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In this work, we study the effect of nonlinear source term in Black-Scholes model by finding the solution of it. We use the
mathematical concepts of existence and uniqueness to arrive the conclusion. The transformation of the nonlinear equation into
heat equation leads to the existence of solution through fixed-point theorems, semigroup theory, and certain regularity

conditions imposed on variables.

1. Introduction

The Black-Scholes equation is a mathematical model that
plays an important role in dynamics of financial and eco-
nomic identity. In order to increase the efficiency of Black-
Scholes model, the condition on the parameters is made
uncertain, and their behaviours are studied in [1-4]. Agye-
man and Oduro in [5]studied the existence with nonlinear
force term depending on this deviation of the option price.

Based on this theory, let us study the solvability of the
following nonlinear Black-Scholes type equation.

U | - - - T - -
V,+EGZSZVSS+rSVS—rV:¢<J (St Vs)dt> vV, (1)
0

where $>0, t € (0, T), and O* c R".

Here, V is the option price; o is the volatility constant; S
is the stock price; r is the risk-free interest rate; ¢ is the
potential function; time T >0 and the nonlinear term f(S,
t, V)dt represent the various price effects that happens dur-
ing the period. Assume that the force effect happen as a mul-

tiple of the option price. In [1], the function
f:Q" %[0, T|x Q" — Q" is assumed to satisfy the Car-
atheodory conditions that, f(.,.,V) is measurable over all V
€ O*. In addition, the function f(.,t,.) and its derivatives
are bounded and continuous throughout its entire region
for all time t. More details on the function spaces are
explained in [6].

The nonlinear term @(-)V on the right hand side repre-
sents the monetary assistance provided to the investor.
Pilant and Rundell in [7] studied the existence and unique-
ness of the partial differential equations (PDEs) with nonlin-
ear term using fixed-point technique. Shu and Shi in [8]
studied the mild solution of impulsive fractional evolution
equations through fixed-point technique. Following this,
Nanda and Das [9] extended the aforementioned method
for solving various forms heat conduction problems involv-
ing nonlinear source terms. The similar problem is studied
by one of the authors in [10], where fixed-point technique
is applied but for its inverse theory. In [11, 12], the authors
adopted fixed-point technique in the discussion on the exis-
tence of various forms of solution of an almost periodic sto-
chastic differential equations. The works in [13-15] studied
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the existence of solutions for PDE under nonlocal condi-
tions. Moreover, the works in [16-20] also deals with the dif-
ferent forms of Black-Scholes equation and studied the
existence theory. In [21], the author used the semigroup the-
ory and operators to study the Black-Scholes model. Hence,
considering the mentioned points, it is clear that the discus-
sion on Black-Scholes model using fixed-point theory is of
great interest. The problem under consideration is a special
one as it depends on the forcing term that reflects today’s
economic outlook.

The novelty of this problem lies in the form under inves-
tigation. This is one of the most difficult forms of the Black-
Scholes equation. Physically, this problem is interpreted as
follows: find the value for option “V” that make up for any
losses incurred while exercising the option. The integral
term is defined to check the cash flow required for offsetting.
The loss must be within the specified range. This paper is
organized as follows: the existence part is discussed is Sec-
tion 2, the uniqueness property is established in Section 3,
and the conclusion in Section 4. This discussion is based
on the technique adapted in [22].

