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Abstract

Statistical prediction is one of the most important problems in life testing; it has been applied in medicine,
engineering, business and other areas as well. In this paper, the exponentiated generalized xgamma
distribution is introduced as an application on the exponentiated generalized general class of distributions.
Bayesian point and interval prediction of exponentiated generalized xgamma distribution based on dual
generalized order statistics are considered. All results are specialized to lower records. The results are verified
using simulation study as well as applications to real data sets to demonstrate the flexibility and potential
applications of the distribution.
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1 Introduction

Prediction for observations in a future sample has received much attention in recent years. Bayesian prediction
based on two samples of an unknown observable is to provide some estimators for future observations based on
the current available sample, known as an informative sample. Many researchers studied the prediction and its
applications; for example, Aitchison and Dunsmore [1], AL-Hussaini and Jaheen [2], Geisser [3], Kim et al. [4]
and Vidovi’c [5].

Cordeiro et al. [6] proposed a class of distributions as an extension of the exponentiated type distribution which
has greater flexibility of its tails and can be widely applied in many areas of biology and engineering. Given a
non-negative continuous random variable X, the cumulative distribution function (cdf) for the exponentiated
generalized (EG) of distributions is defined by

Fx;a,B) =[1- (1 -G a,p >0, €Y)

where a and S are additional shape parameters, the corresponding probability density function (pdf) for (1) is
given by

-1
fOaB) =aBg@)(1-6(0))" [1—- (1 - Ge) P a,B >0, )
where g(x) is the first derivative of G (x) with respect to x.
By setting @« =1 in (1) the exponentiated type distributions are derived by Gupta et al. [7]; further the
exponentiated exponential and exponentiated gamma distributions can be obtained if G (x) is the exponential or

gamma cdfs, respectively. For § =1 in (1) and if G(x) is the Gumbel or Fréechet cdfs, then, one can get the
exponentiated Gumbel and exponentiated Frechet distributions, respectively, as defined by Nadarajah and Kotz

[8].

Many authors focused on the EG distributions and its applications; for example, Oguntunde et al. [9], Yousof et
al. [10], De Andrade et al. [11], Mustafa et al. [12], Sindi et al. [13]], Nasiru et al. [14], Abbas et al. [15] and
Oluyede et al. [16].

Abd AL-Fattah et al. [17] introduced the EG general class (EGGC) of distributions, Bayesian estimation for the

unknown parameters, reliability function (rf), hazard rate function (hrf) of the EGGC of distributions based on
dual generalized order statistics (dgos) are introduced, the cdf and pdf are given, respectively, by

F(x;a,B) = [1 — exp[—al(x)]]ﬁ; x>0, af >0, 3

and

i a,B) = afA(x)exp[—ar(x)][1 - exp[—a/l(x)]]ﬁ_l; x>0, ap>0, 4)
where A(x) = A(x, @) is a non-negative continuous function of x such that A(x, ) - 0 as

x> 0" and A(x, 8) > wasx - o, 8 = (6,65, ..., ) are known parameters and A(x) is the first derivative
of A(x) with respect to x.

Burkschat et al. [18] studied the dgos that enables a common approach to descending ordered random variables
as reversed ordered order statistics, lower record models and lower Pfeifer records.

Let X(1nmk) X2 nmi)s - Xmnmi) De N dgos from an absolutely cdf with corresponding pdf. Then, the joint
pdf has the form
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fX(l,n,m,k)rX(Z,n,m,k)r---X(n,n,m,k) (x(l)’ e X(n)) =
m k-1
k(T2 ) [ ity (F(x(i))) f(x(i))] (F(x(n))) fCxm); ©)
where

F'1) = x4y .2 xm) =2 F1(0),n€N, k=1, my,... my_y =m,
m € R be the parameters such thaty, =k+(n—r)(im+1)>1, foralll <r <n.

The marginal pdf of the 7" dgos X (r,n,m, k), 1 < r < n is given by; [See Khan and Khan [19]

FOR (xy) =
where

Zr__ll)! [F(x(r))]yr_lf(x(r))grrn_l(F(x(r))) , (6)

(r

b= 1 gm0 = A = (D, xeloD),
j=1

__t ,m+1 _ __r _
hm(x)={ —rd , m=#*-—1 and hm(1)={ a1’ m#F 1_ %)
—Inx, m=-1 0, m=-1

This paper is organized as follows: In Section 2, Bayesian prediction (point and interval) for a future
observation of the EGGC of distributions based on dgos is obtained. The results of Bayesian prediction of
EGGC are specialized to the exponentiated generalized xgamma (EG-Xg) distribution and studied based on
dgos in Section 3. A numerical study is presented in Section 4 to illustrate the application procedures of the
various results developed in this paper.

