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Abstract

In this paper, by using contraction mapping theorem, analysis approach and decomposition
of solution space, the multiperiodicity issue is discussed for Cohen-Grossberg-type (CG-type)
bidirectional associative memory networks (BAMNs) with discrete and distributed delays and a
general class of activation functions, where the general class of activation functions consist of
nondecreasing functions with saturations including piecewise linear functions with two corner points
and standard activation functions as their special cases. It is shown that for any saturation
region, if there is a periodic orbit located in it, it must be locally exponentially stable. Then,
based on this result, some conditions are derived for ascertaining the (n + m)-neuron CG-type
BAMNSs can have 2 locally exponentially stable limit cycles located in two saturation regions
respectively which are symmetrical. Also, taking account of different saturation regions, results
about 2(p + q) (p < m, ¢ < n — 1), 22{"™m} |ocally exponentially stable limit cycles can be
obtained, where n is the number of the neurons in one layer, m is the number of the neurons in the
other layer. Meanwhile, for every locally exponentially stable limit cycle given, the corresponding
saturation region can be expressed concretely. Finally, three examples are given to illustrate the
effectiveness of the obtained results.
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1 Introduction

In the past decades, the considerable research interests are focused on bidirectional associative
memory (BAM) networks and Cohen-Grossberg neural networks (CGNNs) without or with time delays
because of their potential applications in practice such as classification, associative memory (Kosko,
1988; Maundy and El-Masry, 1990; Cohen and Grossberg, 1983; Liao et al., 2001; Cao and Li,
2005; Bao and Cao, 2011; Huang and Cao, 2011). BAM neural network is firstly proposed in
(Kosko, 1988), and this class of network generalized the single-layer autoassociative circuits to a
two-layer pattern-matched heteroassociative circuits. And for BAM networks, there is no connection
between any two neurons which are in the same layer. The circuit diagram and connection pattern
implemented for the delayed BAM networks can be found in (Cao and Wang, 2005). In (Bao and
Cao, 2011), the problem of robust state estimation for uncertain stochastic bidirectional associative
memory networks with time-varying delays is investig- ated. CGNN is proposed by Cohen and
Grossberg (Cohen and Grossberg, 1983) in 1983. And this class of networks includes a lot of
famous ecological systems and neural networks as special cases such as the Lotka-Volterra system,
the Gilpia-Analg competition system, the Eingen-Schuster system and the Hopfield neural networks
(Cohen and Grossberg, 1983; Liao et al., 2001). In (Cao and Song 2006), sufficient conditions
are obtained ensuring the existence, uniqueness and global exponential stability of the equilibrium
point for Cohen-Grossberg-type bidirectional associa- tive memory networks with time-varying delays,
which combines CGNNs with BAM networks.

The dynamics of neuron activation states at an equilibrium point or periodic orbit is prerequisite for
many applications. In previous works, most authors have studied mono-stability and mono-periodicity
of neural network models. However, in some neurodynamics systems, there exist multiple stable
equilibria or periodic orbits, which is usually referred to multistability or multiperiodicity, respectively.
And it is worth noting that coexistence of many equilibrium points or periodic orbits is necessary
in practical applications such as associative memory storage, pattern recognition, decision making,
digital selection and analogy amplification (Chua and Yang, 1988; Hahnloser, 1998). And an interesting
application of the multiperiodicity and multistability analysis is to design associative memories and
store a large number of patterns as stable equilibria or limit cycles such that stored patterns can be
retrieved when the initial probes contain sufficient information about the patterns.

To the best of our knowledge, the multiperiodicity is seldom considered for neural networks (Wang
and Zou, 2004; Cao et al., 2008). In (Cheng et al., 2006) and (Cheng et al., 2007), by geometrical
observation, the multistability is discussed for the Hopfield neural networks with smooth sigmoidal
activation functions. In (Zeng and Wang, 2006), the multiperiodicity evoked by external inputs is
considered for a class of delayed neural networks with standard activation functions, and in (Zeng
et al., 2005), the multistability issue is discussed for cellular neural networks with standard activation
functions. In (Zeng et al., 2008), the number of memory patterns which the n-neuron cellular neural
network can have are discussed.

In addition, time delay is unavoidable in a network because of the finite speeds of the switching
and transmission of signals. And time delay may lead to oscillation, instability, bifurcation or chaos
of networks. For delayed BAM networks and CGNNSs, there exist lots of works on the mono-stability
or mono-periodicity, please refer to (Gopalsamy and He, 1994; Arik, 2005; Ye et al., 1995; Zhang, J.
et al., 2005) and the references cited therein. Meanwhile, although the models of delayed feedback
with discrete delays are good approximation in simple circuits consisting of a small number of cells,
neural networks usually have a spatial extent due to the presence of a multitude of parallel pathways
with a variety of axon sizes and lengths. Thus, there is a distribution of conduction velocities along
these pathways and a distribution of propagation delays. Therefore, the models with discrete and
continuously distributed delays are more appropriate. In this paper, we will mainly focus on the
studies of the multiperiodicity for CG-type BAMNs with discrete and distributed delays and a general
class of activation functions, where the general class of activation functions consist of nondecreasing
functions with the saturation, including piecewise linear functions with two corner points and standard
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activation functions as its special case. For the (n + m)-neuron CG-type BAMNs where n is the
number of the neurons in one layer, m is the number of the neurons in the other layer, we shall
show that if there is a periodic orbit located in a saturation region, it must be locally exponentially
stable. Based on this result, we shall give some conditions to guarantee that there have 2, 2(p +
Q)p<m,g<n-1), gmin{n,m} locally exponentially stable limit cycles located in saturation regions,
respectively. Meanwhile, for every locally exponentially stable limit cycle given, the corresponding
saturation region, i.e., attractive region, can also be given.

