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Abstract 
In this paper, a numerical study of a buried hemispherical double-pipe heat 
exchanger with soil by using geothermal energy is presented. Since the local 
air-wall exchange coefficient throughout the heat exchanger is unknown, a 
study of mathematics based on the theory of Green’s functions in the unstea-
dy state was developed. The complexity of the geometry has led us to develop 
a numerical study that allows us to obtain results that reflect the importance 
of heat exchange. The applications are numerous, especially in the storage of 
energy in the soil to optimize greenhouses according to the cycle of the sea-
sons. 
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1. Introduction 

Coaxial tubes have design advantages over U-tube design for shell-and-tube heat 
exchangers because there is only one inlet instead of two for each tube. In this 
study, the various heat transfer mechanisms and flow conditions are described to 
determine the temperature distribution of a spherical-head tubular heat ex-
changer for various thermal parameters, considering heat exchange. 

The problem of forced convection in horizontal tubes or horizontal cylindrical 
ring geometries has received much attention in recent years due to its impor-
tance in many industrial applications, especially in power generation (nuclear 
power plants, etc.) and air conditioning (buildings, greenhouses, etc.). 

This paper is concerned with the study of forced convection air flow in a bu-
ried double-pipe exchanger. Wall temperature and wall heat flux are unknown 
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and change with time. In addition, the heat transfer coefficient (fluid-wall) is al-
so unknown. In this context, the solution of the problem of heat transfer of a la-
minar flow in a buried coaxial exchanger, where both wall temperature and wall 
heat flux are unknown, is based on the study of Mnassri [1], which was validated 
by an experimental study of Desmos [2], which allowed us to propose a correct 
correlation for the transfer coefficient h(z, t). 

Shankar [3] studied the heat transfer of a fluid in laminar flow through a cy-
lindrical tube. A simple version of this problem was analyzed by Graetz and va-
lidated in this work to define the heat transfer coefficient as a function of the 
Péclet number. 

The study of Sieder and Tale [4] and the model of Von Hausen [5] are cor-
rected by Ginelsky [6] to give a complete formulation of the Nusselt number in 
the laminar regime as a function of Gz (Graytez criterion) for various conditions 
at the boundaries with the wall. 

Kim [7] determined the Nusselt number for the thermal and hydrodynamic 
evolution of a fluid by solving the Graetz-Nusselt problem in a cylindrical shell 
containing a bundle of seven parallel tubes with constant heat flow boundary 
conditions at the surface. 

His results were compared with those obtained by the finite difference me-
thod. 

In this study, the complexity of the geometry of the system and the infinity of 
the environment of the heat exchanger led us to combine the finite volume me-
thod with the finite element method based on the theory of Green’s functions to 
solve the problem. 

Numerical calculations were performed using the code CFD to determine the 
temperature distribution as a function of various parameters such as the heat 
transfer coefficient, Reynolds number, inlet temperature, and thermal conditions 
on the wall such as temperature to verify the reliability, accuracy and physical 
reality of the proposed idea. 

2. Description of the Exchanger 

Our system is a bitube exchanger consisting of two concentric tubes with he-
mispherical ends embedded in the ground (Figure 1). The inner tube is consi-
dered thermally insulating, has a diameter of 40 mm and a length of 1960 mm, 
and is located inside a steel tube with a diameter of 80 mm and a length of 2000 
mm and a thickness of 3 mm. 

The hot fluid enters the inner tube at a temperature Te(t), circulates from right 
to left, returns to the annulus from left to right at an average velocity U0, and ex-
its at an exit temperature Ts(t). The storage medium (soil) forms a domain (D) 
bounded by an interface (S). 

3. Mathematical Formulation of the Problem 

This part of the work is based on a study carried out by Mnassri [1]. 
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Figure 1. Geometry of the exchanger. 

 
The ground is supposed homogeneous and isotropic solid medium and its 

thermal characteristics are considered stable and independent of the tempera-
ture. This medium of storage constitutes a domain (D) surrounded by a boun-
dary surface (S) (Figure 1). The surface (S) is the union of the free surface of the 
soil (St) and the surface of the buried exchanger (Se); 

( ) ( ) ( )S Se St= ∪ . 