2 Bayesian Prediction for Exponentiated Generalized General Class of
Distributions

This section developed Bayesian prediction for future observations from the EGGC of distributions based on
dgos under squared error (SE) and linear exponential (LINEX) loss functions. Suppose that
Xnmky X2nmk) - Xmnmk) are n dgos from EGGC distribution, the likelihood function can be derived by
substituting (3) and (4) in (5) as follows:

n—

Laplx) = k 1_[)/; aﬂg"ni(xi) P I_azl(xi)l 1_[[1 - exp[—()c/l(xz)]]ﬁ(erl)_1

j=1

x [1 - expl—ad(x)]]" . (8)
Let ¢ and f8 are independent random variables with gamma prior distribution with the pdf as follows:
m(a, B) « ac1-1ge1eldia+dap] 9)
where c;, ¢,, d;and d, are known hyper parameters.
The joint posterior of & and S can be derived by using (8) and (9) as follows:
ﬂ(d,ﬂ|§) « an+c1—1ﬁn+c2—1e—a[a1+2{;11(xi)]e—ﬁ[az—(m+1)2?=‘111nui_k1nun] 1—[” W)L, (10)
i=1

where

u; = [1 — exp[—aA(x)]] and u, = [1— exp[—ad(x,)]],

32



Abd EL-Kader et al.; JAMCS, 36(4): 30-53, 2021; Article no.JAMCS.67382

hence, the joint posterior distribution of & and S is given by;

n n-1
an+c1—1ﬂn+c2—1e—0l[d1+2i=1 Axp] g=Bldz—(Mm+1) T2 Inuj—kInun] H?:l(ui)—l

(e, Blx) = : (11)

¢ T(n+cz)

where

_ n . -
0 @1 1p a[d1+zl=1)‘(xl)]]'[?:1(ui) 1

(p = fo n+cy da' (12)

[d2—(m+1) S Inu—k Inug)

Let X(1,n,m,k),..,X(r,n,m,k) be a dgos of size n with the pdf f(x;0) and suppose
Y(1,ny,my, ky),...,Y (1, n,,my, k), k, >0,m, € Ris a second unobserved dgos of size n,. Using (3), (4),
(6) and (7), the pdf of the dgos ¥, can be obtained and just replacing x,y by ys) as follows:

Brs-1 .
fslaB) = (zs__f)! [1- exp[-aa(y)]] ’ aBA(y)exp[-ad(y)lgi! (FOve))  (13)
where

(-1 = H?:l Vi Iu(¥s) = hy(s) —hy (), v = ky + (ny - T)(my + 1) ’

- (1= exp[-ary )P .
g (Flvs)) = ™ (el (sy_( 1))]) | ™ (14)
[~ In(1 ~ exp[~ar(y)])’] , omy=—1.

For the future sample of size n,, let Y, denotes the sth ordered life time, 1 < s < n,, The pdf of the dgos
Ys)s Yes) > 0, from EGGC distribution is obtained by substituting (14) in (13) .

Case one: for m, # —1

Wty Bys—1
hOele ) = =222y exp[-aAb)] |1 = exp[-adt)]] ’

my+1)s 1(s—l)!

x [1-(1- exp[—aA(Y(s))])B(myH)]S_ '

Using the binomial expansion, one obtains

fiysla B) = %Zi—;}(_l)il (si—11) (1 + y(s))—(a+1)[(1 _ exp[—a/l(y(s))])]B(y5+i1(my+1))_1,

my+1)s 1(s
let
{s— i - .
§= (myT_ll(s—n' N, = (=D~ (sill) , and @, = (¥s + iy (m, + 1)).
Then
s—1
filves|a B) = §aBA(y )exp[-ar(ye)] Z g, [(1 - exP[—“A(Y(s))])]ﬁwil_li Yo, B >0, (15)

i1=0
which can be rewritten as

Al p) = faﬁi(y(s))[exp}{—al(l]/(s))] B 2?1;10 @, In [0, (1-exp[-ad(y(s))])] _
1-exp|-aA(¥(s))

Case two: form, = —1
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kSaBsA(ys —aA(y(s
frela B) = e (y((;)ixf)[! ) [(1 - exp[~ar(ys)])]

X [—ln(l — exp[—al(y(s))])]s_l; Y >0, a,f > 0. (16)

