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Abstract: The terms of F—integral contraction as well as (@, {, F, i) —integral contraction are intro-
duced. Fixed point and common fixed point theorems are established. For the mapping F we use
only the supposition that it is strictly increasing. As a consequence of the main theorems we obtain
Jungck-Wardowski, Branciari-Wardowski and Jungck-Branciari type results. Consequently, the

results presented in the article enhance and complement some known results in literature.
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1. Introduction and Preliminaries

In 1976, Jungck [1] generalized the principle proposed by Banach [2] as follows:

Theorem 1. Let h,i: QO — O, ih(a) = hi(a), a € Q where (Q, w) is a complete metric space,
and
w(ha, hb) < Aw(ia,ib), a,b € Q, A € (0,1). 1)

Ifh(Q) C i(Q)) and i is continuous then there exists a unique u € Q) so that hu = iu = u.
Wardowski [3] proposed a new contractive condition that generalizes [2].

Definition 1. Let (Q, w) be a metric space and F be a set of mappings F : (0, +-00) — (—00,4+00)
satisfying the next three conditions:

(F1) ForallI3,1; € (0,400),1; < I yields F(I;) < F(l);
(F2) If {an}nen C (0,+c0) and lim a, =0, then lim F(a,) = —co and vice versa.
n— oo n—r+o0
(E3) 1i1(1)1+ alF(a) = 0 for some p € (0,1).
a—
A mapping h : Q — Q) is F—contraction (in the sense of D. Wardowski) on (Q, w) if
there exists @ > 0 such that for all a,b € Q, w(ha, hb) > 0 yields
@ + F(w(ha, hb)) < F(w(a,b)). ()

Theorem 2. Let (Q), w) be a complete metric space, and let h : Q) — ) be a F—contraction. Then,
thereisa b € O, b = hb and it is unique.
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Remark 1. Based on F(1 —0) < F(I) < F(I+0), 1 € (0,400), and (F1) we conclude that there
are lir? F(a) = F(b—0)and lir?+ F(a) = F(b+0). For all particulars see [4,5]. More details
a—b— a—
of the property (F2) can be found in [6,7]. Likewise, if F : (0,400) — (—o00,+00) is a strictly
increasing function, then either F(0+0) = lil‘61+ F(a) =m,m € Ror F(0+0) = lirgl+ F(a) =
a— x—

—0Q.

In the proofs of our results in the follow-up we will use the following known lemmas
from ([8,9]).

Lemma 1. [10] Suppose that {a,},cn which belongs to a metric space (Q, w) and satisfies

111}_1 w(ay, ay,+1) = 0 is not a Cauchy sequence. Therefore, there exists ¢ > 0 and sequences of
n—

positive integers {ny}, {my}, nx > my > k such that the sequences

{w (ai’lk/ amk)/ w (al’lk-‘rl/ amk)/ w (ank/ amk—l)/ w (ank+l/ amk—l)/ w (ai’lk-i-l/ amk-‘rl) }/
tend to e when k — 0.
The second significant Banach contraction principle generalization is established in

2002 by Branciari [11]. Firstly, we recall some necessary notions.
Let ¥ be the class of all functions ¢ : [0, +-00) — [0, +00) which is Lebesgue integrable,
€

summable on every compact set on [0, +o0) and [ {(t)dt > 0 for all e > 0.
0
The following lemmas are useful for our main results. We shall also suppose that

leVY.

Lemma 2. [12] Let {I,}, o be a non-negative sequence of real numbers so that LHE I = 1.
n (o]
L I
Then lim [ (t)dt = [ {(t)dt.
0

n—r—+o0 0

Iy
Lemma 3. [12] Let {I,,}, . be a non-negative sequence of real numbers. Then lLim [ {(#)dt =0

n%—i—oo
if and only yfn1_1>r£oo In

Here is the Branciaris theorem [11]:

Theorem 3. Let h be a mapping from a complete metric space (Q, w) into itself satisfying

w(ha,hb) w(a,b)
/ E(H)dt < A / E(bdt,
0 0

forall a,b € Q, where A € (0,1) is a constant and { € ¥. Then h has a unique fixed point b € Q
such that lim h"a = b for eacha € Q.

n—+0oo

For the further results, it is necessary to define the following terms, see Jungck [13,14],
also see Abbas and Jungck [15] (Definition 1.3.).