The rest of the paper is organized as follows. In Section 2, model description and preliminaries
are presented. The main results are stated in Section 3. In Section 4, three examples are given to
show the validity of the obtained results. Finally, in Section 5, the conclusions are drawn.

2 Model Description and Preliminaries

In this paper, we consider the following (n+m)-neuron CGNN-type BAMNSs with discrete and distributed
delays:

n+m n+m

Pet) — g (uq (£)) i (£) — > bl ®) = 3wl - )
=N b S k(= ) (0 (s)ds — (0] i=1,2,.m,
j=nd41 . . (2.1)
Ll = (0 (1)) [0 (t) — X hfilwi() = X2 wjfiluilt = 034(t)))
— Z b ft . s)fi(ui(s))dsf:]j(t)] j=n+1n+2,...,n+m,

where u(t) = (u1(t),u2(t), ..., un(t))T € R™, v(t) = (Vns1(t), Vng2(t), ..., Vasm ()T € R™; uy(t)
and v, (t) are the state of the ith neuron from the neural field F; and the jth neuron from the neural
field Fy attime ¢, respectively; a; (ui(t)) and ¢;(v;(t)) represent amplification functions; f;(v;), fi(us)
denote the activation functions of the jth neuron from Fy and the ith neuron from Fy, respectively;
I(t) = (Ii(t), I2(t), ..., L))" e R™and J(t) = (Jnt1(t), Jat2(t), ..., Jnim(t))T € R™ are periodic
input vectors with period w (i.e., there exists a constant w > 0 such that I;(t + w) = Li(t), J;(t +
w) = Ji(t),i = 1,2,....,.n, =n+1n+2,....n+m); H= (hij)nxm, W = (Wij)nxm,B =
(Dig)nxm, H* = (h})mxn, W* = (W];)mxn, B* = (bj;)mxn are connection weight matrices; 7;;(t)
and o;;(t) correspond to the transmission delays and satisfy 0 < 7;,(¢) < 75,0 < 0 (t) < 0ji (7s; and
o;; are positive constants), 71 is a positive constant, denote 7 = maxi<i<n,n+1<j<n+m{Tij, Oji, T1}-
kij(-),k5:(),i=1,2,--- ,n,j=n+1,n+2,--- ,n+m are delay kernels.

Let C([to — T, to], D) be the space of continuous functions mapping [to — 7, to] into D C R™ with
the norm defined by || £ ||t,= maxi<i<n{Sup,c(s,—r, ¢o) | §i(s) [},

where £(s) = (£1(s),£2(s), ..., &n(s))T. Denote || x ||= maxi<;<n{| =; |} as the vector norm of
the vector z = (x1,x2,. .., :cn)T

The initial condition of model (2.1) is

u(s) = ¢(s) for s € [to — T, to],
v(s) = p(s) for s€fto—7, to],

where ¢(S) = (¢1(8)7¢2(5)7 s "( ))T € C([to -7, to], Rn)? (S)
= (‘Pn+1(5)7 Ont2(8),. .., ‘Pn+m( ) € C([tO - T, t0]7 R™).
We take account of a class of activation functions described as follows for (2.1):

lf’, if —oo < f < Di,
fieC, fi(€) = { fi(§) ifp <€ < q, (2.2)
m; if qi < 6 < 00,
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where 1;, m;, pi, ¢; are constants with I; < m;,p; < ¢, and fi(-) € C* is increasing function. This
class of activation functions consists of nondecreasing functions with the saturation, including the
piecewise linear function with two corner points at p;, ¢; :

li, if —o0 < & < py,
fil€) =< L+ 2=b(E—pi), ifps <€ < g, (2.3)

q9i —Pi
mh Ifq1<§<oo,

and the standard activation function:
+1]—]¢6-1
fl = EFL-1e-1]

Throughout this paper, we make the following assumption:
(A1) Functions a;(r) and ¢;(r) are continuous, 0 < a; < a;(r) < a; and 0 < ¢; < ¢;(r) < ¢; for all
reR i=1,2,....,n, j=n+1,n+2,...,n+m.