Bley—1

The Bayesian predictive density (BPD) for the future observation Y5, 1 <s <n,, based on dgos can be
derived as follows:

fOwla) =77 f GolaB) n(a plx)dadp, 17
where 7(a, B|x) is the posterior density function of a, 5 and f (y()|a, B) is the pdf of ().
Case one: form,, # —1

The BPD of y givenx is obtained by substituting (11) and (15) in (17) as given below

fi (y(s)lx) - J- {’aﬁl(y(s))exp[—al(y(s))] eB i miyIn [N, (1-exp[-ad(y(5))])]
- o Jo 1 - exp[-ad(y(s)]
y [an+cl—1ﬁn+c2—le—a[d1+2?=1/1(xi)]e—ﬁ[dz—(m+1) St Inu;—k Inuy) ?zl(ul_)—l

oT(n+ cy)

] dpda,

hence

® §am™ Ay Jexp[—aA(yy) el +2EACD]
o(1 = exp[—ad(y)) [T, wi T(n + ¢3)
f pr+ezgFlldz=(mt )T Inu—kInun) =3} 2o iy In [miy (1-exp[~adys)))] dﬂ] da
0

filvslx) = |

X

©E(n + cy)a™d exp|—ai e~ lda+Ei )]
_ é( 2) (y(s)) p[ (y(s))] da (18)

0 o(1 — exp[—aA(y)]) T u; T2

where
=W, —(m+ )Y Iny — kinw,) — ?1':10 w;,In [nil(l - exp[—al(y(s))])].
Case two: form, = —1

Substituting (11) and (16) in (17), the BPD of y) givenx is

o roo k3aBSA -ad(y(s)) Bky—1 -1
fie (o) = f;7 gy SR LR (1 e [—aa(y)])]™ ™" [~ In(1 = exp[-aA)]]
a,n+C1—1ﬁn+C2—1e—a[d1+2?=1A(xi)]e—[f[dz—(m+1) It Inug—k Inuy) H?=1(ui)_1
x dBda
o (n+cy)

- fmkianmi()’(s))exp[—‘M(J’(s))] [~ In(1 — exp[-aa(y(,)])] e EL AGD)
0 o(s = D! (1 = exp[~ad(y)]) [T, vl (n + ¢3)

x f ‘Bn+c2+s—1e—ﬁ[(d2—(m+1)2?;111nui—klnun)—k In(1-exp[-ad(y)])] dﬁ] da
0

[oe]

_ f kls’anﬂli(Y(s))exp[_al(y(s))] [_ ln(l - exP[_aA(Y(s))D]S_le_a[dﬁzln:ll(xi)]r(n +c+s)
] (s —1)! (1 - exp[—al(y(s))]) [T, w,T(n+cy) T§"+CZ+S)

da, (19)

where
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T, = (dy — (m+ DI Iny; — klnw,) — k In(1 — exp[—ad(y)]) -
2.1 Point prediction

The Bayesian Predictor (BP) of the future dgos Y, can be derived under SE and LINEX loss function as given
below

Case one: form,, # —1

The BP of the future dgos Y, can be obtained under SE loss function using (18), then

Fense = E(y|x) = fooo Yo iy |x) dyes

=11 £y (nte)a™ 1A (y(e)Jexp|aA(y(sy)e M4 Eiz A dad (20)
0o Jo o(1-exp[-ad(y(s)]) iz, u; T§n+cz+1) V(s)-

The BP of the future dgos Y, under LINEX loss function using (18) is given by

-1
Vo1unx = ?lnE(e_ﬁy(s)k):
where E(e ™0 |x) = [" e f,(yq|x) dys)
[ [t ee Mg Jern| et e 0 A
o Jo o (1 = exp|~aA(ye) ) Ty e 77"

dadys. (21

Case two: form, = —1

From (19), the BP of dgos ¥, under SE and LINEX loss functions are, respectively, given by

Ferse = E(ye|x) = J Y fr (V%) dys)
0

_ [ [ e be)erl-ao ] -nG-enlaop D e M et (22)
o Jo @ (s—1D)!(1-exp[-ad(y(s)]) [T uiT(n+cy) rgn“ZJrs) MOE
and
~ -1 _
Y1y = ?ln E(e 19y(s)|£) : (23)
where

0 foo - 5 -1 _ n )
E(e™™0lx) = f f e O kya™ My Jexp|-aA(yw)] [~ In(1 — exp[-aA(y)])] e AN + ¢, + ) da dy(s)-
0 0

@(s— 1! (1 - exp[—aﬂ(y(s))]) [T, w;,T(n+cy) T§"+CZ+S)
2.2 Credible interval prediction
The 100 (1- w) % credible interval prediction for Y is (L(S) (x), U (g))

where
Ues(x)
P[Lsy(x) < Yi5) < Uiy (2)]x] = f felx) dyeg =1- w.