2. Existence Result

In this segment, transform the left hand side of (1) in the
form of heat equation and thereby the direct application of
the notations and procedure of [22], we obtain the necessary
result. Also, the integrodifferential forcing term can be neu-
tralized through the method discussed in [14]. Let

e 2T . . o’
S=e¢ ,t—T—;V(S,t)—V(x,T)—V(ln (S)’T(T_t))’

The derivatives of transformation are

Substituting the derivatives of Black-Scholes equation,
we get

51 2eg & = o 2r_ 2r.
V,+§GS VSS+rSVS—rV:—vT+vXX—vX+?v —a

(4)

Setting k = 2r/0?, the equation becomes

~ 1 ~ ~ ~
V,+ EazszvsS +1SVg—rV==v_ + v + (k- 1)v, — k¥,
(5)
for —00 <x<00,0<7<0?/2T. As more modifications on

variables are required to make the unnecessary terms be
removed, let

(x,7) = e Fi(x, T) = pi. (6)
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Computing the partial derivatives of ¥ and using this in
(5), we get
| . - -
V,+ Eazszvss + 1SV =1V = —ii, + ity + 20+ (k- 1)]it,
+ [ + (k= 1)a—k- B,
(7)

since & and f are arbitrary constants, introduced to elimi-
nate the %, and & terms

~(k-1)

4= — JB=a’+ (k-

l)a—k:#-kl)z. (8)

Then, a and f form the coeflicients of 0, which eliminate
u, and u terms, respectively. The equation is then reduced to
a one-dimensional heat equation, we can attain that

51 a0y & e
V,+ i SV +1SVy—rV =—01_+ i #. 9)

Substituting (9) in (1) and replacing the variables on the
RH.S of (1) S=x, t =7, and V = &. Thence, we have

a,—axx+¢(rf(x, T, ﬁx)d‘r>f4:0, (10)

0

with conditions
Ul o= i, )50 =0, (1, %) € (0, T] x Q7 (11)

where Q* lies in a multidimensional bounded domain G?.
Obviously, the significance of the nonlinear term (9) is its
dependence on

Up = JTf(x, T,1,)dT. (12)

0

That is, while the existence on [0, T] is unknown at
whole interval, T >0 is given a precursor.

From [23, 24], the existence of the solution of (1) should
be nonnegative, nondecreasing potential ¢ for which x —
@(x)x is derivable. We present a brief demonstration on its
solvability based on generic assumptions about potential ¢.

The proof depends on fixed-point theorem due to
Schauder and the fact that under acceptable presumptions,
Bliiy) =~Ap + (i) from a semigroup {e 1) ;7>0}
on Z,(Q7), where —Ap, stands for Laplacian, which is sub-
ject to Dirichlet boundary conditions. The expected form
of solution (1)

i(r) = e P €0, T], (13)

and, as a result, i, is described by the relation

T -~
iy = J e ™Al 30 dr. (14)
0
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Theorem 1. Let ¢ € €(R,R) be nonnegative and n < 2p. If
one of the relations

ez (O, (15)
or

(i) ¢(x) <a(I+ |x|),x € R holds, then for some a > 0 and
W’ € Z,(Q").

There exists at least one possible solution

1€ G([0,T), Z,(Q7)) NG ((0, T], Z,(2")) n @((o, 1), W;(Q*)),

(16)

to (1). Moreover, |[u(7)||, < ||#||, for [0, T]. If 0<il,

then 0 < (7) for 7 €0, T]

“ll,

Proof. Part (i).
Take a nonnegative function ¢ € €(R, R). Based on the
boundedness of ¢ and by defining #° € Z__(Q*), we arrive at

P EC(ZL(Q7), Zo(27)), (17)
is bounded.
Set R, = T||u"||,, and let
X = Bgmm*)(o, Ry)» (18)

indicate a closed ball whose cent is at origin and radius &,,.
Take 2p € (n,00) with the fact that, for any &1, € X, the map-
ping ¢(iiy) = [Q* - (i17)Q7] satisfies without a doubt,

||§7’(£‘T)||2(3’P(Q*)) < [@(ar)l o0 < A ]9” up € Xp. (19)

-

Combining the results and the fact —A € 5(%127’[)(9*),

Z,(Q7))

B(iir) = ~Ap + §liir) € S (.

for some positive w(%,)) and 1 < k. Moreover, for a nonnega-
tive ¢, the operator — (i) generates a positive contraction

semigroup (e ™#(1) . on each Z;(Q) for je (Lol

He’T‘%(ﬁr) — 6*793(’71‘)