Let Q) # @and h,i: QO — Q. If forsome a € ), b = ha = ia then a is a coincidence
point and b is a point of coincidence of h and i. A pair (h,i) is compatible in (Q, w)
if hm w(hi(ay),ih(ay)) = 0, for every sequence {a,} in Q such that lirf h(a,) =

n—r—+o0
implies hi(a) = ih(a), a € Q). A sequence {a,} in Q) is a Picard-Jungck sequence of the

pair (h, i) (based on ag) if by, = ha, = ia, 1 for all n € NU{0}.

(
11m 1(61,1) = t, for some t € (). In addition, a pair (h, i) is weakly compatible if ha = ia
(
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Proposition 1. [15] If weakly compatible mappings h,i : QO — Q) have a point of coincidence
which is unique b = ha = ia, then b is a unigue common fixed point of h and i.

2. Main Result

In this section we shall combine Jungck’s, Braniciari’s and Wardowski's results for ob-
taining common and usual fixed points of some self-mappings on metric space (Q2, w). Our
results merge, generalize and refine several recent results in the literature. We commence
with the following definition.

Definition 2. Let (Q), w) be a metric space and F be a family of mappings F : (0,+o00) —
(—o0, +00) which satisfy condition (F1). A mapping h : Q — Q) is said to be an integral
F—contraction on (Q, w) if there exists @ > 0 such that for all a,b € Q, w(ha, hb) > 0 we have

w(ha,hb) w(a,b)
o+F( [ nan<F( [ Evan, ey 3)
0 0

Remark 2. If {(t) = 1 then we have a F—contraction.

Theorem 4. If F(a) = Ina then the notion of Branciari contraction and integral F—contraction
are equivalent.

Proof. At first, we suppose that the mapping / is Branciari contraction. Then

w(ha,hb) w(a,b)
—InA + In( / £(H)dt) < In( / E(H)dt)
0 0
and accordingly we get integral F—contraction for @ = —InA > 0.

If h is integral F—contraction then we have the following:

w(ha,hb) w(a,b)
@+ In( / £(H)dt) < In( / E(t)db).
0 0

w(hahb) _
Let @ = In@;. Then @; > Tand In( [ ((H)dt) < ln((ﬂi1 fow(”’b) ¢(t)dt). Then h is
0

Branciari contraction for A = wi] <1 O

Our first new result on integral F—contraction is the following one:

Theorem 5. Let h : Q) — Q) be an integral F—contraction with property (F1) in (Q), w), where
(Q), w) is a metric space which is completed. Then there exists a unique a € Q), a = ha.

Proof. We will initially show that fixed point is unique, under the assumption that such a
point exists. We presume opposite i.e., there exist 1, v, u # v and u = hu and v = hv. This

assumption is obviously false since @ > 0, F( Ow(u’v) Z(t)dt) € R. By (3) it follows:

w(u,v) w(u,v)

o+ F( [ Lnan <k [ L.

0 0



Mathematics 2021, 9, 161

40f11

Letag € Q and ha, = a,41. If ay = apq for some k € NU {0}, then a; is a unique fixed
point. So, ay # ay, for every k € NU {0}. Then,

(a1 1.00) (a0 1,0) (1)
F( / E(H)dt) < @ + F( / E(t)dt) < F( / E(t)dt)
0 0 0
By (F1) we have that
w(”n+]r”n) w(”m“n—l)
(bt < / E(t)dt
0 0

and thence w(ay,11,a,) < w(ay,a,_1) for all n € N. Sequence {w(a,+1,a,)} is monotone
decreasing, bounded from bellow and so there exists g such that

1' =0>0.
nirfww(an,an+1) >0

In addition, w(ay, a,41) > p for all n € NU {0}. Suppose that § > 0, then

Z(t)at),

o\'}r‘
o

p+0
@+P(/ Z(tdt) < B
0

so we have contradiction and thus ¢ = 0. Therefrom we have that liT w(ay, ay41) = 0.
n——+00

It remains to prove that {a, } is a Cauchy sequence. Suppose the contrary. If we put
a = ay, and b = a,,, in contractive condition (3), we obtain

w(”nk+lramk+1) w(”nk+lramk+1) w(ﬂnkzﬂmk)
FO [ dwan<e+r( [ lwan<rC [ i,
0 0 0

By Lemma 1 w(ay,+1, 4y, +1) — € and w(ay,, am,) — €+ as k — 400 so we get that

e+0 0 0
F( [ &han <@+ F( [ Swan < F( [ Gy,
0

o —7
o [
—7

i.e., consequently, the sequence {a, } is a Cauchy sequence and there exists a € () such that

lim a, =a.
n—+oo

Using (3) we have that w(ha, hb) < w(a,b) and therefore h must be continuous. Then

ha =h( lim ay) = lm a,.q =a. O

Example 1. Let QO = [0,1] and w(a,b) = |a — b|. Then metric space (Q), w) is complete. Let
h(a) = 4&,{(t) =2tand F(a) = —1. Then

w(a,b) w(ha,hb) 1 4 3
F( 0/ (1)dt) — F( 0/ L0 =~ o o 2

Therefore, all requirements of Theorem 5 are satisfied for @ € (0, 3] and obviously is h(0) = 0.