Lis)lx

The Bayesian predictive bounds (BPB) of the future dgos Y(s) can be obtained using (18) and (19) as follows:
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Case one: form,, # —1

o J.oo Entcr)a™ 1A (y () exp[-ad(y(s))] e_a[d1+z?=1 ACxp)]

w
Pl > bon (bl = £, b e =15 (9
and

o o f(n+cz)a"+"12(y(s))exp[—aﬂ(y(s))]e'“[d1+2?=1M"i)]
PlY oy > U, x)|x| =
Y > Uon(0)lz] fU(S>1(ﬁ) Jy o(1-exp[-aA()]) T, w7y o2 *Y

dadye) = . (25)

Case two: form, = -1

P[Y) > Ligyr (x)|x] =

I N K514y exp[-aA(y(sy)] [~ In(1-exp[-ad )] e~ U EE A (n gy ) dad ® (26)
L(s)l*(ﬁ) 0 (p(s—l)!(l—exp[—al(y(s))]) T2, wiT(n+cz) T§n+52+s) y(s):1_?

and P[Y() > Uy (2)]x] =
foo kya™€1A(y(s))exp[-ad(v(s))] [~ In(1-exp[-ad(y(s))])]
0 (p(s—l)!(l—exp[—al(y(s))])]'[?=1uil“(n+c2) T

s—1e_a[d1+zl?l=1A(xi)]r(n+cz+s)

T dadyg =7 (27)
2

J Us)r+(x)

3 Application to Exponentiated Generalized Xgamma Distribution

Sen et al. [20] introduced the xgamma distribution which is generated as a special finite mixture of

exponential (8) and gamma (3, ) distributions with mixing proportion m; = 1%9 and

m,=1—m = 1%9 . The cdf and the pdf of the xgamma distribution are, respectively,

62x2
6+6
G(;0) =1— -2 0%, x>0, >0, (28)
and
2 2
g6 0) =—(1+Z)e® . x>0, 6>0. (29)

Yadav et al. [21] studied the generalized xgamma distribution by adding power shape parameter to the cdf and
some statistical properties of this generalized xgamma are discussed. They used many methods of estimation to
estimate the rf and hrf of the generalized xgamma distribution.

Abd AL-Fattah et al. [17] introduced the EG-Xg distribution. Bayesian estimation for the unknown parameters,
rf and hrf of EG-Xg distribution based on dgos were obtained and a real data set was used to insure the
theoretical results. The cdf of the EG-Xg distribution is given by

0252, B
 (+6+6x470) —Gax]
il

F(x;a,B,0) = [1 R x>0, apB,6 >0, (30)

and by substituting (28) in (1), one can get the pdf of the EG-Xg distribution as

2,—abx 2
FOea,B,0) = aff?e ( Ox

W 1+—><1+9+9x+

2.2
92x2>0‘—1[ (1 +6+6x+ Che 2x ) _eax]
2

ll - a+0)° e :

The rf and the hrf are given, respectively, by
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N B
(1+9+6x+ 2 ) »
R(x;a,[;’,@):l— 1_(1+76)“e ax , x>0, a,ﬁ,9>0. (32)
B-1
62x2\“
- -1 1+60+6x+ )
apge = (1 +9—x2) <1+9+9x+92x2>a 1—< 7)o
(1+06) 2 2 (1+6)«
h(x; . f,6) == 0252\% p-1 ’
1+9+9x+T>
1—|1- g ~fax
(1+6)«
x>0, a,p,6>0. (33)

Suppose that X1 nmkys X2 nm k) - X(nnmk) are n dgos from EG-Xg distribution, the likelihood function can
be derived by substituting (30) and (31) in (5) as follows:

n-1 n n
aanQZne—BaZizlxi 0x? _

L(a,B.61x) = k 1_[%' (1+ ) 1_[ L= o

j=1 i=1

B(m+1)-1 a Bk—-1
n-1 _ 8i « —Bax; _ Sn —-Baxy
gt [1 ((1+a)) € ] [1 ((1+9)) € ] : (34)
where
2,.2 2 2

6i=(1+9+9xi+9%)and6n=(1+9+9xn+9;C"). (35)

Let 6, = a,60, = B and 65 = 6 are independent random variables with gamma prior distributions with the pdf
as given below

1

d —
(6, = l"(lcl) 6,c e~ U0, 6,,d;, c; >0, | =1,2,3, where c,, d, are the known hyper parameters.

