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Abstract

By using the properties of Euler function, an upper bound of solutions of Euler function equation @(x) = 25
is given, where s is a positive integer. By using the classification discussion and the upper bound we obtained,

all positive integer solutions of the generalized Euler function equation ¢, (n - (pz(n)) = 2°(M are given,
where w(n) is the number of distinct prime factors of n.
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1 Introduction

Euler function @(n) is a relatively important content in elementary number theory, and Euler function is the
number of positive integers not greater than n and prime to n. According to the definition, ¢(1) = 1. Ifn > 1,

let canonical form of n be n = p;*1p,%2 --- p, %, where p; is a prime and «; is a positive integer, then
pl Pz pk pl i

p(n) = ¥ p%1(p; — 1).

Lv Zhihong [1,2] get the solutions of p(n) = 2°™ and ¢(p(n)) = 2°®™, wherew(n) is the number of
distinct prime factors of n. Li Yijun [3] calculated the solutions of ¢ ((p((p(n))) =290 and studied the

properties of ((p((p(n))) .

For positive integer n, the generalized Euler function [4] ¢.(n) is defined as the number of positive integers not
exceeding E] and prime to n , namely

2l

Pe(n) = Z 1,

i=1,gcd(i,n)=1
where [x] is the greatest integer not greater than x.

In particular, when e = 2, the generalized Euler function ¢,(1) =0, ¢,(2) = 1. Whenn > 3, then ¢,(n) =
1

Sem).

2

Ding [5] introduced the generalized Euler function ¢,.(n) and its properties in detail. Cai [6,7] et. studied the
parity of @.(n) for e = 2,3,4 and 6. Zhang [8] solved the generalized Euler function ¢, (x — @, (x)) =2and
(pz((pz(x - <p2(x))) = 2. At the same time, when e = 6 was selected in Reference [9], the equation @4(n) =
29 was solved.

Yu and Shen [10] extended ¢(p(n)) = 2°™ to the generalized Euler function, and obtained the positive
integer solutions @,(n) = 2°™and ¢,(p,(m)) = 2°M™. Jin and Shen [11] changed w (n) into 2(n) on the
basis of [10], and calculated the positive integer solutions of @,(n) = 2%™ and @,(¢,(n)) = 2™ |
where 2(n) is the number of prime factors of n, counting repetitions.

In this paper, we consider the equation ¢, (n — @, (n)) = 2°™M and obtain the following theorem.

Theorem 1.1 All positive integer solutions of the equation

(Pz(n - (Pz(n)) =20

aren = 18,19, 20,21, 23, 24,26, 36.

2 Lemmas

In order to prove Theorem 1.1, we need to use the following lemmas.

Lemma 2.1 Let t; (1 < i < k) be distinct positive integers, then
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Proof Setn = max{ty,t,, -, t;}, then

n

1_[ (22 +1) = (2 +1)(2" +1) - (22" +1)

i=0
= (2" -1)(2®° +1)(2% +1) - (2¥" +1)
=22"" -1
_gSe2iel _ g

< 2Zio2+1,

Hence

i n i
1-[?=0 2241 JLimp2t+1 kot
( ) < = %=1 274

n zi - nn 2l
i=0,i¢ti(2 +1) izo,it; 2

i'{=1 (Zzti + 1) =

This completes the proof of Lemma 2.1.
Lemma 2.2 Let s be a positive integer, then the equation ¢(x) = 2° has at most one odd solution.
Proof Let x = []¥, p;% be an odd solution of @(x) = 25, then

LapsT (- 1) = 27,

Hence, a; = 1(1 < i <k),p; —1=25YK s, =s. If p; = 25 + 1 is a prime, then there is t; such that s; =
2. According to binary representation, there are unique ¢; (1 < i < k) such that

§= ?:1 S; = Zi'(=1 24,
Therefore if there is an odd solution x such that ¢ (x) = 29, then the expression is unique. If 22 4 1isnota
prime, then the equation ¢(x) = 2° has no solution. Hence, the equation ¢(x) = 2° has at most one odd
solution.
This completes the proof of Lemma 2.2.
Lemma 2.3 Let s be a positive integer, and x be a solution to equation
o(x) = 25,
Then
x S 25+2.
Proof For s = 1, then x = 3,4 or 6 < 21%2, the proposition holds.
Assume that the proposition is true for s, and we attempt to prove the validity of the proposition for s + 1.