T
SJ
0

’s(yp(o*)%;})(o*))

o~ () Biir) 5

L(Z, (@ ),W;?I,(Q* )

< c(Ro)e |9 (ihr) = (V1) |-

(i) = 5 a0

3
Hence,
~TB(iir) ;
e <1,720,j€ (1,00]. (21)
H L2, (@) ( )
Let us delineate,

_ T
ity = J TR 0T, G € X (22)

0

Then, (21) signifies that

(i), ju Sl PN L

dr < T||@|| < R
(23)

with @ : X, — ¥,. Using the condition 2y € (n/p,2) and
(20) together with 1 < % (%,) and positive {(R,), such that

He—n%(ﬂr) S H(Ry)ePTTY 7> 0.
2(Z,(@) 7))
(24)
Therefore,
~ T gg(~ ) 0
~ —T. u
e N o IO

IN

{t%;(fg;?) e((QO)Tle:| H }ﬂ0|p <c(Ry),
(23)

®(%,) is bounded in W;?’D(Q*), the latter is being com-
pact ingrained in €(Q") since 2y € n/p. To validate the prop-
erty of continuity of @,

o T Bir) _ ot Br) [T d ¢~ (T)Bir) =X B(r) g
J —(7-x)RB(ui7) —xJ () [ ‘@(VT) +=%’(uT)]dx,
J STIBE eI (i) = §(vr) ),
(26)

thereby using (19), (21), and (24), we get

ix. (27)

2(Z,2))

H ~xB ()
P




The continuous embedding of W;jVD(Q*) in €(Q")

|9(tr) = @), < l|DCr) = D) |3, o

~1B(ir) _ o7B(Vr)

e

o oo 1], 4
(g ap@) P

(28)

using (25) and (27), we get

|9(ir) = D51, =] (o)™ e ) =6 ],

< (Ry) llo(ir) = e(vr)ll o
(29)

for i, vy € X ;. Hence, the required results on continuity
@ : X, —> ¥ are established through (17). Using the pre-

compact image of @€ G (X, %;), the theorem due to
Schauder shows the presence of point i, € X with the prop-

erty ity = @(iiy). Now, define ii(7) as

(1) =e ™20 1 € [0, T). (30)
in order to obtain the solution for (1). If 0 < #°, then 0 < i1(7)
for 7 € [0, T] because the semigroup is positive. This com-
pletes proof of part (i).

Part (ii). Now, assume a nonnegative ¢ € €(R,R) and
that a(1 + |x|) > (x), x € R, for positive a. Let us presume

He—r%a _ e B

T
SJ
0

Sc(Ro) lo(ur) = @(vr)|l,-

2(Z,(@")

o~ (T-0)B(iir)

(%

The required result is achieved by applying Schauder’s
fixed-point theorem.

Corollary 2. Let u be the solution to (1) provided by Theorem
1. If p>2, then

IVl s |l ae= | (6~ a(m))ia des 27

(35)
Ifa’ e W(Q") for some positive y, then ity € W 5(Q")
—Aig +@(ug)ap =1’ - u(T) inQ*, iy =00n3Q*.  (36)

Proof. The proof is the direct consequence of Theorem 1. [J

o) 1) = 90 la(, oy 00 §
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i e Z,(Q7) with n<2p. We modify the set

Ry =T|[i°|
Xr =By o) (0. By)-

O

One of the presumption on ¢ includes
PeBC(X, Z,(Q7)). (32)

Further, Wf{g‘g(Q*) maintains its continuity for small
n<2pinC(Q") over & > 0. Thus, for w € W;,D(Q*), we have

qu(f‘T)“’Hp < C||¢(1~4T)Hp||w||71/;jgf(o*)’
SC”q)(aT)Hpr”;Hw”}};ED(Q*)’ (33)