Corollary 1. Let (Q), w) be a complete metric space, h : Q@ — Q) be a function such that there
exists K; > 0,1 = 1,5 and for all a,b € Q with w(ha, hb) > 0, any of the following contractive
conditions hold:
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w(ha,hb) w(a,b)
kit [ dwar< [ oy
0 0
1 1
Ko — w(ha,hb) = - w(a,b) ’

w(ha,hb) 1 w(ab)
Ks— w(ha,hb) T / é(t)dt < - w(ab) t / g(t)dt'
[ {tat 0 [ Zmydat 0
0 0
1 1
Ky+ w(ha,hb) < w(ab) ’
L—exp( [ COd) 1—exp( [ C(t)dt)
0 0
1 1
Ks + w(ha,hb) w(ha,hb) < w(a,b) ’

~ _ _ w(ab)
exp(— [ (t)dt)—exp( [ C(t)dt) exp(= [ C(H)dt) —exp( [ C(t)dt)
0 0 0 0
then in every case h has a fixed point which is unique.
Proof. Proof follows directly from Theorem 5. Indeed, since each of the functions F(I) = I,
F(l)= -1, F(I) = =} +1, F(l) = -—, F(I) = ————— is strictly increasing on

1—exp(r)’ exp(—1I)—exp(I)
(0, 4+00) the result follows. O

Remark 3. If in Theorem 5 instead of the contractive condition (3) we assume the following
condition for all a,b € Q) and w(ha, hb) > 0,

w(ha,hb) L(ab)
o+F( [ nan <F( [ Zwan,Zey. ()
0 0
where
L(a,b) = max{w(a,b),w(a, ha),w(b,hb)}, 5)
L(ab) = max{w(ab),w(a,ha),w(b,b), L&) erz"(h“' by, ©)
L(a,b) = max{w(ab), w(a, ha) —;— w(b, hb) ’ w(a, hb) —;— w(b, ha) 1 @)

then there exists a unique fixed point of the mapping h with the addition that one of the mappings h
or F is continuous.

In the next definition the notion of (@, {, F, i) —integral contraction is introduced.

Definition 3. Let h,i : QO — Q where (Q, w) is a metric space. A mapping hisa (@,(,F,i)—
integral contraction if there exists a function @ : (0, +00) — (0, +00) satisfying

lim inf @(s) >0, forall t >0, 8)

s—tt
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{ € Y function F : (0,400) — (—00,+00) with property (F1) such that for all a,b € Q with
ha # hb and ia # ib one has

w(ia.,ih) w(ha,hb) w(ia.,ih)
o [ wan+FC [ Gy <FC [ . ©)
0 0 0

We now state a new result for the term (c@, 5, F, i) — integral contraction. We succeed
in generalizing results from several manuscripts in existing literature, for instance ([11-34]).

Theorem 6. Let h,i: Q) — O, hisa ((D, ,F, i) —integral contraction where (Q), w) is a metric
space. Presume that there exists a Picard sequence {by },cnu (01 of (h, i). Further, suppose that (i)
or (ii) holds:

(i) (iQ,w) is complete,
(ii)  (Q, w) is complete, i is continuous and (h, i) is compatible.

Then h and i have a unique point of coincidence.

Proof. We initially prove that there is a unique point of coincidence of / and i, assuming
that such a point exists. Let b; # b, be points of coincidence for & and i. Using that, we
conclude that there exist a1 and a, (a7 # ay) so that ha; = iay = by and hay = iap = by. The
condition (9) yields that

w(iay,iay) w(hay,hay) w(iay,iay)
® / C(ydt | +F / (bt | <F / Z(hdt |, (10)
0 0 0
ie.,
w(by,by) w(by,by) w(by,by)
@ / Z(tydt | +F / Z(Hdt| <F / Z(tydt |, (11)
0 0 0
w(byby) _
which is a contradiction, because @ [ [ {(t)dt | > 0.
0