3.1. Energy Propagation Equation in the Stock 

The equation of heat propagation in it is: 

( ) ( )
0

,1 , 0
s

T r t
T r t

a T
∂

− ∆ =
∂



                    (1) 

The Green function ( ), ,G r r t′  , the solution of the associated Equation (2): 
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( ), ,G r r t′   represents, physically, the response of the medium to a heat im-
pulse on the point r′  at the instant t = 0. One supposes it is defined in the do-
main (D), containing the points r  and r′ , limited by surface (S). ( ), ,G r r t′   
is such that it is null for t < 0 and tends towards ( )r rδ ′−

   at t = 0. If we apply 
the Laplace transform to the Equations (1) and (2) and we combine them and 
then we integrate on r  in the domain (D) limited by surface (S) we obtain: 
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We obtain the expression for the temperature of the heat exchanger surface 
(tube wall): 

( ) ( ) ( ) ( )( )

( ) ( )
0

, 2 , 2 , , ,

, , , d d

t
u Se

T r t F r t G r r t T r

T r G r r t n s
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where: 
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3.2. Boundary Conditions at the Free Surface and at the  
Exchanger Surface 

We consider on (St) the case where the surface temperature is imposed and 
equal to ( ),aT r t : This boundary condition imposes to ( ), ,G r r t′   to be null on 
the level of the ground surface (St). We evoke the particular case where the tem-
perature imposed on (St) is equal to the reference temperature T0 supposed as 
uniform. Consequently, ( ),F r t′  is null.  

( ) ( ), ,u f ParoiT r t T r t=
                        (6) 

The quantity of heat yielded by the calorific fluid is completely received by the 
ground. The density of heatflux, at the wall of the exchanger, is then continuous. 
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If we replace the intervening terms in the Relations (6) and (7) in the expres-
sion of the temperature at the wall of the Relation (4), we obtain: 
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3.3. Equations Governing the Fluid Flow 

The fluid density ρf is supposed constant. The axial symmetry of the system im-
poses that the flow is plane (v = 0) and two-dimensional (r, x). The equations 
governing the fluid flow can be written as follows: 
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3.4. Boundary Conditions and Initial Conditions for the  
Whole System 

No simplifying condition is imposed on the velocity or the temperature on the 
base level (annular space inlet). These boundary conditions are general and close 
to the practical. Uniform velocity and temperature are imposed at the inlet of the 
interior tube. Evidently, the regime is supposed established at the exit of the an-
nular space because of the importance of the length of buried exchangers. Thus, 
the boundary conditions will be for the velocity field. 
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( ) ( )
( ) ( )
( )
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For the temperature field: 
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3.5. Calculus of the Heat Transfer Coefficient 

If we consider a cross section of the exchanger (Figure 1), the mean temperature 
( ), ,mT r x t  is the mean of various local temperatures ( ), ,T r x t  on this section. 

( ) ( ) ( ) ( )2 2
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2, , , , di

ex
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The expression for h(x, t) is obtained from the expression of the heat flux 
density: 
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From Equations (12) and (13), the equation h(x, t) (14) is determined as fol-
lows: 
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3.6. Numerical Resolution 

We benefited from the decoupling between the dynamical problem and the 
thermal problem: the dynamical equations were solved in the first step. Howev-
er, the discretized energy equations in the fluid zone and on the exchanger sur-
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face were solved in a second step. 
The equations governing the velocity field were solved using the finite volume 

method by applying the staggered grid technique. We use a non-uniform and 
close-meshed grid near the inner and outer walls to account for the significant 
variations in velocity and temperature in the boundary layer region. 

The grid used is of (30 × 120). The coupling of pressure and velocity is based 
on the algorithm Semi-Implicit Method for Pressure Linked Revised (S. I. M. P. 
L. E. R). 

The equations are integrated in the control volume and in the time interval [t, 
t + d]. We use an implicit diagram for the time discretization, which has the ad-
vantage of being unconditionally stable. The convective terms are discretized 
using an updraft diagram to ensure the stability of the numerical model. 

For the discretization of the energy equation on the exchanger surface, the fi-
nite element method is used at the boundary. It consists in decomposing the ex-
changer surface into finite annular elements of height D. The base alone is con-
sidered as one element. Knowing the solution T(pd) at a time pd, we determine 
the solution T((p + 1)d) at the time (p + 1)d. Thus, stepwise from p = 0 to p = n, (t 
= nd) we obtain the solution. The discretization scheme used is an extension of 
the scheme used by Desmons [2]. The stability of this scheme has been studied 
by the same author. The iterative method used for the resolution is the 
line-by-line Gauss-Seidel method along the radial axis. 

