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ABSTRACT

We construct multi-parametric rational solutions to the KdV equation. For this, we use solutions
in terms of exponentials depending on several parameters and take a limit when one of these
parameters goes to 0. Here we present degenerate rational solutions and give a result without the
presence of a limit as a quotient of polynomials depending on 3N parameters. We give the explicit
expressions of some of these rational solutions.

Keywords: KdV equation; rational solutions.
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1 INTRODUCTION Korteweg and de Vries [1] introduced this
equation (1.1) for the first time in 1895.
We consider the KdV equation
The KdV equation (1.1) is the basis of the most
dur = 6ute — Uaaa, (1.1)  common tool for the (1+1)-dimensional modelling
where as usual, the subscripts = and ¢ denote of shallow water waves. It is now known that this
partial derivatives and w is a function of x and equation describes the propagation of waves with
t. weak dispersion in various nonlinear media.
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In 1967, Gardner et al. [2] gave a method
of resolution of this equation. Zakharov and
Faddeev [3] proved that this is a complete
integrable equation in 1971.

Using the bilinear method, Hirota [4] constructed
solutions in 1971. Among the works which have
been realized, we can mention some of them.
Solutions in terms of Riemann theta functions [5]
were given by Its and Matveev in 1975. Lax gave
in 1975 the expressions of periodic and almost
periodic solutions [6]; we can also quote, Matveev
in 1992 [7], Ma in 2004 [8], Kovalyov in 2005 [9].

We consider solutions to the KdV equation in this
paper. From elementary exponential functions
depending on several parameters, we construct
rational solutions in performing a passage to the
limit when one of these parameters goes to 0.
We obtain rational solutions as depending on
3N parameters at order N. To get a result
which does not depend on a limit, we have to
consider another type of functions. With this new
functions, we can give explicit solutions and we
get a hierarchy of rational solution of order N to
the KdV equation depending on 3N parameters.

2 SOLUTIONS TO THE KdV EQUATION

2.1
tials

We consider the KdV equation (1.1)

4up = 6uugs —

Solutions to the KdV Equation in Terms of Elementary Exponen-

We use the following notations. We consider the real numbers «;, 5; and ~; defined by :

aj = ax(je)* !

We consider the elementary functions :

fij(z,t) = oz;fl exp(ayz — ot + ;) — a;fl exp(ayz — ajt +;), for L <i < N

Then, we have the following statement:

Theorem 2.1. The function v defined by

v(x,t) = =207 In(det(fi;) (i, ye[1,n5)

) BJ' = Zﬁjzl Ck(je)%_lv

Vi =Y di(je)? T for1<i< N (21)

(2.2)

(2.3)

is a solution to the KdV equation (1.1) withe, a;, ¢; and d;, 1 < j < N arbitrarily real parameters.

Proof: The corresponding Lax pair to the KdV equation (1.1) is

3 3 .
This system is covariant by the Darboux transformation. If ¢1,...,¢n are solutions of the system
(2.4), then ¢[N] defined by ¢[N] = MI;SQ(S;’ Sk (b(;“ ()b) is another solution of this system (2.4) where
1y.--3y®PN
u is replaced by u[N] = u — 2(In W (1, ..., ¢~ )zx [10]. In the expression of $[N], W (é1,.. ., ¢x) is
the wronskian of the functions ¢, ..., ¢ defined by (det i " ¢;) 1<i<k, 1<j<k)-
We choose u = 0. Then the functions ¢; = fi; verify the following system
3
{ d’zzz - Zébcc = )‘¢a (2'5)

¢t = _¢x7
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Then the solution of (1.1) can be written as v(x,t) = —2(InW(¢1, ..., ¢~)zzWhich is nothing else
that (23) ’U(l’,t) = —26925 ln(det(fi]-)(i,”e[lw]). O

To the best of my knowledge, such solutions have not been built.

2.2 Rational Solutions to the KdV Equation

We are going to perform a limit when the parameter e tends to 0. With this idea, we can obtain rational
solutions to the KdV equation.

2.2.1 Rational solutions as a limit case

We get the following result:
Theorem 2.2. The function v defined by
v(z,t) = lim —207 In(det(fi;) i.j)ern.51) (2.6)

is a rational solution to the KdV equation (1.1) depending on 3N parameters a;, c; andd;, 1 < j < N.
Proof: It is a consequence of the previous result. O

2.2.2 Degenerate rational solutions

We can give give a more precise result avoiding the presence of a limit.