Suppose now that there is a Picard—Jungck sequence {b, } such that b, = ha, = ia, 1,
where n € NU{0}. If by = by, for some p € NU{0}, then ib, 1 = by, = hb,,1, and h
and i have a unique point of coincidence. Accordingly, suppose that b, # b, for every
n € NU{0}. By replacing a = a, and b = a,,1 into (9), we get

w(ian,idy 1) w(hay,hay 1) w(ia,,,z:unﬂ)
® / E(hydt | +F / E(hdt | <F / Edt|. a2
0 0 0

Guided by the properties of the @, { and F, we get that w(by, b, 11) < w(b,_1,by), for all
n € N. Therefore, there exists § > 0 so that Lll’il w(bn, byy1) = 6. Suppose that § > 0.
n o

Based on the condition of the function @ we know that there exist @y > 0 and 11 € N such
that for all n > n; we have

o
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w(by_1,bn) w(bnrl_’nﬂ) w(by—1,bn)
® / E(hdt | +F / Edt | <F Ehdt |, (13)
0 0 0
that is,
w(bn,by1) w(by—1,bn)
@y + F / {(tydt| <F / Z(tydt |, (14)
0 0

for all n > ny. Based on the conditions (F1), the last relation yields

5+0 5+0
%+P(/€wm)§P</5mm)
0 0

and it is a contradiction. Hence, lim w(by, b,+1) = 0.
n——+oo

Moreover, it remains to be shown b, # b,, whenever n # m. We will assume the
opposite, i.e.,, b, = by, for some n > m. Based on the definition of the Picard—Jungck
sequence {b, } we can choose b, ;1 = by, 1. Using the previous arguments, we have

w(bn, bn+1) = w(bm, bm+1) < w(bmfl,bm) <. < w(bn+1,bn+2) < w(bn,an)

which is a contradiction.
Further we need to show that the sequence {b,, } is a Cauchy sequence. We will show
this by the method of contradiction. Including a = a,, 11 and b = a,,, ;1 in (9), we obtain

zu(i”nk+1/ianlk+1) w(h”nk+1rhan1k+l) w(i”nkJrlrmkarl)

® / £yt | +F / E(hdt | <F / £t |,

0 0 0

ie.,
0 (buy b, ) ©(buys1.bmg 1) 0 (buy b )

@ / C(tydt | +F / Z(tdt| <F / Z(hdt|. (15)

0 0 0

Using Lemma 1, w(by, 41, by 11) and w (b, b, ) tend to et as k — +oc0, and accordingly
we obtain

w(bnk,bmk) w<hnk+1/bmk+l)
lim inf 1) / {(t)dt | 4+ lim inf F / Z(t)dt
w<bnkzhmk)—>€+ 0 ‘{l)(b;zk,l7mk)—>€Jr 0
w(b"k’bmk)
< lim inf F Z(tdt |,
w b,,k,bmk)ae+
0

that is,

(b by, ) e"40 e +0
lim inf @ / Z(t)dt +F( / g(t)dt) gF( / Z(t)dt), (16)
0

w (b”k’b’”k ) —et
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which is a contradiction with

w(b”k’bmk)
lim  inf @ / (bt | > o.

w(bnk,bmk)es+ 5

So, we showed that the sequence {b, } is a Cauchy sequence.

Now let (i) hold. Then, there exists z € X so that b, = ia, — izasn — +oo.
We shall prove that hz = iz. Since b, # by, whenever n # m, we can suppose that
hz,iz ¢ {b, : n € NU{0}}. Therefore, by (9) we have

w(by_1,iz) w(by,hz) w(by_1,iz)

F / {(hdt | <@ / C(t)dt | +F / Z(hdt| <F / Z(t)dt |. (17)

0 0 0

Based on the properties of the function F, we get that w(b,, hz) < w(b,_1,iz) — 0 as
n — +o0. Hence hz = iz and z is unique.

At the end, let (ii) hold. From completeness of (€}, w) it follows that there exists v € X
such that ha, — v, when n — +co. As i is continuous, iha, — iv when n — +o0. By (9)
and the continuity of i we conclude that & must also be continuous. Therefore, hia, — hv
as n — +o0. As h and 7 are compatible, we have

w(hv,iv) < w(hv, hia,) + w(hiay,, iha,) + w(iha,,iv) - 0+ 040 = 0. (18)

Thus, our result is proved in both cases, and we realize that the mappings & and i
have a unique point of coincidence. [

Remark 4. (1) If (i) is satisfied and (h, i) are weakly compatible, using Proposition 1, we conclude
that h and i have a common fixed point. Moreover, the common fixed point is unique.