The delay kernels ki;(-), k};(-),i =1,2,--- ,n,j =n+1,n+2,--- ,n+m are assumed to satisfy
the following conditions simultaneously:
(A2) :(i) Kij, ki - [0, 00) — [0, 00);

( ) kij, k;‘l is bounded and continuous on [0, c0);

(241) fo i ( ds—lfnk* )ds = 1.

Denote (—oo, p;] = (—oo, pzll X (pi, 4:)° X [gi, +00)°; (pi, @) = (—00,pil® X (pi, @i)" X [gi, +00)%;
[¢i, +o0) = (*Oovpi]o X (pi,qi)° X [gi, +00)"; R = (=00, pi] U(pi, ¢:) Ulgi, +00). So R"*™ can be
divided into 3"*t™ subspaces:

(2.4)

n ) ) ., nt+m ) ) )

(i) (i) (i) (3) (3) (€2}

Q= {J (=00, x (pi,4:)*2 x [, +00)°* [] (=00, ps]"" x (95, 45)°F x [a5,+00)%
i=1 j=n+1

(689,657 587y = (1,0,0) or (0,1,0) or (0,0,1),i =1,2,...,n
(69,65, 687) = (1,0,0) or (0,1,0) or (0,0,1),j =n+1,n+2,...,n+ m}.(2.5)

Denote saturation regions as

n n+m

52 1—5® 5 1-s0)

Qs ={[[(—o0,pi”" x [gi,+00) I (—ocpi® xlgs,+00) ",
i=1 j=n+1

6W 6D =10r0,i=1,2,...,n,j=n+1,n+2,...,n+m}.

Hence, Q, has 2"*™ elements.
In the following, let

sy _ [ @i Fo0), i=k,
( 007]71} _{ (7007171']7 Z?ék7

, siky _ f lai,+o0), iF Kk,
[q“ +OO) B { (_OovpiL 1= k,

Denote B" ™™ = {s ¢ R""™ s = (s1,...,8n4m) 8 = 1,0r —1,k=1,2,...,n+ m}. For any
(81,.+.,8n+m)" € B"™™ let

_J lag,+o0), sk =1,
con={ e why

l =-1
g(Sk) :{ ks Sk )

mg, Sk =1;
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_ Pk, Sk = 717
plsi) = { qr, sk =1.

S0, (51, 8n+m)” and TTRET L(sk), (9(51),- -+, g(Sn4m)) Ty (0(51), ..., p(sntm))” represent one-
to-one correspondences, respectively.

Definition 2.1: A periodic orbit (u*(t)”,v*(t)")” is said to be a limit cycle of Cohen-Grossberg-
type BAM networks if (u*(t)T,v*(t)T)T is an isolated periodic orbit; that is, there exists w > 0
such that V¢t > to, (u*(t + )T, v*(t + w))T = (u*@®)7,v*(#)™)7T, and there exists § > 0 such
that V(a(t)”,5()")" € {(w(®)",v®)")"] 0 <[| (w(t)",0®)")" = @ )", 0" ()" < §, t > to},
(@)™, 5(t)™)T is not a point on any periodic orbit of the Cohen-Grossberg-type BAM networks.
Definition 2.2: A periodic orbit (u*(t)”,v*(t)T)T of Cohen-Grossberg-type BAM networks is said to
be locally exponentially stable in region = if there exist constants « > 0, 8 > 0 such that vt > o

I (ultsto, ¢)",v(tsto,0))" = (@ (1), 0" ()" ||
< Bmaxf{]| ¢ = ¢" [, [l ¢ = ¢ llo } exp{—a(t —to)},

where (u(t;to, )7, v(t;to, ¢)T)7 is the state of the Cohen-Grossberg-type BAM networks with any
initial condition (¢”, 0™)T € C([to — 7, to], E). When = = R (u*(#)T,v*(t)")7 is said to be
globally exponentially stable.

Lemma 2.1: (Guo et al., 2003) Let L be a mapping on complete metric space (C([to — 7, to], D), ||
“Nlto)- f L(C([to — 7, to], D)) C C([to — T, to], D), and there exists a constant v < 1 such that
Vo, 0 € C(lto — 7, to], D), || L(¢) — L(®) k< v || & — ¢ |+, then there exists one unique
¢* € C([to — 7, to], D) suchthat L(¢™) = ¢*.

3 Main Results

In this section, we discuss the multiperiodicity for model (2.1) and give some resullts.
Theorem 3.1. For V(s1, ..., sntm)” € B"T™ denote Q@ = [[717" L(sk). Under the assumptions (A1)
and (A2), if (u*(t)T,v*(t)T)" € Qis alimit cycle of model (2.1), then it is locally exponentially stable,

and Q is locally exponentially attractive region. :
Proof: If for Vs € [to — 7, t], (u(t)T,v()T)7T, (u(s)T,v(s)T)T € Q, we have

dui () n+m n+m n+m
g = —ai(ui()ui) — ( X2 hi+ 32 wii+ >0 bij)g(s;) — Lit)],
j=n+1 j=n+1 j=n-+1
1=1,2,...,n, 3.1)

d’U' n « n . n «
258 — (w5 (8)[v; () — (Z:lhji + Z:lei + Z:lbji)g(si) - J;®)],
j=n+1ln+2,....,n+m,