A joint prior density function of 8 = (04,60,,03)"is
7'[(9) o« Hl3=1 Qlcz—le—dzﬁl - aq—lﬁcz—19c3—1e—[d1a+d2ﬁ+d39]. (36)
The likelihood function given by (34) can be rewritten as

- n .
atpne?ne fa¥;_,x;

L(a,B,61x) = k (Ij=1v}) — 7o o () TR g P OOT 4 1P, (37)
where

N4 a 2 _
i = [ )" e = = ) e omd = (14 2) o @

The joint posterior density can be derived by using (36) and (37) as follows:

T[(QB) — T(ac1+n—1ﬂc2+n—1HC3+2n—1)e—a(d1+9 Z?=1xl-+nln(1+9)3
x @~Bldz—(m+1) Yt in(u))-kin(uy)] 043 l—[ pi (u)) -1
i=1

where T is the normalizing constant and is defined by
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[ee) (0]
T-1 = T(c, + n)J- f qf1tn-lgcs+2n-1 e—a(d1+92?:1xi+nln(1+9)) e—0ds
0 0

n 1
X () ™ dadf.
Hizlpl (uz) [[dz — (m + 1) Z?;ll ln(u;‘) — kln(u;)]CZ"'n:I a
Let

[ee) [ee]
(P* — f f <a01+n—1963+2n—1 e—a(d1+92?=1xi+nln(1+9)) e—9d3
0 0

n
)
=1

1
% [[d2 —(m+ D)X () — kin(ug)]ctn

] dadf.

Hence, the joint posterior distribution of «, § and 8 given x can be written as follows;
(ac1+n—1Bc2+n—1GC3+2n—1)
T a,p,0|x) =

EGxg( ﬂ |_) (P*F(Cz +n)

% e—a(d1+6 Z?=1xi+nln(1+9))e—6d3 " pi (u:) -1 e—B[dz—(m+1)Z7il=_11 ln(uz)—kln(u;‘l)]. (39)
i=1

Using (30), (31), (6) and (7), the pdf of the s* dgos Y(s) can be obtained and just replacing x( by y(s, one
obtains

Bys—1

_ Gs— aﬁeze_aey(s) 9(3’(5))2 a-1 * -
frog Ol 8,6) = 82280 20 (1 200V ) (5 Y7 s 1 gt (FO)) (40)
where
N
Cs—1 = 1_[)/]" gmy(ys) = hmy(ys) - hmy(l):
j=1
1 [ . \Bmy+DPT!
() R
- +1 s) Y
gt (FOe)) = J e (41)
L [—ln (u;(s)) ] , my =-—1,
where
s “ 2 2
0, = [1 - —((if;)))a e—gw(s)l and §, = (1 16+ 0y + 200 (yz(”) ) . (42)

For the future sample of size n,, let Y5, denotes the sth ordered life time, 1 < s < n,. The pdf of the dgos
Y(5) from EG-Xg distribution is obtained by substituting (41) in (40).

Case one: for m,, # —1

Ys—1

B s-1
_ (L1 ) _aBo?e O (v’ et B(my+1)
fosora O 6,0) = () 2 (14 22) (5, ) [ ) _

[1 - (u;’(s)
aBBze_aay(S) G(y(s))z a-1 s—1 % ﬁwil_l
1+6)® 2 (%s)) i=0 My [uY(s)] ' Vi > 0,a,5,6 >0, (43)

where

f=—t— oy, = (D4 (%), and @, = (v, + L(my + D).

- (my+1)s_1(s—1)!
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Case two: form, = —1

_ Biy—1
kSaB62e™@ [ 9(ye) a1 -l
fz*EGxg (y(s)|a,ﬁ, 9) = (Sy— D1 (1 n 9)“ (1 + 25 (63'(5)) [uy(s)] [— In (uy(s))] ,
y(5)>0, a,/?,6>0. (44)

In this subsection, Bayesian two-sample prediction based on dgos for the future observation of Y,
1 < s < n,, is obtained. The BPD function can be derived as follows:

feoxg V%) = I3 o Iy feaxa (Vo) @ B, 6) Mgy (. B, O1x) dadBaf (45)
where 1z, (@, B, 0]x) is the posterior density function of @, f and 8 and figyy (v(s)| @ B, 0) is the pdf of yq) .
3.1 Point prediction
Case one: form,, # —1

The BPD of y( given x is obtained by substituting (39) and (43) in (45) as given below

f2(vlx)