(1) If x is an odd solution of @ (x) = 25*1, it can be seen from the proof of Lemma 2.2 that there are unique
positive integers t; (1 < i < k)which distinct, such that ¥ , 2ti=s+1, and x = [], (Zzti + 1). By Lemma 2.1
we have
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x = {'(=1 (Zzti + 1) < 22{-‘=12ti+1 = 25+2 < 53,

(2) If x(2||x) is an even solution to equation ¢(x) = 25*1, then % is exactly the unique odd solution of ¢ (x) =
251, We can obtain > < 2*2 by case (1), therefore

x < 25+3 — 2(s+1)+2_

(3) If x(4]x) is an even solution of @ (x) = 25*1, then g is also an even solution of ¢ (x) = 2%, then we know
~ < 25*2py assumption, then we have

x < 253 = 2(s+1)+2.

This completes the proof of Lemma 2.3.

Lemma 2.4 When w(n) = 2, all positive integer solutions of @,(n — @, (1)) = 2¢™ are
n = 18,20,21,24,26,36.

Proof When w(n) = 2, the equation

(Pz(n ) (n)) =20

(Pz(n - (Pz(n)) =4
By Lemma 4 of [10], we obtain n — ¢,(n) = 15,16,20,24 or 30, i.e.,
2n — @(n) = 30,32,40,48 or 60. Q)

Set the standard decomposition formula of n as n = 2fp,“1p, %2 ... p, %, where p; is prime and 3 < p; < p, <
e Z pk_

Since w(n) = 2,if B =0, then k = 2, (1) is equivalent to
2p,%1p, %2 — p, 17 1p, %2 (p, — 1)(p, — 1) = 30,32,40,48 or 60.
We can obtain 2p,*1p,%2 — p,;*171p,%2 1 (p, — 1)(p, — 1) = 2 (mod 4), thus we only need to solve the
equation 2p, %1p,*2 — p, %17 1p, %27 1(p; — 1)(p, — 1) = 30.That is p;*1~1p, %271 [(p; + 1)(p, + 1) — 2] = 30,
we have ¢; = a, = 1,p, =3,p, =7, n = 21.
If 8 > 1, then k = 1, (1) can be simplified to
28*1p @1 — 2B-1p @1=1(p, — 1) = 30,32,40,48 or 60.
After simplification, we get
28-1p, @1-1(3p, + 1) = 30,32,40,48 or 60.
If 26=1p,%1=1(3p, + 1) = 30, then 3p; + 1 < 30 and (3p, + 1)|30, we can getp; = 3,a; = 2,8 = 1, then

n=2x3?=18.
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If 26=1p,%1=1(3p, + 1) = 32, then 3p; + 1 < 32 and (3p; + 1)|32, we can get p, = 5,a; = 1,5 = 2, then
n=2%x5=20.
If 26=1p,%1=1(3p; + 1) = 40, then 3p; + 1 < 40 and (3p; + 1)|40, wecanget p; =3, a; = 1,8 = 3,
n=23x3 =24,
or
p,=13, a0, =1, =1,
n=2x13=26.
If 26=1p,%1=1(3p, + 1) = 48, then 3p; + 1 < 48 and (3p, + 1)|48, we know there is no solution in this case.
If 26=1p,%1=1(3p, + 1) = 60, then 3p, + 1 < 60 and (3p; + 1)|60, we canget p; = 3,a; = 2,8 = 2,
n =22 x 3% = 36.
In summary, when w(n) = 2, the solutions of equation ¢,(n — @,(n)) = 2¢™ are n = 18,20,21,24,26,36.
This completes the proof of Lemma 2.4.
Lemma 2.5 When w(n) = 3, the equation @,(n — ¢, (1)) = 2™ has no solution.
Proof When w(n) = 3, equation @,(n — @,(n)) = 2°™ is
(Pz(n - (Pz(n)) =8.
By Lemma 5 of [10], we can get n — ¢,(n) = 17,32,34,40,48,60, then
2n — @(n) = 34,64,68,80,96 or 120. (2)

Set the standard decomposition formula of n as n = 2fp,“1p,*2 ... p, % where p; is prime and 3 < p; < p, <
ces < pk

Since w(n) = 3,if . =0, thenk =3, we canget (2)to
2p, M1, %2py % — p, 17 1p, %27 1p @ (p, — 1) (p, — 1D (p3 — 1) = 34,64,68,80,96 or 120,
Since
2p; 1P, P32 — p T, 2T ps T (0 — Dp, — D(ps — 1) = 2(mod4),
thus we only need to solve the equation
2p, 1P, M2 P32 — pr T, 2T ps B T (py — D(p, — D(ps — 1D=34.
By calculation, there is no solution.