3.7. Results 

The coefficient h is independent of Te (for a weak temperature variation where ρf 
remains constant; which is confirmed by the correlations based on experimental 
data presented in the literature. In the same way, we verified numerically that 
this transfer coefficient is independent of the heating duration. It is constant and 
maintains the same value during the transient regime. 

We determined, numerically, the axial evolution of the transfer local coeffi-
cient h(x, Re) for Ri/rex = 2, L/DH = 50 and various values of the Reynolds num-
ber corresponding to laminar regime (100 ≤ Re ≤ 2500) (Figure 2). We notice that: 
 

 
Figure 2. Variation of the heat-transfer coefficient for various 
Reynolds numbers. Mnassri [8]. 
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For all Re, the curve h(x, Re) tends asymptotically towards the value 2.95 
W/m2K (Figure 2), which is close to the value 2.86 W/m2K (corresponding to 
the Nusselt number 4.36 often quoted in most textbooks). This value is obtained 
for a conductivity kf   0.0262 W/mK suitable with the air at the temperature 
near 27˚C (0.5 ≤ (Tm − T0)/T0 ≤ 2.5), T0 being equal to the ambient temperature 
Ta = 19˚C. The value 2.86 W/m2K corresponds to an established flow at constant 
flow at the wall. 

4. Thermal Analysis 
4.1. Analytical Study 

This method of analytical calculation was developed in particular by Naili [9] 
who developed an analytical approach that evaluated the effect of operating pa-
rameters on the thermal power of an underground and forced convection heat 
exchanger, the results showed good agreement between the analytical model re-
sults and the experi-mental results. On the basis of this calculation method, 
Boughanmi [10] found an acceptable concordance of about 6% between the val-
ues of the measured and the analytically calculated heat exchanger output tem-
peratures. 

On the other hand, this analytical method was developed by Padet [11] re-
gardless of the geometry of the exchanger, the mode of heat transfer, the flow 
and boundary conditions such as temperature and flow to the wall.   

It is now necessary to make a number of assumptions in order to establish a 
simple analytical study that describes the physics of this problem, so the follow-
ing assumptions are adopted: 
• The heat flow is in steady state. 
• The fluid is Newtonian and incompressible. 
• The flow generated in the channel is laminar. 
• The physical properties of the fluid are constant. 

The local heat flux is exchanged through dS the small exchange surface and dx 
the length element of the cylinder. Is given by the following equation: 

( )
( ) ( )( )

0d d

d d d
s

p out p out out

U T T S

C V T C V T x x T xρ ρ

Φ = −

Φ = = + −





          (15) 

suppose that there is no phase change 

d dp sC V TρΦ =                          (16) 

Both Equations (15) and (16) give: 

( )0d d ds p sU T T S C V TρΦ = − =                   (17) 

0

d 2 ds

s p

T U S
T T C Vρ

=
−

                      (18) 
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                      (19) 
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The Equation (19) is integrated from Te to Ts for the air, we obtain: 

0
0

d 2 ds

e

T xs
T

s p

T U S
T T C Vρ

= −
−∫ ∫                     (20) 

[ ]0
2ln ds

e
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0
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2ln ds

e p
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                      (22) 

2 d
0

0

e p

U S
C Vs

e

T T
T T

ρ
−−

=
−

                        (23) 

Hence the output exit temperature of the heat exchanger will be: 

( )
2

0 0e p

h S
C V

s eT T T Tρ
−

= − +                     (24) 

h is the convective heat transfer coefficient given by: 

u
H

h N
D
λ

=                           (25) 

4.2. The Heat Transfer Coefficient 

The main correlations in forced convection inside cylindrical ducts in laminar 
flow regime gave the temperature profiles theoretically for different boundary 
conditions. The classical hypothesis postulated at the wall is: 
- Constant wall temperature; 
- Constant heat flow. 

