3 — me+1G2.

If m € Ny, then (a) and (b) below hold:

(a) If
Am
ab+2 2z,
define
Py— Am
fom = {ab—l—Z +4
where

A LA >0
0, if Ay < 0.

(i) If A > 0O, then there exist positive integers ny and ny such that

-1
ad 1 GGy +hw =1, ifn>ngandn € Ny;
B aGuGuam-_1— hm, ifn>nyandn € N,.

k=n G Gret-m

(ii) If Ay, < 0, then there exist positive integers ny and n3 such that

-1
K © ) J B {bGnGn+m1 + I, ifn>nyandn € N,;

4Gy Guim—1—hm—1, ifn>nzandn € N,.

k=n Gk Gk+m

I

(19)

(20)
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define

and
Y := hmab(Gy11G1 — Gu+2Go) — h%”'

(1) If ¥, > 0, then there exist positive integers ny and ns such that

71 N
{( > 1 ) J B {aGnGn+m_1 +hy, ifn>ngandn € N,

a (21
f—n Gk Gigm bGyGuym—1 — hm, ifn > nsandn € N,. )

(ii) If ¥ < 0, then there exist positive integers ng and ny such that

_1 N
{( > 1 ) J {aGnG,HmlJrhml, ifn > ngand n € N,;

o 22
—n G Gram bGnGyym—1 —hm —1, ifn > nyand n € N,. (22)

Proof. (a) To prove (19), assume that A;; > 0. Then
A — hy(ab+2) < 0.

Firstly, consider

1 1 1 1
X, = _ _ _
! at MBI Gy G atH(=1) " h aSMBEHD G GrpaH(=1)" i GnGrim G Gy
Yq

(@M GGy + (= 1)y ) (a8 M) Gn G +(— 1) ) GGt G Gyt

where, by Lemma 2 (a)
Yl = (GnGn+m + Gn+1Gn+m+1)Yl/
with

Yl = abGnGn+l Gn+mGn+m+l - azg(n)bzawrl)GnGn+2Gn+m71 Gn+m+1
— (=) (GGt 4 Gras2 G ) — 12

By Lemma 2 (b,c), we have

abGy Gy 1GnGum — 92€(n)b2€(n+1)GnGn+2Gn+m71 Guym+1
= (abGn-H Gn+m - QZC(H)b2§(H+1)Gn+2Gn+m—1)GnGn+m+l
- ag(”)bé(”ﬂ)(ag(”H)bg(”)GnHGHm _ ag(n)bg(nJrl)Gn+2Gn+m71)GnGn+m+l
= (=1)"a*MpE0H) (4G, Gs — bGuyp11G2)GnGppmists
and
GnGn+m—l + Gn+2Gn+m+1
= Gu(Guoms1 — a@(ﬂ+m)b€("+m+1)cn+m) + (aé(ﬂﬂ)bé(”)GnH + Gn) G
= 2G,Guimi1 — ag(”+l)b§(”)GnGn+m + g6(n+1) pé(n) (gC(")bC("H)Gn + Gu-1)Grimain
(ab + Z)GnGn+m+1 + dz(iﬂ_l)bg(ﬂ) (Gn—lcn—l-m-i-l - GnGn+m)
= (ab+2)GuGpimi1 + (1)t VL) (G 2Go — Gps1Gr).

Then
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Vi = (="t (4G, Gy — bGupi1G2) GuGrpmain
—(=1)" MOV (ab +2) GGt + (—1)" a8 FVBEM (G 2Gy — Gui1Gr) } — 12,
= (—=1)"afMpE LN — By (ab +2) }GuGrpmy1 + hinab (G 1G1 — G2 Go) — W,

If n € N,, then there exists a positive integer m such that, for n > mg, X; < 0, and

1 1 1 1

— < + .
a‘f(”)b‘f(”“)GnGner,l + hy ag(")bg("+l)Gn+2Gn+m+1 + hyy, GnGrim Gn+1 Gn+m+1

Repeatedly applying the above inequality, we have

1 oo
<y
atMpE )G Gyt + M ,;’1 Gk Grtm

,ifn>mpand n € N,. (23)

Similarly, we obtain, for some positive integer 1,

d 1 1
<
Pt GGiam aMpsn+1 G, G

,ifn>mpandn € N,. (24)
n+m—1— hm

Next, consider

1 1 1
X, = — -
2 atMpE) Gy G+ (= 1)y =1 abr MG G+ (—=1)" My —1  GuGpgm
_ Y2
N (ﬂé(n)bé(n+1)GnGn+n171 + (_1)nhm - 1)(a§(”+1)b§(")Gn+1Gn+m + (_l)i’lJrlhm - 1)GnGn+m’
where
Y, = ag(n+1)b§(n)GnGn+l G%er - abGnGn+1Gn+m71 Gn+m - ag(n)bg(nJrl)G%Gnerfl Gn+m+1

—(=1)" 1 (2Gu G + aFVEM Gy 1 G — aSWEH GGy
+a* WG G 1 + VNG, G) + 12, — 1.