When g =1, k=2, (2)isequivalent to
2B+1p @1, @2 — 2F1p @11y @2=1(p — 1)(p, — 1) = 34,64,68,80,96 or 120.

Since 28+1p,ip,%2 — 2B-1p @1-1p @2=1(p —1)(p, —1) =0 (mod 4), we only need to consider the
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equations

2B+1p @1p, @2 — 2B~1p @1-ly @2=1(p — 1)(p, — 1) = 64,68,80,96 or 120.

After simplification we get
28-1p, @171y, %=1 (3p, p, + p; + p, — 1) = 64,68,80,96,120.
By calculation, there is no corresponding odd primes p,, p, such that
(Bpip, + p1 + 0, — 1)|64,68,80,96 or 120.
Therefore there is no solution.
This completes the proof of Lemma 2.5.
Lemma 2.6 When w(n) = 4, equation @, (n — @,(n)) = 2“™ has no solution.
Proof When w(n) = 4, equation ¢,(n — @,(n)) = 2°™ is
@2(n— @ () = 16.
By Lemma 6 of [10], we can get n — ¢, (n) = 51,64,68,80,96,102,120, then

2n — p(n) = 102,128,136,160,192,204 or 240.

©)

Set the standard decomposition formula of n as n = 2fp,“1p, %2 .- p, %, where p; is prime and 3 < p; < p, <

o < Py
Since w(n) =4, if B =0, then k = 4, (3) is equivalent to

2118, 9% — [Ty 2% (p; — 1) = 102,128,136,160,192,204 or 240.
However,

2T p® = Tl i (o — 1) > [Tf p® >3 % 5 x 7 x 11 = 1155,
therefore, when § = 0,k = 4, equations (3) have no solution.

Ifg =1, thenk =3, (3)isequivalentto

2B+1p1a1p2azp3a3 - 2ﬁ—1p1a1—1p2a2—1p3a3—1(pl -Dp—- D -1
=102,128,136,160,192,204,240.

However,
2B+1p1a1p2azp3a3 - 2ﬁ—1p1a1—1p2a2—1p3a3—1(pl -Dp—- D -1
= Zﬁ_lpial_lpzaz_lmarl[4291272193 — (1 — D — D(ps; — 1]

> 2P~1 x 3p,“1p,*2p, %3 > 3 x 3 x 5x 7 = 315.
Hence when 8 > 1, k =3, (3) has no solution.

This completes the proof of Lemma 2.6.
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3 Proof of Theorems

Proof of Theoreml1.1 Whenn =1, we can know that the left side of the original formula gaz(l - gaz(l)) =
¢,(1—0) = ¢,(1) =0, and the right side of the original formula 2° = 1. The original equation has no
solution.

Whenw (n) = 1, the equation can be reduced to (pz(n -, (n)) = 2. In [9], five solutions of this formula
have been obtained n = 6,10,12,19,23t0 ¢,(n — ¢,(n)) = 2, of whichn = 19,23 satisfies the condition of
w(n) =1
When w(n) =5, equation @,(n — @, (1)) = 2™ can be transformed to @(n — @, (n)) = 29+,
By lemma 2.3, we can know n — @, (n) < 2°™*3, then

n < 2n—@(n) < 200+, (4)
However, when w(n) = 5,

n = PP, *2p3 3P, MPs S e Py O™

Z2X3X5XT7X1LX X Py

= 2310 X =+ X Py > 2° X 205 = go(m+4,
This contradicts (4), therefore when w(n) > 5, equation @,(n — @,(n)) = 2°™ has no solution.
Together with Lemma 2.4 — 2.6, all positive integer solutions of equation ¢, (n -, (n)) =22 gre

n = 18,19,20,21,23,24,26,36.

This completes the proof of Theorem 1.1.
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