(2) Assuming that (ii) holds, h and i also have a unique common fixed point using Proposition 1.
We conclude this based on the fact that every compatible pair (h, i) is weakly compatible.

In the following corollary the mapping F : (0,4+00) — (—00,400) is only strictly
increasing one. Therefore our new Theorem 6 generalizes, improves, complements, unifies
and enriches several results from F—contraction type in existing literature.

Corollary 2. Putting in Theorem 6 condition {(t) = 1 for all t € [0,+0c0) we get a Jungck—
Wardowski type result, i.e., Theorem 8 from [21]. Further if {(t) = 1 for all t € [0, +oc0) and
i = Iq the identity mapping on Q) then we obtain Theorem 2.1 from Wardowski [34]. If {(t) = 1
forall t € [0,400),@0(t) = @ =constant from (0, +c0), and i = Iq the identity mapping
on X we have Wardowski’s Theorem 2.1. from [3]. Putting in Theorem 6 i = Ix the identity
mapping on () we get a Branciari—-Wardowski type fixed point result in the sense of [34]. While for
i = Iq the identity mapping on Q) and @(t) = @ =constant from (0, +o0) our Theorem 6 gives a
Branciari-Wardowski type fixed point result in the sense of [3].

The direct consequences of the Theorem 6 are new contraction conditions that comple-
ment results from [18,28].

Corollary 3. Let (Q,w) be a metric space, h,i : QO — Q be a self-mapping and h be an
(@;, ¢, F,i)— contraction, where C; > 0,i = 1,6 such that for all a,b € Q with w(ha, hb) > 0
and w(ia,ib) > 0 any of the following inequalities hold true
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w(ha,hb) w(ia,ib)
Ci + / Z(t)dt < / Z(t)dt,
0 0
w(ha,hb) w(ia,ib)
Co +exp Z(tdt | <exp Z(t)dt |,
/ /
1 1
Cg_w(hahb)~ S_w(zalb)~ !
J C(t)dt J C(t)dt
0 0
. w(ha,hb) w(ia,ib)
C4 N w(ha,hb) _ + / g(t)dt < - w(ia,ib) . + / g(t)dt'
[ lwar 0 [ a0
0 0
1 1
G+ w(ha,ib)_ < wliaib) ’
1—exp< Ik g(t)dt) 1—exp< i g(t)dt)
0 0
1 1
Co + w(halib) _ w(halib) _ < wlia,ib) _ wlia,ib) _ ’
oxp (= cwar) -enp (T at0) g (=T 0] oo (77 20
0 0 0 0
w(ha,hb) w(ia,ib)
G+ [ dwant<( [ dwank k>0
0 0
w(ha,hb) w(ha,hb) w(ia,ib) w(ia,ib)
G+ [ fwdrep( [ dwan< [ Lwdt-exp( [ i),
0 0 0 0
w(ha,hb) w(ha‘,hb) w(ia,ib) w(ia,ib)
Cotexp( [ Gman-in( [ Etan <exp( [ Evdn-n( [ Z(tyan.
0 0 0 0

Suppose that there exists a Picard—Jungck sequence {bn}, cyqoy of (b, i) and assume that at least

one of the following two conditions holds true:

(i) (iQ), w) is a complete metric space;

(i) (Q,w) is complete metric space, i is continuous and (h, i) is compatible pair of self-mappings
on (X, w).

Then, in each of these cases, h and i have a unique point of coincidence.

Proof. First of all, put @;(t) = C; € (0,+),i = 1,9 forall t € (0,+o0) and F(I) =
— _ 1 _ 1 _ 1 _ 1 _
LE() = exp(l), F(l) = =1, F() = =1 + LF() = 150 F() = sormn—epny F(D =
Ik, k>0,F(I) =1-exp(l) and F(I) = exp(l) - In(I), respectively. Because every of the func-
tions I — F(1) is strictly increasing on (0, +-o0) then the result follows by Theorem 6. [

Example 2. Let O, w, h, C and F be the same as in Example 1. Let i(a) = %a. Then all conditions
of Corollary 3 are satisfied for C € (0, 5] and obviously 0 is a unique point of coincidence for the
mappings h and i.

3. Conclusions

In this paper, the new term of F—integral contraction is introduced. Fixed point and
common fixed point theorems are established, and as a consequence of the main results
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we obtain Jungck—Wardowski, Branciari-Wardowski and Jungck—Branciari type results.
The results presented in the article enhance and complement some of known results in
literature.
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