Using Lemma 2 (d,e), we have

a*HVBEM G, G 1G2 y — AbGu Gt 1 -1 G — a8 WV GG, 1 Gt
— aé(nJrl)bg(n)GnGn+1Gn+m(Gn+m _ ag(")bér("H)Gner,l) _ a‘f(”)bé(”H)G%Gner,lerm
GnGner(ag("H)bg(")Gn+1Gn+m,2 _ ﬂg(")bg(”H)GnGner—l)
(=1)"(aGmGs — bGp+1G2) GnGnim,

and

2GnGrm + aC(”+1)b§(”)Gn+1Gn+m _ aé(”)bé(”H)GnGner_l)

2GuGppm + a DR (MR G 4 G )Gy — a8 GG 1)
= (ab+2)2G,Gpim +a*"TVEN G, Gy — ¥ GL G 1)

= (ab+2)2G,Gypim + (-1)"(aGp, Gy — bG,;11Gy).

Hence we obtain

Y, = (=1)"{An—hu(ab+2)}GpGuym +a* M VG, Gy 4+ a8 VMG G
—hm(aGpuGy — bGpy1Go) + 12, —1,

and there exists a positive integer m;, such that, for n > my, X, > 0, and
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1 < 1 B 1
GuGnim — afMpE )G Gyt + (= 1)y — 1 aSDREMG, Gy + (—1)H y — 17
Repeatedly applying the above inequality, we have
i ! < L ifn>m (25)
= GiGiim aé(”)bg("+l)GnGn+m71 + (_1)nhm -1’ = M2
Finally, consider
Xa = 1 B 1 B 1
ST WG, G+ (— 1) 1 8B Gy G+ (— 1) iy +1 GG
_ ¥
(aSMpEHN GGy 1 + (—1) "y + 1) (aSHDBEM Gy 1 G + (= 1)y + 1)Gr G
where
Vs = Y, -2t G, Gy g +a VMG 1 Gn)
= (*U"{Am — Iy (ab + 2)}GnGn+m _ aé(n)bé(nJrl)GnGner_l _ ag(”+1)b5(”)Gn+1Gn+m)
i (aGmGy — bGyy1Go) + B2, — 1.
There exists a positive integer m3 such that, for n > mj3, X3 < 0, and
1 B 1 - 1
atmpEt) GGyt + (=) +1 a0 DREMG, Gy + (=1 +1  GuGum
Repeatedly applying the above inequality, we have
! < i —,ifn>m (26)
EORE GGt + (— 1) +1 = GG %
Then (19) follows from (23)—(26).
Now suppose that A, < 0. In this case, we have
Ay — hy(ab+2) >0,
and (23)—(26) are respectively modified as
i ! < ! ifn>myandn € N (27)
= GkGrim a@(n)b@(n-&-l)GnGnerfl T hml = My er
1 [e9)
< ,ifn>msandn € N,, 28
aé(”)bg(”+l)GnGn+m_1 — hm k; Gka+m = ’ ( )
i ! < ! ifn>m (29)
— GiGiam aC(”)bC(”+1)GnGn+mil + (_1)nhm -1’ = Ter
and
1 = .
, iftn > my. (30)

< .
aé(”)bé(”+1)GnGn+m71 =+ (_1>I’lhm + 1 k; Gka+m
Then, (20) easily follows and the proof of (a) is completed.

(b) (21) and (22) can be proved as in Theorem 1, and details are omitted. [

If a = b, then Theorem 2 reduces ([7], (Theorem 2.1) withm € N, and {G,} = {H,} =

S(Go, Gy,a,4a).
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3. Discussion

This paper concerned the properties of the generalized bi-periodic Fibonacci num-
bers {G,} generated from the recurrence relation: G, = aG,_1 + G,_» (n is even) or
Gn = bGy_1 + G, (n is odd). We derived quite a general identities related to reciprocal
sums of products of two generalized bi-periodic Fibonacci numbers. More precisely, we
obtained formulas for the integer parts of the numbers

. <%>C(k+l) 1
— ~ 12 m:O/2/4/"'/
(k GkG-+m

=n

and

- -1
(kgckleHn) , m=1,3,5,---

The identities obtained in this paper include many existing results as special cases.
As already noted in [16], an open problem is whether we can obtain similar results for the
same numbers of higher order. It seems that we can also derive similar identities for the
numbers of the form

-1
d 1
T s m:0/1/2/3/"'/
(kgn Gka+m>

where {G,} = S(Goy,Gy,a,b) and {H,} = S(Hy, Hy,a,b), which is left as another
open problem.
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