For this, we consider another type of functions g;; defined by:

2j—1¢
u ,fori<i<N,1<j<N.
=0

Gij = ;
0e2i—1 |o

Then get the following result:
Theorem 2.3. The function v defined by
v(w, t) = =283 In(det(gij) (5,5)ef1,8] (2.7)

is a rational solution to the KdV equation (1.1) depending on 3N parameters a;, c; andd;, 1 < j < N.

Proof: We combine the columns of the determinant in oder to eliminate successively the terms in
e?*=1_ Then when we take a passage to the limit when e tends to 0 for each column we get the result.
O

So for each positive integer N, we get rational solutions to the KdV equation depending on 3N real
parameters.

In the following we give some examples of rational solutions.

These results are consequences of the previous result (2.7).
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2.3 First Order Rational Solutions
We have the following result at order N = 1:
Proposition 2.1. The function v defined by

2
ai

z,t) =8 ——m——,
v(@?) (2arz —di + c1)?

(2.8)

is a solution to the KdV equation (1.1) with a1, c1, d1 arbitrarily real parameters.

Remark 2.1. This solution independent of ¢ does not present any interest.

2.4 Second Order Rational Solutions
Proposition 2.2. The function v defined by

(@, t) = —2 %, (2.9)

with

n(z,t) = —192 a8zt +12 a13(32 artd1—32 a14cl)m3+12 a13(724 a’ci?+48 a13c1dy —24 a13d12)x2+
12 a13(96 a15t — 48 arasdy — 8&12013 + 24 a12d1012 — 48 a1202 + 8a12d13 —24 a1201d12 + 48 a12d2 +
48 a1a261)x+12 a13(4cla1d13—24a1d1d2+24a2d12+24a2612+48ta14cl—alc14—a1d14+4 d1a1613—
48 ta14d1 — 24 aiciCca — 48 C16L2d1 + 24 01d2a1 + 24 dlcgal — 6612a1d12),

d(;t,t) = 8a14x3+(—12 a13d1+12 a1301)x2+(6 a12012—12 cla12d1 +6a12d12)1:—12 coa1+12dsar —
3d1a1012 + a1013 + 361a1d12 + 12 asc1 — a1d13 + 24ta14 — 12 asd1

is a rational solution to the KdV equation (1.1), quotient of two polynomials with numerator of degree
4 inx, 1 int, and denominator of degree 6 in x, 2 int.

2.5 Rational Solutions of Order Three

We get the following rational solutions given by:

Proposition 2.3. The function v defined by

n(x,t
v(z,t) = —2 (7’)2, (2.10)
d(z,t)
with
n(z,t) = —24576 a1 %210 —24 a12(=5120 a1 3d1 +5120 a1 3cq)a®—24 a1 2 (11520 a1 2¢12—23040 aq 21 dy +11520 ag 1 2d; 2)a®—

24a12(—15360a11d13+46080 a1 tc;d1?+15360 a1t c;3—46080 a1ty ?dy )z’ —24 a12(—53760 a1 0c13d; +80640 a0y 2di 2+
13440 a1'%d1* — 53760 a1 '%c1d1® + 13440 a1 0c1*)2® — 24412 (—207360 a1 Tan?cy + 40320 a1%c1d1® — 80640 a1%¢cy2dy 3 —
69120 a18asd; + 207360 a1 as?d; — 8064a1°d1® — 69120a1°c3 — 40320a1%c1%d; + 80640 a1°¢c13d1? + 8064 a1%¢1® —
207360 a1 ®asds 4+ 69120 a1 2ds 4 207360 a1 8asce + 69120 a3 Bazey )z —24a12(3360a18¢1 6 + 3360 a18d16 + 345600 ¢2aq 14 +
86400 a1 8cy? + 86400 a1 8da? — 345600 tay ey + 345600 tag 1 dy — 20160 a18c15d) + 50400 a1 8c14dy? — 67200 a1 8¢y 3d 3 +
50400 a18c12d1% —20160 a18cydy® —172800 a1 8cycs+172800 a18cids —172800 a18cods +172800 a1 Scgdy —172800 aq8dyds +
172800 a1 7 agcy? + 172800 a1 azdy? — 432000 a1%as2c12 — 432000 a1%as2d12 + 345600 tag asc; — 345600 ta; 'Casd; +
345600 a1 azcycy—345600 ay” ascydy—345600 at” azcody +345600 a1’ ansdydy —345600 a1’ ascydy +864000 a1 ®as?cqdy)zt—
24a12(960a17c1”—960 a1 d;” +691200t2a; 3¢y —691200 t2a1 13d; —6720 a1 7 ¢1%d1 420160 a1 7c1%d12—33600 a1 c1td1d +
33600 a1 7c13d;*—20160a17¢c12d1®+6720 a1 7c1d1®+172800 a1 7 c1cp?2 4172800 a1 7 c1da? —172800 a1 " ca?dy —172800 ay " dyda? —
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172800 a1 7 c12c3+172800 a1 ¢12dg—172800 a1 c3dy 24172800 a1’ d12dg+172800 a1%azci 3 —172800 a1%asd;® —345600 a1 ®as?ci 3+
345600 a1az?d® — 691200 ta; *Ccico + 691200 ta; Ocids + 691200 ta; *Ccod; — 691200 ta; 10dydy + 691200 tag®ascy? +