Let (u(t;to, 9)T,v(t; to, ©)T)T be the state of model (3.1) with initial condition (67, »™)T. Obviously,
there exists a constant £ > 0, such that

1- = >o, (3.2)
a;
and
1- < >o. (3.3)
Cj
Define z;(t) as follows:
( ) . | /ui(t§t01¢i) 1 | (3.4)
zi(t) = e° ——ds|. .
u¥ (t,t0,07) ai(s)
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Computing the time derivative of z;, we get

dZi (t)
dt

< = Juiltito, @) = ui(tt0,07) | — | ws(tito, 60) — uf (b t0, 87) | ).
From (3.2), we have

dZi (t)
dt

< 0.

And this means
Z»L(t) S Zi(to).

On the other hand,

1 * *
Zl(t) Z g@Xp{Et} ‘ ’u‘l(t7t07¢l) —U; (t7t0,¢i) |7

5(to) < o expleto} | 65— 07 |

So the following inequality holds:

| ui(t;to, ¢i) — ui (t,to, ;) |< % | ¢i — ¢7 | exp{—e(t —to)}

3

<

Q| &

| ¢i — ¢i | exp{—e(t —t0)}, (3.5)

where a = max{dl, dg, ey dn}, a = rIliIl{d17 ELQ, ey dn}.
Similarly, we have

| vj(tt0, 05) — 05 (B0, 03) |< = [ @5 — 5 | exp{—e(t —to)}, (3.6)

ol O

where ¢ = max{én_H, Crnt2,y .- - 7én+m}, ¢ = min{én_H, [ é7L+m}-

From (3.5) and (3.6), the limit cycle of (3.1) (if any) is globally exponentially stable.

Hence, (u*(t)T,v*(t)T)T is locally exponentially stable, and Q2 is locally exponentially attractive region.
Remark 1. From the proof of Theorem 3.1, the exponential convergence rate can be estimated via
the maximal allowable value by virtue of inequality ¢ < min{as, é;},i = 1,2,...,n;j = n+ 1,n+
2,...,n + m. From this, one can see that amplification functions have key effect on the convergence
rate of the multiperiodicity for the considered model.

Theorem 3.2. Under the assumptions (A1) and (A2), if there exists (s1, ..., Sntm)” € B"™™, such
thatVi € {1,2,...,n}andVj € {n+1,n+2,...,n+m}, Vt > to,

n+m

( Z (hij 4+ wij + bij)g(s;) + Li(t))s: > sip(si), (8.7)

j=n+1

n

(D (hji 4wy +b5)g(s:) + T3 (1)) s5 > s;p(s5), (3.8)

=1
n—+m

( Z (hij + wsj + bij)g(—s;) + Ii(t))(_si) > —s5ip(—8i), (3.9)
j=mtl

99



British Journal of Mathematics & Computer Science 2(2), 94—113, 2012

(D (B +wii + b5)g(=s:) + J;()) (—s;) > —s;p(—s;), (3.10)
=1
then model (2.1) has only 2 locally exponentially stable limit cycles located in Q4 = [[757" £(sx) and
Q- =127 (L(—sk)), respectively.
Proof: 1f Vs € [to — T, to], (u(s)T,v(s)T)T € Q4, one can obtain
dug(s)

ds
n+m n+m n+m

=—ai(ui(s))[ui(s) = ( X2 hij+ > wij+ >0 bij)g(s;) — Li(s)],i =1,2,...,m,

j=n+1 j=n+1 j=n+1
dvj (s) (311)
ds

= —¢c;(v;(s))[v;(s) — (2 hj; + ;wﬁ + _;b}%)g(sz‘) —Ji(s),ij=n+1ln+2,...,n+m,

From (3.7) and (3.8), (u(t)T,v(t)")T € Q4 fort > to, that is, Q. is an invariant set of the considered
model. Hence, the model (2.1) can be rewritten as the equation (3.11).

Let (u(t;to, )7, v(t;to, ¢)T)T be the state of model (2.1) with initial condition (¢”, »™)T. Define

) g\ T
((uy"(0))",
WPONT)T = (u(t + 0;t0,d)T,v(t + O;t0,0)T)T, 6 € [to — 7,t0). Since Q is an invariant set
of the model (2.1), Y(¢”,0™)" € C(lto — 7, to], Q4), we have ()", WIHTT € C([to —
7, to], Q4). Define a mapping L : C([to — 7, to], Q+) — C([to — 7, to], Q) by H((¢7,")T) =
(g™, @EN™T. Then L(C([to — 7, tol, ©4)) € C(fto — 7, tol, ), and L*((¢", ")) =
(wdH)T, (&)™), We can choose a positive integer k such that
max{%, g}exp{—e(kw -—m)}<~y<L
And, from (3.5) and (3.6), we have
L5 (0", ™)) = L5 (0", 3")7) lleo
< max{ 2, S} (076" = (876 Il exp{—e(hw +to — 7~ t0)}