For these two hypotheses, the theoretical studies, due to the origin of Graetz, 
show that, for very long tubes, the Nusselt criterion tends towards a constant 
value taking into account the following adimensional numbers: 

DH = 2(Ri − rex): the hydraulic diameter of the exchanger. 
Re = U0DHρ/μ, or U0 is the average speed in the annular pipe: 

( )
( ) ( )

2

0 2 2–
ex

e
i ex

r
U V

R r
=  

 Nu = 3.66 for a cylindrical pipe at a constant temperature at the wall; 
 Nu = 4.36 for a cylindrical pipe with a constant flow at the wall. 

In practice, it is assumed that these values are reached when the regime is es-
tablished.  

With Gz denotes the Graetz critere: 

z e r HG R P D L=  

The average absolute error is 0.02 K. The results are therefore very close. 
The values developed in Table 1 in Section 4-2, of the transfer coefficient as a 

function of Reynolds numbers are shown in Figure 3. The correlations devel-
oped by Kim [7], Shankar [3], and Sieder, Tale [4] and the FVM-BEM result de-
velop in part 1 are represented in the same figure. There is good agreement  
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Table 1. Expression of the nusselt number as a function of the Graetz number. 

 
L/DH > 0.03Re L/DH < 0.03Re 

Gz < 10 Gz > 10 Gz < 100 Gz > 100 

Nu 3.66 1.6 (Gz)1/3 
( )

2
3

0.06683.66
1 0.04

z

z

G

G

∗
+

+ ∗
 ( )

1
31.6 zG∗  

 

 
Figure 3. Variation of the heat-transfer coefficient versus Reynolds number. 
 
between the various results. 

5. Numerical Resolution 

In this article, we are interested in numerical simulation of stationary flow and 
of the laminar heat transfer of a three dimensional coaxial heat exchanger with 
spherical end. 

We chose the CFX code, available from ANSYS. This industrial software is 
one of the most advanced. It was selected because itoffers the most opportunities 
for adaptation and transparency for our problem, Dhahri. I [12]. 

In ANSYS CFX, the simulation process is divided into four steps: 
1) Creation of geometry and mesh. 
2) Define the physics of the problem. 
3) Solve the CFD problem. 
4) Analysis and visualization of results. 

5.1. Methodology of Simulation 

Boundary conditions: 
The different applied boundary conditions for this simulation are given in the 

following table (Table 2). 

5.2. Validation of the Model 

The numerical solution consists in fixing the temperature at the inlet of the heat 
exchanger, varying the velocity, which is a function of the Reynolds number, and 
then following the evolution of the temperature at the outlet of the heat ex-
changer. According to Figure 4, the analytical variation follows the same trend  
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Table 2. Details of the boundary conditions. 

The inlet  
conditions 

As part of this study, we therefore imposed the velocity  
in the inlet that is a function of the Reynolds number  
and temperature. 

The outlet  
conditions 

Here the dynamic pressure is null, which means that the total 
pressure is equivalent to the atmospheric pressure. 

The walls  
conditions 

Defaults these are conditions obtained via an exchange of the 
boundary conditions at the interface between the two  
solid-fluid domains of the annular space, between the fluid 
domain and the domain solid of the external tube which is in 
the one side a coefficient of heat exchange, and in the other 
side, a constant temperature imposed to the wall. Adiabatic 
conditions are placed on the interface between the two  
solid-fluid domains, between the fluid domain and the  
solid domain of the inner tube. 

 

 
Figure 4. Variation of the inlet temperature and the outlet temperature for various of the 
Reynolds number. 
 
as the numerically solved one with an acceptable agreement of the order of 
0.02%. 

The inlet temperature of the heat exchanger (Te) reaches a maximum value of 
323 K. While the outlet temperature of the heat exchanger (Ts) reaches a value of 
293 K, there is a gain in the form of a temperature difference of the order of 35 
K, reflecting the importance of heat exchange. The validation of the analytical 
model is limited to the energy efficiency of the heat exchanger with the cylin-
drical shape and the spherical end with a length of 2 m at a temperature imposed 
on the wall. 

6. Results and Discussions 

We simulated the flow and heat transfer using the module ANSYS CFX and 
evaluated our model in the previous section. 
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Then we applied our model by swapping some of the input variables such as 
temperature and velocity to determine the temperature distribution along our 
heat exchanger. 

The numerical solution is to fix the temperature at the inlet of the heat ex-
changer, vary the velocity, which is a function of the Reynolds number, and then 
follow the evolution of the temperature at the outlet of the heat exchanger. 