691200 ta1?asd;? +345600 a1 cic3d —345600 a1’ cidyds +172800 a1%ascy?cy —172800 a1 %ascy2dy +172800a1%ascody? —

172800 a1%asd;2de—518400 a1%asgci?dy +518400 a1%azcidi 2 +1036800 a1®ag?cq2d1—1036800 a1®as?cid;?—345600 a1 cqcoda+
345600 a1’ cadydo —345600 a1%ascicody +345600 aq®agcydydy —1382400 tar®ascidy)a® —24a12(180a1%¢1%+180a1%d: 8 +

518400 t2a1 '2¢c12+518400 t%a; 12dy2—1440a1%¢1 "dy +5040 a16¢1%d12—10080 a1 %¢1%d1 3 +12600 a16c1%d1 % —10080 a1 6 ci3dy ® +

5040 a1%¢12d1% —1440a1%¢c1d1 7 —86400 a1%cq3c3 + 86400 a1 %c13ds +86400 a1Scgdi® —86400 a1%dy3ds +86400a1%agci® +

86400 a1®azdi? — 129600 a1%as?c1? — 129600 a1%as2d1? + 129600 a1%c12c2? + 129600 a1%¢c12da? + 129600 a1%co?di? +

129600 a1%d12ds2—259200 a1%cqco?dy —259200 a1%cqdyda? —259200 a1 ®cody 2de—1036800 t2aq 2 cid —518400 taq2ciea+

518400 ta1c12dy — 518400 taq ®caod1? + 518400 taq2dy2dy + 518400 ta®agc® — 518400 taSasdy® + 259200 a1%cq2cgdy —

259200 a1 %c12dy d3—259200 a1%cqc3di 24259200 a1 %cidy2ds—345600 a1®aszc;®dy +518400 a1®ascy 2d; 2 —345600 aq®azcydy S+

518400 a1 %as2ci3dy —777600 a1 *as?ci?d12+518400 a1 *as?c1dy®—259200 a1 %ci2coda+518400 a1%cycody da+1036800 tay®cicad) —
1036800 ta1c1dida—1555200 tai®agcy 2dy +1555200 taSagcidy )z —24 a1 2 (—86400 aq®ce®+86400 a1’ de>+691200t3a; 14+
20a1%c19-20a15d19+518400 ta;8ci2cod; —518400 taiBcy2di do —518400 taiScycady 2 +518400 tai ey di2dy —691200 tay Tage; 3di +
1036800 taj “ascy2dy2—691200 tai  ascydy®—1036800 tay ” ancyco+1036800 tay” agcyda+1036800 tay” azcad; —1036800 tay  asdyda+
172800 t2a1 1113 —172800 t2aq 11 dy 3 +259200 a1 co?ds—259200 a1°coda?+86400 at2as®cy®—86400 at2asdy > —1036800 t2aq M les+
1036800 t2a; 'tdy —180a1%c18d; +720a1%c17d12 —1680 a1 ¢y %d1 3 +2520a1%¢1%dy* — 2520 a1%¢1%d15 +1680a1%c13d, 6 —
720a1%c12d1” +180a1%c1d1® + 518400 ta; 8ca? + 518400 ta 8do? — 21600 a1 ®ci?es + 21600 ay®cyds — 21600 a1 ®c3di? +