s || (()ZST?‘IOT)T - ((Z)Tv @T)T HtO
From Lemma 2.1, there exists a unique fixed point (¢*7,%*")T € C([to — 7, to], Q4) such that
LE((0* 9" 1)) = (¢, )T
In addition, L*(L((¢*",4*")T)) = L(L*((¢*", ")) = L((¢*",¢*)T), i.e, L((¢*T, ")) is
also a fixed point of L*. By the uniqueness of the fixed point of the mapping L*, L((¢*T,¢*")T) =
(@7 7T e, ((ufﬁi))T, (vf;))T)T = (¢*7, ¢ )T Let (u* ()T, v*()T)T be a state of model (2.1)
with initial condition (¢*7, ¥*7)T we obtain Vi € {1,2,...,n},Vji € {n+1,n+2,...,n+m},t > to,

A\

du* (t) . . n+m n+m n+m
o =—ai(ui (O))ui () = ( X hig+ 22 wiz+ 32 bij)g(s;) — Li(t)],
j=n+1 j=n+1 j=n+1
dv’(t) « n " n . n .
= —ci(vi(8)[v;(t) — (; hji + Z:lei + ;bﬁ)g(si) = J;(t)]-
Then, Vi€ {1,2,...,n},Vije {n+1,n+2,....,n+m},t+w > to,
du’-*(t«‘fw) . . n+m n+m n+m
i = et w)uit+w) = (X2 hig+ X w0 big)g(s;) — Li(t + w)]
j=n-+1 j=n-+1 j=n+1
n+m n+m n+m
= —ai(ui (t + w))[ui (t +w) — ( Zﬂhu + Zﬂwij + Zﬂbij)g(sy‘) - L(t)],
j=n j=n j=n
dvj fit:w} = —Cj(v;(t + w))[vj (t + w) - (Z:l h;i + ;w;z + Z:l b;l)g(sl) - Jj(t + W)]
= —¢;(vj (t +w))|v;(t +w) — (Z:l hji + ;’wi + ;b;‘i)g(si) = Ji(t)].
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Thatis, (u*(t4+w)T,v*(t+w)T)7 is also a state of the model (2.1) with initial condition (¢*7, *7)T,
here, (u{)T, (WE)T)T = (¢*T,4*T)T. Hence, for Vt > to,

W (t+w) vt +w) )" = (@0 O o, (W), @7

= (w )", v (") (3.12)

Hence, (u*7,v*T)7 is an isolated periodic orbit of model (2.1) with period w located in €2.;. Similarly,
there exists another isolated periodic orbit of model (2.1) with period w located in 2_. From Theorem
1, we can obtain that they are locally exponentially stable. The proof of Theorem 3.2 is completed.
Theorem 3.3. Under the assumptions (A1) and (A2), the model (2.1) has neither more nor less than
2 locally exponentially stable limit cycles located in T]"_, [¢:, +c0) H?;’[[;l lg;, +o0) and [T7_, (—o0, pi
H?;:'jrl(—oo,pj], respectively, if Vi € {1,2,...,n},Vj e {n+1,n+2,...,n+m}, Vt > to,

n+m
Z (hij + wij + bij)m; + Li(t) > qi, (3.13)

Jj=n+1

D (R 4w+ bj)ma + J;(t) > g, (3.14)

i=1

n+m
> (haj +wis +biy)l + Li(t) < ps, (3.15)

j=n+1

D (hji + wji 4+ )l + J5(8) < ps, (3.16)

=1

VEe{n+1,n+2,...,n+m},

n—+m
(s > (Ihag |+ [wiy |+ by max{| §j || my [} + (hak + wik + bix)g(sk) + L1 ()] 1
j=n+1,j#k
< sip(s1), (3.17)
where s1,s, = 1,0r —1, and s1sp = —1;
Vk e {2,...,n},
[s1 > (1 hji |+ lw)i |+ | b5 max{| L; || mi |}
i=1,i#k
+(hik + wip + ik )g(sk) + Ji(8)]s1 < s1p(s;),j=n+1,...,n+m, (3.18)
where s1, sk, s; = 1, 0r —1, and s1sp = —1,s18; = 1.

Proof: Similar to the proof of Theorem 3.2, from (3.13)-(3.16), the model (2.1) has 2 locally exponentially
stable limit cycles which locate in [T, [¢:, +00) [T}2, 1 [¢5, +00) and [T}, (—o0, pi] [T} 2 1 (—00, b,
respectively.