The results of Figure 5 and Figure 6 show the temperature distribution as a 
function of (x/DH) in Figure 5 for a Reynolds number of 3000 and for an inlet 
temperature of 318 K. and (Figure 6) for an inlet temperature of 313 K and for a 
change in Reynolds number between 500 and 2500. 

The first part of the curves shows that the average temperature at the central 
tube remains practically constant and is equal to the inlet temperature. We can 
clearly see the effects of the lack of heat transfer (insulating wall) and the ther-
mal resistance of the central tube. The second part of the curves shows in  
 

 
Figure 5. Local temperature variation for various of x/DH for Te = 318 K and Re = 3000. 
 

 
Figure 6. Temperature variation for variousof X/DH, for Te = 313 K and Re = 500, Re = 
1500, Re = 2500. 
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Figure 6 a variation of the Reynolds number between 500 and 2500 and for 
curve 2 in Figure 5, these results show the temperature distribution in the an-
nulus or there is a significant decrease in the temperature that gradually moves 
away from the liquid recirculation zone (hemispherical end of the heat exchang-
er) to tend to a value close to the temperature of the wall, the temperature 
change is a function of both the coefficient h convective exchange and the tem-
perature imposed on the wall. 

A significant difference is observed between the temperature at the input and 
at the output. 

The shape of the curves in Figure 5 and Figure 6 is similar to the temperature 
distribution of a countercurrent exchanger, except that the difference is at the 
level of the fluid recirculation zone. 

Figure 7 shows a complex flow structure in which the fluid is returned from 
the inner tube to the outer tube via the spherical surface of the heat exchanger. 
This flow structure has a significant effect on the distribution of the temperature 
field, which decreases significantly and approaches the temperature of the wall 
very closely. 

7. Conclusions 

In this paper, we presented a study on the performance of a coaxial tube heat 
exchanger with spherical end with 2 m length and 40 × 10−3 m outer diameter of 
the central tube and 80 × 10−3 m outer diameter of the outer tube. Two ap-
proaches were used in this study: 
 

 
Figure 7. Distribution of the total temperature field in the exchanger for Re = 2000. 
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1) A mathematical approach by which we can calculate the heat transfer coef-
ficient. 

2) An analytical approach that allows us to calculate the outlet temperature of 
the heat exchanger. 

3) A numerical approach based on a numerical simulation using the CFX 
module of the ANSYS code, which gives us the temperature distribution as a 
function of different parameters such as the heat transfer coefficient, the Rey-
nolds number, the inlet temperature, the geometry and the imposed thermal 
conditions such as the temperature. The results show that: 
- The temperature distribution at the central tube remains practically constant 

and corresponds to the inlet temperature. 
- The temperature distribution in the annular space decreases significantly as it 

gradually moves away from the liquid circulation zone (spherical end of the 
heat exchanger) and tends to a value close to the temperature imposed on the 
wall. 

- The analytical variation follows the same trend as the numerically solved one 
with an acceptable agreement of the order of 0.02%. 
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Nomenclature 

aso Diffusivity of the ground (m2/s) Te Inlet temperature of the fluid in the inner tube (K) 

af Diffusivity of the fluid (m2/s) Tm 
Mean temperature of the fluid in annular 
space at z and ( K) 

DH 
Hydraulic diameter, 
DH = 2(Ri − rex). (m) 

Tu Temperature of the exchanger wall at z and t (K) 

G Green’s function T0 Initial temperature field in the soil t = 0 (K) 

h Local heat transfer coefficient at the wall (Wm−2/K) u Radial velocity (m/s) 

kf Thermal conductivity of the fluid. (Wm−1/K) v Orthoradial velocity (m/s) 

ks Thermal conductivity of the ground (Wm−1/K) w Axial velocity in annular space (m/s) 

L Length of the exchanger. (m) u0 Average velocity of fluid in the annularspace (m/s) 

r  Vector-position in the space z Axial coordinate (m) 

r′  
Vector-position in the space where the  
temperature is evaluated 

Greek Symbols 

Re Reynolds number, Re = W0DHρf/μ, dimensionless δ Time step (s) 

rex Radius of the central tube. (m) Φ Heat flux density (W/m2) 

Ri Radius of the exchanger (m) ν f cinematic viscosity of the fluid (m2/s) 

t Time (s) ρf Fluid density (kg/m3) 
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