21600 a1%d;4d3+21600 a1%azci®—21600 a1%asd;®—21600 a13as?c1®+21600 a13as2d1®+43200 a1 %c13ce?+43200a1%c13da?—

43200 a1°co?dy 3 —43200a1%d;3da? —86400 a1°c13cods —129600 at’ci?ea?d; —129600 a1®cq?dyde?+129600 a1 ®cyeg?di?+

129600 a1°%cqd12de?+86400 aq’cod3da—518400t2a1 M ey 2dy +518400 2 a1 't ey d12—172800 ta18c13ca+172800 ta18cq3da+

172800 ta18cad1® — 172800 ta13d13ds + 172800 taq "asc1® + 172800 tay "asd1? — 1036800 tai8cods + 518400 ta;®as?ci? +

518400 ta1%ag?d1?+86400 a1®ci3cad; —86400 aq°cq3dyds—129600 a1®c12c3dy 24129600 a1®cq?dy2d3+86400ay®cieady®—

86400 a1 ®cqdq3ds — 21600 a1 tascites + 21600 a1tascitds — 21600 ag%agcadi® + 21600 a1asdy*dy — 108000 a1 tagertdy +

216000 aq%azc13d12—216000 ajtagcy 2dy 3 +108000 a1 tage;d; 24108000 a1 2as?ci?d; —216000 a13ag?c13d124+216000 a13as?cq2d 3 —
108000 a13as?cydy*+259200 a1 *ascica?+259200 ag *ascyda?—259200 a1 *agcp?d; —259200 a1 *agd; de? —259200 a13as?cq 2ea+
259200 a1 2as?c12de—259200 a13ag?cady 24259200 a1 as?dy2ds —259200 a1 2ag3cq2d1 4259200 a12as®cqdq 241036800 t2a1 agci —
1036800 t2a1 %asdy +259200 a1 cq2cady do—259200 a1®cicody 2ds+86400 a1 asct®codi —86400 atasct3dyde—129600 a1 tascyZeads 2+
129600 a1*agcy2dy2do+86400 a1 *agcicad®—86400 a1 *agcidi 3dy—518400 a1 ascycoda+518400 a1 *ascody do+518400 a1 2ag?cicody —
518400 a13as?cydydo—1036800 ta;Sas?cidy)r—24 a1 2 (518400 a1 ®ascycody do+1036800 taiSascycod) —1036800 taiCascydyda+
518400 a1 2agagcico—518400 a12asagcida—518400 a1 2asagcady +518400 a1 2asaszdyde+1036800 ajas?azcydy +43200 a1tci®codydo—
64800 a1*ci2cody ?dy+43200 ay*cycady 3dy —259200 a1 2agcy 2eada —259200 aq3ascy ca?d; —259200 a1 agey dyda? —259200 a1 ascody 2do—
86400 tay” c1°dydo—129600taq " c12cod12+129600 tar  c12dy2do+86400 taq” cqcodi® —86400taq  c1d13da—108000 ta®ascydi+
216000 ta;%asci®di12—216000 taq%ascy2di>+108000 taiSascydid—777600 tar®as?cqy2dy +777600 tar®asZcydi2+86400 tar” c13cody —
518400 a1 cqcoda+518400 tay " cody do—518400 ta;Sagcy 2co+518400 ta%ascy 2do—518400 tai%ascody 2+518400 ta;%asdy 2da+
21600 a1 3agcyteady —21600 a13asct*dydo—43200 a13asciBeodi 2 +43200 aq3agcq3dy2de+43200 aq3agcr2eady®—43200 a13ascy 2dy3do—
21600 a13ascicadr? 4+ 21600 a3 ascidi?ds + 388800 a12as?ci?cod) — 388800 aq2as2c12dyds — 388800 aias?cicadi? +

388800 aq2as2cydy?da—1036800t2a1%ascidy +518400 a1 agcgds—518400 a1 asdods —172800 a1 ascicy+172800 aq2ascids+

172800 a1%agcgd; —172800 a1 agdidg+518400 aq2as?c1c3—518400 aq2as?c1ds—1555200 a12as?cads—518400 aq2as?csdy +