Assume (a*(t)T,5*(t)T)T is another limit cycle of model (2.1) located in Qs, without loss of
generality, assume (1,52,...,5n, Snt1,-- -, Sntm)” € BT (@7, 5*T)T € Q = L(1) x L(s2) X -+ X
L(8n+m). From Theorem 3.1, Q is an invariant set. Then, there at least exists k € {2,...,n + m},
such that s, = —1. If there exists k € {n + 1,...,n + m}, such that s, = —1, then for @3 (t) = ¢,
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from (3.17), one can have

du(t e
u;t( L el — ( Y (w4 b1y)g(s5) = (hak + wik + bue)pe — [1(1)]
j=n+1,ik
n+m
< a(g)[-¢ + Z (| oy |+ [ w1y [+ ] by [) max{[ L [| my |}
j=n-+1,j7k
+(h1r + wik + bik)pe + 11(2)]
< 0. (3.19)
If else, there must exist k € {2,...,n}, suchthat s, = —1,and s; = 1,5 =n+1,...,n+ m. For

vj (t) = g4, From (3.18), one can have

403 (1) d

0 = —elwle - D (B +whi + bi)g(si) + (W + wik + bjk)pe — Ji(1)]
i=1,i#k
< cilg)l=ai+ D (B [+ 1wy |+ b5 ) max{| L || mi [}
i=1,i#k
+(hjy, + wj + bji)pk + J5(1)]
< o (3.20)

(8.19) and (3.20) contradict that Q@ = £(1) x L£(s2) X -+ X L(sn+m) is an invariant set.

For (—1, 82, ..., 8n,Sntly..-, Sn+m)T S Bn-Hn’ (ﬂ*(t)T, ’D*(t)T)T €= ﬁ(—l) X E(Sg) X oo X
L(sn+m), similar contradiction is obtained. This completes the proof of Theorem 3.3.

In the following theorem, the conditions are give to ensure that the number of limit cycles is
determined by the minimum of n and m. Without loss of generality, let n < m.
Theorem 3.4. Under the assumptions (A1) and (A2), the model (2.1) has 2™ locally exponentially
stable limit cycles located in Q,, if Vi € {1,2,...,n},Vj € {n+1,n+2,...,n+ m}, Vi > to, the
following inequalities hold:

(Rin+i + Winti + bints)Mnys
n+m
= > (hy |+ lwy |+ by Dmax{| 1 || my [} + L) > ¢, (8.21)
j=n+1,j#n+i

(Rin+i + Winti + binti)lnts
n+m
+ 0> (h L+ Twg |+ | biy max{| 1 || my [} + Li(t) < pi, (3.22)
j=n+1,j#n+i

n

(hjj—n +wjj—n + i n)Myjn — Z (I hji |+ Twii | + [ 05 [) max{| ; |,| mi [}

i=1,i#j—n

+J;(t) >qj,j=n+1,n+2,...,2n, (3.23)
n—1

(Bjn + Wi + 5)ma = > (| hji | + [ wjs | + | 05 [y max{| L || mi [} + J;(t) > g5,
i=1

ji=2n+1,2n+2,...,n+m, (3.24)
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(hj—n + W55 +b5—)limn + Y (A5 |+ T wjs |+ 05 max{| L |, | ma [} + J;(2)

i=1,i#j—n
<pj,j=n+1,n+2,...,2n, (3.25)
n—1
(R + W + b5+ Y (L hgi | 4 | w)s |+ b5 [ymax{| L |, | ma [} + J;(8) < ps,
i=1
j=2n+1,2n+2,....,n+m. (3.26)
Proof: Let Qn = E(Sl) X £(82) X+ X £(3n+m), where Sn+4i = Si,i = 1,2, o, N S2n41 = S2n+t2 =

- = Sp+m = Sn. From (3.21)-(3.26) and the proof of Theorem 3.2, one can easily obtain that
there exists a locally exponentially stable limit cycle located in ©2,,. Meanwhile, in Q,, there have 2"
elements viewed as (2,,, hence, the model (2.1) has 2" locally exponentially stable limit cycles located
in Q.

Remark 2. From Theorem 3.4, one can see that the number of locally exponentially stable equilibrium
points located in 2, depends on the minimum of n and m.

Remark 3. The conditions given in Theorem 3.3 and Theorem 3.4 can guarantee that there exist
locally exponentially stable limit cycles located in [T, [¢:, +0) ;jﬂl[qj, +o0) and [T}, (—oo, pi]

1 (—00, p;], respectively.

Theorem 3.5. Under the assumptions (A1) and (A2), the model (2.1) has neither more nor less than
2 x (p+ q) locally exponentially stable limit cycles located in Qs, if Vi € {1,2,...,n},Vj € {n+1,n+
2,..47n+m},k€ Ny :{k1,...,]€p} C {n—l—L...,n—l—m},)\eMl :{)\1,.4.7)\11} C {1,2,..4771},
where p < m,q <n — 1, Vt > to, the following inequalities hold:

n—+m

> (g 4w+ big)my + (hak + wik + bl + L(t) > g, (3.27)
j=n+1,j#k
> (hii + wis + b )mi + Ji(t) < p, (3.28)
=1
S (B 4w+ bi)ma + Ji(8) > q5,5 £k, (3.29)
=1
n—+m
ST (hig +wig +bip)l + (Rt + wir + bk + Li(8) < pi, (3.30)
j=n+1,ik
> (hii + wis + bia)l + Jk(t) > i, (3.31)
1=1
D (B +wii + 050l + J;(8) <y, j # k, (3.32)
=1
D (B + w4 )ma 4 (Bx +wis + 053 + Ji(1) > g, (3.33)
i=1,i#\
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n—+m