(2|, apoe o 9()’(5))2 @10 . 1P@n-t
N f .I- f [E (1+6)« (1 + 2 (6y(s)) Z Niy [uJ’(s)]
o Jo Jo L

(a,cl+n—1ﬂcz+n—1903+2n—1)

@*T(c; +n)

X

]e—a(d1+9 Tt i xi+nin(1+6)) o -6d3
n
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Case two: form, = —1
Substituting (39) and (44) in (45), the BPD of y) given x is

© (@ 0[S R5H2=a0Y(s) 0(yi) a-1 ot
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39



Abd EL-Kader et al.; JAMCS, 36(4): 30-53, 2021; Article no.JAMCS.67382

The BP of the future dgos Yy, can be derived under SE and LINEX loss functions as given below
Case one: for m,, # —1
The BP of the future dgos Y{s) under SE loss function using (46) is

Fyzse = E(y|x) = foo)’(s) f2(vlx) dye

f(l}l( )903+2n+1(c + n)e—aG}’(s) (1 + (yés)) > (5y(s))a_1 [u;(s)]_l

]cz +n+1

f f ‘[’ e*(1+ 06)~ [d2 —(m+ DY () — kin(uy) + Z Owil lnu;(s)ni1
e—a(d1+9Zi=1xl+nln(1+6))e—9d3 1_[ 1.01' (W) -1 (acl+n—1gc3+2n—1) dadde(s). (48)
i=

The BP of the future dgos Y, can be obtained under LINEX loss function using (46) as follows:

-1
V)2inx = Tln E(e‘ﬂy(s) |£)

€a9c3+2n+1(c + n)e—aey(s) (1 + g(yéS)) ) (6y(s))a—1 [u;(s)]—l

= _1n f f f ¥
l o' (1+0)[dy = (m + 1) T In(w)) — kin(uy) + 352 @y, Inwg g,

]c2+n+1

e~ a(A1+Oi, xi+nin(140)) g ~0ds Hn pi (uf) ~* (@t le Iy dadfd y ) J : (49)
i=1

Case two: form, = —1

The BP of dgos Y,y under SE loss function using (47) is

Jozse = E(ylx) = f Y for (Ve |x) dyes
0

© p0 0O kSa SQZe—aGy(S) 6 2 a—1 s-1
_ YokyaB 1+ ) (8,.,) [_ In (1} )]
o Jo Jo (s=1D'A+0)e 2 4O Y
(ac1+n—1‘862+n—1963+2n—1) e—a(d1+9Z'{l:lxi+nln(1+9))e—9d3 anl pi (W) —1F(C2 +n+s)

@* ( —(m+ 1Y ) — kin(uy) + k lnuy( ))C2+n+s I'(c, +n)

dadfdy. (50)

The BP of the future dgos Y, can be obtained under LINEX loss function using (47),
~ -1 -9y
Y(s)2*LNx = —ln E(e © |§)
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3.2 Credible interval prediction
The BPB of Y, can be obtained using (46) and (47) as given below

Case one: form,, # —1

P[Ye) > Lsya(2) 2]
Eaf+ (¢, + n)e *Ve) (1 i (y(S)) >(63’(s))a_1 [u;’@]_l
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4 Numerical Results

This section aims to illustrate the theoretical results of Bayesian prediction (point and interval) for a future
observation of EG-Xg distribution based on lower record values through a simulation study and real data sets.

4.1 Simulation study

The lower record values can be obtained as special case from dgos by settingm = -1, k =1, m, = —1 and
k, = 1. The predictors for the future of the lower record values Y, are computed through Monte Carlo
simulation study according to the following steps:

a. To generate random number from EG-Xg with shape parameters «,f and scale parameter 8, the
following steps may be used

e  Specify the values of a, 8, 6 and n.

e  Generate U; from uniform (0, 1) distribution (i = 1,2,3, ...,n).
e  Generate V; from gamma (1,0) distribution(i = 1,2,3, ...,n).

e  Generate W; from gamma (3,0) distribution (i = 1,2,3, ..., n).
o IfU; < %, set X; = V; ,otherwise set X; = W;.

b. For each sample size n, consider the first observation is the first lower record value x; denote it by
R, and the second observation x, denote it by R, ; which is smaller than the maximum (x; > x,)
record and if x; < x, ignore it and repeat until you get sample of record values (Rv) records.

c. Determine the value of s, 1 < s <n,, which is the index of the future unobserved lower record value
from the second sample.

d. Using (50), (51), (54) and (55), the BP for the future lower records is calculated under SE and LINEX
loss functions, respectively.

e. Table 1 displays the point and 95% interval two sample predictors for the future lower record values
Y5y from EG-Xg distribution, where Rv = 7, @ = 0.2, f = 0.9and 8 = 0.3.