518400 a1 2as?d;d3—172800 a12a3c1d; —1555200 ajas®cyca+1555200 ayas>cyds+1555200 ajas®cod; —1555200 aqag®dide—

518400 ajaz2asc12—518400 ajasaszd) 2 +259200 ta;®as?c®—259200 tai®as?d;®—10800 a1 %cy *cady —21600 ag ¥y ®cp?dy —

21600 a1%c13dyde?+32400 a1%c12ca?di2+32400 a1%c12d12d2?2—21600 a1 %cica?d12—21600 a1%c1d13de?—10800 a1tcody *da+
129600 a13agc12ca2 4129600 a13asci 2da?+129600 a12asce?di2+129600 ag3asdi2da?—518400 a1 ascocs+518400 a1 agcods—
21600 taq” c1%ea+21600ta1” c1da—21600ta1 " codi*+21600tar” dq*da+21600ta1Casc;®—21600ta®asd®—172800 a1as3c13d1+
259200 aqas3cq2d12—172800 ajaz3cqdy®—86400t2a1Cci3dy +129600 t2aq 10y 2d12—86400 t2a1 ¢y d13+21600 a1 2ag?c13d13—
16200 a12as?c12d14+6480 a12as2c1d1®+129600 a1cico?ds—129600 aicqcada?—129600 a1 tco?dydo+129600 a1 tcadydea?—

518400 t2a1%¢cqco+518400t%a;'Ocidy+518400 t2a1 *0cod; —518400 t2a1 10d1 do+518400 t2aq2ascy 24518400 t2aq 2asdy 2 —

129600 a12as2c13co+129600 a12as2cq3ds+129600 a12as2cady®—129600 a12as2dy3da+259200 tay " cqca?+259200 tay  cqdo?—
259200 tai” cg2di — 259200 tay dida? 4+ 10800 aytc1tead; — 10800 a1tei?dids — 21600 a1tei3egdy? + 21600 arey3dy2ds +

21600 a1%ci2c3d® — 21600 a1%c12dy3ds — 10800 a1*ciczdi? + 10800 a1ty dy*ds — 4320 a13ascyPeco + 4320 a13ascy ®da +

4320 a1%ascod1® —4320 a13agd; ®de — 12960 a13ager P dy + 32400 a13agc;?dy? — 43200 aq2ageq3di® + 32400 a1 2age; 2dit —
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12960 a13agc1d1® + 6480 a12ag?c1%dy — 16200 a12as2c1%d1? + 5400 a1ci?ca? + 5400 a1%c1de® + 5400 a1tce?di? +

5400 a14d;4de?—172800 a1 % c3d3+777600 aj2as?ca?+777600 aq2as2da?+86400 aj2az?ci?+86400 a1 2az?dy2—1555200 axtcidy +
45a1%¢18d12—120a1%¢17d134+210a1%¢1%d1%—252a1%¢1%d1°+210a1% 14 d1 6 —120 a1 %1 3dy T+45a1%¢12d1 8 —10a1 Y1 dy O —
2160 a1%c1%c3 + 2160 a1%c1%ds + 2160 a1%c3d1® — 2160 a1%d1%ds + 2160 a1°azc1® + 2160 a13a3d1® — 1080 a12as2¢1 6 —

1080 a12ap2d;%—43200 a1%cqca®+43200 a1%cqdo® 443200 a1tca3d; —43200 a1%d;da®+345600 t3aq 3¢ —345600 t3a; 13dy —
10a1%c1%d) +43200 a1 a0%c1® +43200 ajas3d;* +21600t%a; 101 % +21600t2a1 ' 0d1% +a1%c1 10 +a1%d1 10 +86400 ay *ca? +