D (hag 4wy +bag)my + (1) < pa, (3.34)

j=n+1

n+m
D (hij + wij + bij)my + L) > qi,i # A, (3.39)

j=n+1

> (B +whi + b5l + (hjx +wix + bjx)ma + J5(t) < pj, (3.36)
i=1,i%\

n+m

D7 (haj +waj +baj)ly + In(t) > aa, (3.37)

j=n+1

n+m

D (hij +wig +big)ly + Ti(t) < piyi # A, (3.38)

j=n+1

Vye{n+1,n+2,...,n+m}\Ny,

n+m
[sv > (hay [+ [wiy [+ ] by [Ymax{| 1 [[ m [} + (hay + w1y
Jj=n+1,j#y
+b11)g(sy) + L1 (t)]s1 < s1p(s1), (3-39)
where s1,s4 =1, 0r —1, and s1s, = —1;
Vv e{2,...,n}\ M,
[sv > (A5 |+ Lwjs |+ 1 b5 Y max{| L || mq [} + (BS, +wj, + b5,)9(s0) + Ji(8)]s1
i=1,i#v
<sip(sj),j=n+1,...,n+m, (3.40)
where s1,8,,5; =1,0r —1,and s1s, = —1,s18; = 1;
and W,fy” € N1,
n+m ’ ’ !
[s1 > (I hag [+ Twry [+ ] byy max{] {; [| m; [} + (hyy + wiy + biy)g(sy)
j=ntli#y Ay
+(hyr +wiy +b1)g(s,) + Li(B)]s1 < sip(s1), (3.41)
wh/ere,/sl,sv/,swn =1,0r —1,and s1s =—1,s18 v = —1;
Yv,v € My,

s S0 (Rl w4+ 105 Dmaxd] G | ma [} + (B + 1w+ )g(5,0) + (B0
i=1,i#0 ity

—|—w;y,, + b;uu Y9(s, ) + J;j(t)]s1 < sip(sj),j=n+1,...,n+m, (3.42)

where s1,s,/,s, 7,55 =1,0r —1,and s1s» = —1,s15,» = —1,s15; = L.
Proof: For TT" _ . nt+m 16(5k) n . n+m . 6(5k) n _ 16(iN)
oof: For [T;_, (—o0, pi] Hj:n+1( 00, p;] Tz g, +o0) Hj:n+1[QJ7+OO) iz (=00, pi]

H;‘;’;’ﬁrl(—oo,pj], TT, [gi, +00)°N) H;‘:ﬁl[qj,Jroo), where k € N1, A € M, similar to the proof of

104



British Journal of Mathematics & Computer Science 2(2), 94—113, 2012

Theorem 3.3, the model (2.1) has 2 x (1 + 1) locally exponentially stable limit cycles located in them
respectively. Since N; has p elements and M; has g elements, hence, the model (2.1) has neither
more nor less than 2 x (p+ q) locally exponentially stable I‘imit cycles located in UkeNlt(H?II(foo,pi]
H?iﬁll(—oo,pj]mk) U H;l:l[qiv +00) H?iaﬁ-l[qﬂ" +OO)6(Jk)) UAGM1 (H?:l(_oni]é(z)\)

1557 (=00, p ] UTTiy [gis +00) PV TTFE T[4, 400)).
Remark 4. It is worth noting that Theorem 3.5 is not true forn = 1,m = 1. Because forn = 1,m =1,
one can see

n n+m n n+m

[Tiai.+00) T las.+00)°9% = (00,0 T (~o00.py;
i=1 j=n+1 i=1 j=n+1
n n+m ) n ) n+m
H(_Ooypi] H (_Ooypj](s(Jk) = H[qi7+00)6(1)\) H [qj,—|—OO)
i=1 j=n+1 =1 Jj=n+1

Hence, for n = m = 1, the model (2.1) has neither more nor less than 2 locally exponentially stable
equilibrium points located in (—oo, p1] X [g2, +o0) and g1, +o0) x (—oo, p2], respectively.

Remark 5. Comparing with Theorem 3.3 and Theorem 3.4, the conditions given in Theorem 3.5
guarantee there does not exists a limit cycle located in [T'"_, [¢i, +00) H?;’;}H lg;,+o0) and [T, (—oo, pi]
[105m (—co0,p)-

Remark 6. The multiperiodicity analysis of neural networks is more general than multistability analysis
since an equilibrium point can be viewed as a special case of oscillation with any arbitrary period. For
model (2.1) with constant external inputs, we can easily derive some multistability results similar to
Theorem 3.1, Theorem 3.2, Theorem 3.3, Theorem 3.4 and Theorem 3.5, but are omitted here.
Remark 7. Let a;(ui(t)) = ¢;j(v;(t) = 1,4 = 1,2,...,n,j = n+1,n+2,...,n+ m, model (2.1)
becomes BAMNs. Hence, the results in this paper can be applied to BAMNs. In addition, similar
results also can be obtained for Cohen-Grossberg networks which satisfy the assumption (A1).