4.2 Applications

In this subsection, the application to real data set is provided to illustrate the importance of the EG-Xg
distribution based on lower records. The point and 95% interval two sample predictors for the future lower
record values Y, from the poverty headcount ratio data are given in Table 2. The point and 95% interval
predictors for the future lower record values Yy from the COVID-19 data are given in Table 3. To check the
validity of the fitted model, Kolmogorov-Smirnov goodness of fit test is performed for each data set and the p
values in each case indicates that the model fits the data very well. Fig. 2 presents the fitted pdf, PP-Plot and Q-
Q plot of the EG-Xg distribution for the poverty headcount ratio data. Fig. 3: displays the fitted pdf, PP-Plot and
Q-Q plot of the EG-Xg distribution for the first real data of COVID-19. Fig. 4 shows the fitted pdf, PP-Plot and
Q-Q plot of the EG-Xg distribution for the second real data of COVID-19. The plots indicate that the EG-Xg
distribution provides better fits to these data.

4.2.1 Application of Economic data

The application is the poverty headcount ratio at $1.90 a day (2011 purchasing power parity) (% of population)
from https://data.worldbank.org/topic/poverty.

a) The world data (2000-2017) is: 27.7, 26.9, 25.7, 24.7, 22.9, 20.9, 20.3, 19.1, 18.4, 17.6, 16, 13.8, 12.9,
11.3,10.7, 9.7, and 9.2.

From the original data, one can observe that the lower record values are: 27.7, 26.9, 25.7, 24.7, 22.9, 20.9, 20.3,
19.1,18.4, 17.6, 16, 13.8, 12.9, 11.3, 10.7, 9.7, and 9.2.
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b) The lower middle income data (2000-2017) is: 37.6, 36.6, 35, 33, 31.8, 30.1, 29, 28, 25.1, 21.4, 19.9,
18.5, and 16.9.

From the original data, one can notice that the lower record values are: 37.6, 36.6, 35, 33, 31.8, 30.1, 29, 28,
25.1,21.4,19.9,18.5, and 16.9.
¢) The Middle East and North Africa data is: 3.7, 3.4, 3.4, 3.4, 3.4,3.2,3,2.9,2.8, 2.5, 2.1, 2.3, 2.3, 2.3,
2.7,3.8,5.1, and 6.3.
From the original data, one can observe that the lower record values are: 3.7, 3.4, 3.2, 3, 2.9, 2.8, 2.5, and 2.1.

d) The Egypt data (2000-2017) is: 5.2, 4.7, 2.2, 1.5, 1.6, and 3.8.

From the original data, one can observe that the lower record values are: 5.2, 4.7, 2.2, and 1.5.

LABEL

=R
T o Y
———r—— —— —

nos Middle East & North Africa o e
(2009}

25

Fig. 1. Poverty headcount ratio at $1.90 a day
(2011 purchasing power parity) (% of population)

Histogram of world data
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Q-Q Plot of world data

PP- Plot of world data

Histogram of lower middle income data
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Q-Q Plot of lower middle income data

PP- Plot of lower middle income data

Histogram of North Africa data
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Q-Q Plot of North Africa data

PP- Plot of North Africa data

Histogram of Egypt data
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Q-Q Plot of Egypt data

0.8

04

0.0t
0.0 0.2 04 0.6 0.8 1.0

PP- Plot of Egypt data

Fig. 2. The fitted pdf, PP-Plot and Q-Q plot of the EG-Xg distribution for the poverty headcount ratio
data

4.2.2 Application of COVID-19 data

The first data of this application represents a COVID-19 data belong to Canada of 36 days, from 10 April to 15
May 2020 see the link [https://covid19.who.int/]. These data formed of drought mortality rate, used by
Almetwally et al. [22]. The data are: 3.1091, 3.3825, 3.1444, 3.2135, 2.4946, 3.5146, 4.9274, 3.3769, 6.8686,
3.0914, 4.9378, 3.1091, 3.2823, 3.8594, 4.0480, 4.1685, 3.6426, 3.2110, 2.8636, 3.2218, 2.9078, 3.6346,
2.7957, 4.2781, 4.2202, 1.5157, 2.6029, 3.3592, 2.8349, 3.1348, 2.5261, 1.5806, 2.7704, 2.1901, 2.4141 and
1.9048.