< (@), “llll, + Ol o

with meager positive §. Hence, the relation (20) holds good
if the equality (33) and the corresponding results are com-
bined. Moreover, (21) holds for j=p. Defining @ as in
(22), by similar arguments as in previous part, a precompact
image of @ € G(¥, ;) can be arrived (26) along with con-
tinuity that follows from the relations (21), (24), and (33) as
given in the following:

—x%B(Vy) dx, (34)

(L, ( Q)W ;55(Q7))

3. Uniqueness Result

Following the methodology adopted in [24], we demonstrate
the property of uniqueness for small data in (1) if Z,:= T
|#°]|, is small along with locally Lipschitz continuous

o:R—NR, (37)
and
X —> (i)(x)x, (38)

is a function which is nondecreasing.

Assume that the existence of solutions is true and the
relations (37) and (38) hold good, let the solutions of (1)
be & and v with #(0)=u’=7(0) e £ (Q"). Fix w;:=
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aT - T/T.
= @(iir) = @(r) |, < L(Fo) itz = ¥r = L(Ro) ||l (39)

for fixed value L(%,), obtained by the definition on @,
which behaves as uniformly Lipschitz over its region of
existence, (ie., on the set [-%#,, %,]). This leads to the
fact (35) which entails that

R(Z,(Q2"))
S RL(Ry)||wr]],-

So, (40) and (41) cover it

127115 < %o L(Ho) |27 1|5 < (Q) R L(Ry) | Veor [
(42)
where ¢(Q") is borrowed from Poincare’sine quality. Now, if
RoL(R)c(QF) < 1, it refers to wy =0 in w=> iy = V.

In the following proposition, we study the monotonicity
condition and its effect on uniqueness theory.

Proposition 3. Let ¢ be unknown that satisfies (37), 2p > n,
and consider goegp(()*)_ There is M >0 such that (1)
has a unique value

1€ 6(0.T], Z,(Q) NE' (0.7}, Z,(2") n € ((0, T}, #7(2")),
(43)
based on the inequality T||i’||, < M.

Proof. The proof is obtained through Banach’s fixed-point
theorem. Fix 2y € (n/p,2) and take &, > 0 along with

X;=B, (0)(0, Ry). (44)

pD

Notice that ‘7/12,?})(()*) embeds continuously into €(Q").

Thus, as ¢ is uniformly Lipschitz continuous on compact
sets, there exists a constant L(Z,)) > 0 with ¢

19(ir) = @(r)lloo < L(Ho)lltir =Vl (e > Vr € X1

(45)

9(iir) = () [0

+ | wpv(T)—u(T)]dx,
o

<[W(T) —u(T) || wrll,-

where (38) allows inequality to end. Now, owing to (21),
(26), and (39), we get

2] )

R(Z(2)

Especially from the proof of Theorem 1, we can write

305 ‘%(‘%O)CQOT 1-y][ =0
H(D(MT)HW;VD(Q*) < —y T @ » (46)
Moreover, (27) and (45) combines to give
He—n%”(m _ T B(r) )
Q(gp(Q*)’Wp?D(Q*)) (47)

< (Rg)e P ITH Y iy 1~’T||<7//;VD(Q*)’

for some iiy, ¥, € X4 and positive ¢(R,)). Therefore,

@)~ By o

< THLN‘OH o~ Bliir) _ o=t B () dr
> . p >

Lz, @ ),7/;1)(9* )

<y (Ro) || T iy = Vel o

.
(48)

The inequality together with (46) shows that @ : ¥,
— X behaves like a contraction mapping with T||#|| P

being very small. Consequently, if T'[|&° | » is very small, then

there exists a unique iy € X, with @ (i) = ity O
4. Conclusion

As discussed, the nonlinear force term on the right hand side
plays an important role in establishing the existence of solu-
tion. It is clear that the cash flows to the market needs to be
examined and must always be within limits. This fixed value
must be compared with the actual price of the option and
the investment decision that must be made.
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