4 lllustrative Examples

In this section, three examples will be given to illustrate the effectiveness of our results.
Example 1: Consider the following model:

Bt — —ai (i) [wi(t) = has [y, kis(t = 8) fa(vs(s))ds — L(B)], i =1,2,
(4.1)

H = (h3 hi )=(14 16),

0.02sint

I= < 0.02cost ) J3 = 0.02cost,
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24 0.4 cos(ui(t)) 0
a(u(t)) = ( 0 2+ 0.4 cos(ua(t)) ) ’

c3(v3(t)) =2+ 0.4 cos(vs(t)).

Here,pi=p,=—3,¢s=q¢ = 3.li=l; = -3, mi=m; = 1.

It is easy to see that the conditions in Theorem 3.3 hold. And so, model (4.1) has neither more nor
less than 2 locally exponentially stable limit cycles, which locate in (—oco, —1/2) x (—o0,—1/2) X
(—o0,—1/2) and (1/2,+00) x (1/2,400) x (1/2,400) respectively. Simulation results with random

initial states are depicted in Figures 1 and 2.

Example 2: Consider the following model:

=S i (o (1) — ()i = 1,2,
e (4.2)
X

Pl = —ai(wi(t))[wi(t)

hgz(%(t)) —Jj (t)]:j = 3,4,

D) — e (v; (1)) vs (t)

I
20 25 30

o

0 5 10

¢

1
20 25 30

o

0 5 10

b

I
20 25 30

o
w
B,
(=]
~3

Fig. 1. Transient behavior of w1, u2, v3 in Example 1.

106



British Journal of Mathematics & Computer Science 2(2), 94—113, 2012

v3
o

u2, 5 -5

ul

Fig. 2. Phase plots of state variable (u1,u2,vs) in Example 1.

where

f(r):|r-l-1\;\r—1|7

w5 %),

H:(Zi Zij ):(0?8 __Oé4 )

= (i ) o= (o).
a(alt)) ( 2—|—O.4c(())s(u1(t)) 2+0.4C%S(u2(t)) )
c(w) = (2O o) )

one can check that the conditions in Theorem 3.5 hold. According to Theorem 3.5, the model (4.2)
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has neither more nor less than 4 locally exponentially stable limit cycles, which locate in (—oo, —1) X
(=00, —1) x (=00, —1) x (1, 400), (1, 400) X (1, 4+00) X (1, 400) X (—o0, —1), (1, 4+00) X (—00, —1) X
(1,+00) X (1,+00) and (—oo, —1) x (1, +00) x (—o0, —1) X (—o0, —1), respectively. Simulation results
with random initial states are depicted in Figures 3 and 4.

Example 3: Consider the following model:

i) — g (s (1)) [ua (1) — ; has £3 (03 (8)) — T®)] i = 1,2,3,

50 _ (05 (8)) oy (1) — ; B folus(t)) — J5(0)], = 45,6,

Fig. 3. Transient behavior of w1, u2, v3, v4.
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u2

ut,v3

Fig. 4. Phase plots of state variable (u1,uz2,vs, v4).

where
r+1|—|r—1
py = TSI
5 04 02
H=H"=]| 04 5 02 |,
0.2 04 5
cost cost
I = cost , J= cost ,
cost cost
2+ 0.4 cos(ui(t)) 0 0
a(u(t)) = 0 2+ 0.4 cos(uz(t)) 0
0 0 2 4 0.4 cos(us(t))
2 + 0.4 cos(va(t)) 0 0
c(v(t)) = 0 24 0.4 cos(vs(t)) 0
0 0 2+ 0.4 cos(vs(t))

By simple computation, the conditions in Theorem 3.4 hold. Hence, model (4.3) has 2* locally
exponentially stable equilibrium points located in ©,. Simulation results with random initial states
are depicted in Figures 5 and 6.
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0 5 10 15 0 5 10 15

-0 -10

u2,va ulvd

Fig. 6. Phase plots of state variable (u1, uz, us, v4, vs, ve).

5 Conclusions

In this paper, the multiperiodicity has been considered for Cohen-Grossberg-type bidirectional associative
memory networks with discrete and distributed delays. For the (n+m)-neuron CG-type BAMNs where
n is the number of the neurons in one layer, m is the number of the neurons in the other layer, it is
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shown that if there is a periodic orbit located in a saturation region, it must be locally exponentially
stable. Based on this result, four results about the number of locally exponentially stable limit cycles
located in saturation regions are derived. These results provide some conditions ensuring that there
have 2, 2(p + q)(p < m,q < n — 1), 2™"{"™} |ocally exponentially stable limit cycles located in
saturation regions, respectively. Also, the conditions which we obtain are easy to be verified and
checked in practice.
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