86400 a1%d3? + 777600 agtcy? + 777600 agtd;?),

d(z,t) = —64a1%2% +(192a17dy —192 a1 c1)a® +(—240a1%d12 —240a1%¢12 +480 a1 %cidy )z + (=160 a1 %13 +480 a1 %cop —
480a1%dy + 160a1°d1® + 480a1°¢c12dy — 960ta1® + 480a1%asd; — 480ai*agc) — 480a1°¢c1dy?)a® + (—1440ta; ¢ —
60a1%dy? — 720a1%cidy — 60a1?c1? + 1440 a13ascidy + 720 a1tdids — 720 a1cod; — 720a13azd1? 4+ 720a1%cico +
240 a1%c1dy® +1440taq dy +240a1%c13dy —360a1c12d12 — 720 a13agc1?)z? + (4320 ayaz?dy — 1440 a1 3cg + 1440 a1 3dg —
720 a1%d12t — 720 a1%¢12t — 4320 aj1a22c1 + 12a1%d1° — 12a13¢1® + 360 asa12d1® — 4320 asa13ds + 4320 asaiZco —
360 agay?c1®—360a13d12dy+360a13d1%ca—120a13d12%¢13+120a13¢12d13—360a13¢12da+360a13c12ca+1440 azay e —
1440 aga12dy—60a13d1%c1+60a13c1*dy+1080a12c12asdy +720 a13dydacy —720 a1 3cicodi +1440 tag%cidy —1080 a12di2agcy o+
60a12dy3dy + 720a1a3d1? + 120ta1°d;3 + 2880t2a18 + 720 aiasdids + 2880 taitasc; — 60 ajasdi? — 2880 ta;tdias +
720 a1a3cl2 — d16a12 +720ajazcicy — 016(112 —15 a12012d14 —15 a12cl4d12 + 720 d3a12cl + 720 C3a12d1 +6d15a1261 +
6c1%a12d] — 60cpar?di® — 1440 coay?dy + 20d1%a1%¢1® — 60doay?c1® — 2880ta1®cy — 720a12cics + 60a12ci®ey —
120ta1%c13—60 ajasc; 2 +2880 tay ®dy—720 a1 2did3—1440 ag2d12+720 a12co? 4720 a1 2de2 +2880 dyag?cy+180diay 2c1 2 do—
1440 djazaicy — 360 ajcy2asdr? + 180 aj?cicadi? —180dy2dgar?c; — 180 ¢y 2caa 2dy — 360 d1%tay®cy + 360 ¢y 2tar®dy —

720 cgajasdy + 240 d13ajazcr — 720dsaiascy + 240 c13a1asdy — 1440 ax?cq ?

is a rational solution to the KdV equation (1.1), quotient of two polynomials with the numerator of
order 10 in z, 3 in t, the denominator of degree 12 in z, 4 in t.

2.6 Another Orders

For greater orders, the solutions become very complex and we cannot give them here. We only give
solutions with parameters a; equal to 1 and all other parameters equal to 0.

Order 4

Proposition 2.4. The function v defined by

n(z,t)

e (2.11)

v(z,t) = =2
n(x,t) = 102" — 360 tx'® — 1417522 + 330750 t*2° + 5953500 t*2® — 22325625 t°,
d(z,t) = 210 + 45tx” + 47253z
is a rational solution to the KdV equation (1.1), quotient of two polynomials with numerator of degree
18 in z, 6 int, and denominator of degree 20 in x, 6 int.

Order 5

Proposition 2.5. The function v defined by
n(z,t)
d(z,t)?’

n(z,t) = —15 228 —1890 tx?5—113400 t22>2 —84837375 t*2*® —7501410000 t5 23 64699661250 t° 10 —
168781725000t 27 — 4430520281250 t32* 4 8861040562500 t°,

v(z,t) = =2 (2.12)
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d(z,t) = —z'® — 105 tz'? — 1575¢22° — 33075 t32% + 992250 2> + 1488375 ¢°

is a rational solution to the KdV equation (1.1), quotient of two polynomials with numerator of degree
28 in x, 9 in t, and denominator of degree 30 in x, 10 int.

Order 6

Proposition 2.6. The function v defined by

n(z,t)

v(z,t) = -2 FERER

(2.13)

n(z,t) = —21 2*°—6300 t23"—793800 t22:3* —39690000 33! —1909585125 t* 228 43320642750 t°x2° +
8174661547500 t°£22+376889591925000 t " 2° +5541251715759375 ¢2 216 +60042410851500000 ¢° 13 —
1339696292124093750 t 10210 + 2026431366238125000 ¢t'1 27 — 88656372272917968750 t2z*

— 106387646727501562500 ¢'3z,

d(w,t) = —2?' =210 2810395 t?2'5 —264600 t3 22 + 5457375 t*2° —343814625 ¢° x5 — 3438146250 52 +
51572193757

is a rational solution to the KdV equation (1.1), quotient of two polynomials with numerator of degree
40 in x, 13 in t, and denominator of degree 42 in x, 14 in t.
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