From the original data, one can observe that the lower record values are: 3.1091, 2.4946, 1.5157, p-value =
0.1246
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Histogram of Canada data

[

Q-Q Plot of Canada data

PP- Plot of Canada data

Fig. 3. The fitted pdf, PP-Plot and Q-Q plot of the EG-Xg distribution for the first real data of COVID-19
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The second data represents a COVID-19 data which belong to the United Kingdom of 24 days, from 15 October
to 7 November 2020 [https://covid19.who.int/]. These data formed of drought mortality rate, used by
Almetwally et al. [22]. The data are: 0.2240, 0.2189, 0.2105, 0.2266, 0.0987, 0.1147, 0.3353, 0.2563, 0.2466,
0.2847, 0.2150, 0.1821, 0.1200, 0.4206, 0.3456, 0.3045, 0.2903, 0.3377, 0.1639, 0.1350, 0.3866, 0.4678,
0.3515, and 0.3232.

From the original data, one can notice that the lower record values are: 0.2240, 0.2189, 0.2105, 0.0987, p-value
=0.1398

Histogram of United Kingdom data

Q-Q Plot of United Kingdom data
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Fig. 4. The fitted pdf, PP-Plot and Q-Q plot of the EG-Xg distribution for the second real data of COVID-

19

Table 1. Point and 95% interval two-sample predictors for the future lower record values Y ) from

EG-Xg distribution,Rv=7, «a =0.2, £ =0.9,6 = 0.3

s Loss function Yes) Predictive intervals
LL UL Length
1 SE 1.9003 1.8990 1.9023 0.0033
LINEX 1.9010 1.8990 1.9019 0.0028
3 SE 1.9995 1.9972 2.0008 0.0036
LINEX 1.9017 1.8999 1.9030 0.0031
6 SE 2.5022 2.5000 2.5046 0.0046
LINEX 2.4976 2.4961 2.4993 0.0032

Table 2. Point and 95% interval two-sample predictors for the future lower record values Y, for the

poverty headcount ratio data

Application | S SE LINEX
Ys)sp) _Predictive intervals Ys)anx) _Predictive intervals

LL UL Length UL Length
World 1 09001 0.8985 0.9015 0.0029 0.9010 0.8996 0.9019 0.0022
4 0.8986 0.8970 0.9000 0.0031 0.8992 0.8977 0.9005 0.0027
The lower middle income 1 0.9009 0.8995 0.9020 0.0024 0.8999 0.8990 0.9003 0.0012
4 0.9004 0.8984 0.9019 0.0035 0.8985 0.8969 0.8999 0.0030
The middle east &North 1 0.9008 0.8992 0.9022 0.0029 0.9000 0.8985 0.9009 0.0024
Africa 4 0.9020 0.8997 0.9044 0.0047 0.9009 0.8992 0.9024 0.0031
Egypt 1 0.9005 0.8989 0.9015 0.0026 0.9004 0.8992 0.9011 0.0018
4 0.8981 0.8964 0.8999 0.0035 0.8982 0.8970 0.8999 0.0028
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Table 3. Point and 95% interval two-sample predictors for the future lower record values Y, for
COVID-19 data

Application 11 s SE LINEX
Ys)sg) _Predictive intervals Ysanx) _Predictive intervals
LL UL Length LL UL Length
Canada 1 14972 14947 14988 0.0040 1.4996 14985  1.5005 0.0020
3 15987 15948 1.6001 0.0053  1.5992 15978  1.6002 0.0024
United 1 15026 14997 15036 0.0038 1.4992 14975  1.5001 0.0026
Kingdom 3 16018 15996 1.6036 0.0040 1.5992 15975 1.6006 0.0031

4.3 Concluding remarks

o ltisclear that the BPs and the lengths of the BPB increase when s increases.
o One can notice that the lengths of the BPB under LINEX loss function have values less than the
corresponding lengths under SE loss function.
o The results obtained in this chapter can be modified to obtain special results for sub-models of EG-Xg
distribution as follows:
i The exponentiated xgamma distribution, if & = 1.
ii. The xgamma distribution, if a = 1and g = 1.

5 Conclusions

In this paper, the EG-Xg distribution is introduced as an application to the EGGC of distributions. The Bayes
point and interval prediction of EG-Xg distribution based on dgos are considered. The results are verified using
simulation study to assess the performance of predictors. The EGGC of distributions and the EG-Xg distribution
as special case can be widely applied in various areas of biology, engineering and economics. Applications to
poverty and COVID-19 mortality rates are provided to illustrate the importance of the EG-Xg distribution based

on lower records. Also, the Histogram, PP-Plot and Q-Q plot of the EG-Xg distribution provide better fits for
these real data.
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