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Abstract: In this work, generalized Euler’s ®,,-function of edge weighted graphs is defined which consists
of the sum of the Euler’s ¢-function of the weight of edges of a graph and we denote it by @4 (G) and the
general form of Euler’s ®,-function of some standard edge weighted graphs is determined. Also, we define
the divisor sum Tj -function Ti (G) of the graph G, which is counting the sum of the sum of the positive
divisor op-function for the weighted of edges of a graph G. It is determined a relation between generalized
Euler’s ®,-function and generalized divisor sum Tj_-function of edge weighted graphs.
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1. Introduction and Preliminaries

T he Euler ¢-function, which is also known as the indicator function or totient function where the
symbol ¢(n) is introduced by Gauss, which counts the positive integers up to a given integer n that

are relatively prime to n. If n is a prime p, then ¢ (p) = p — 1 and generally,for any positive integer k,
@ (pk) = p* — p*~1. Then, we have that for any positive integer 1 ¢ (1) = n (1 — pl—l) (1 — é) (1 — %)

where n = p1“1py*2 .. pi™ [1,2].
The Mobius function [1] is denoted by p(n) and defined as

1, ifn=1,
p(n) = (—1)t , if n is a product of distinct primes,
0, otherwise.

A function f is multiplicative if for all positive integers m, n such that m, n are co-primes, then f (mn) =
f(m)f(n). Both the Euler ¢— function and the Mgbius function are proved to be multiplicative [1].

The divisor sum T-function in number theory was first studied by Ramanujan, which is a number of
crucial congruences and identities were given by him; these are preserved separately in the article Ramanujan’s
lost notebook in [3]. The sum of the divisor oj-function is a related function to the divisor function, denoted
by 0y (n) which is counting the sum of positive divisors of n to the power k, which was studied in [1]. If n

. . (a+1k_ e
is a prime p, then o (p) = p* + 1 and generally, o (p*) = £ p ! for a positive integer 2. Then we have
t (a;+1)k _ ..
that, for any positive integer 1, oy (n) = % dk = Hl Pki_ll/ where n = p{'p3? ... p{". The sum of the divisor
n 1= t

ox-function is multiplicative [1]. The generalized Euler’s ®-function of a graph which is the summation of
the Euler’s ¢-function of the degree of the vertices of a graph are defined by Salih and Ibrahim in [4] which
is denoted by ®(G) and it determines the general form of generalized Euler’s ®-function of some standard
graphs. Also, in [5] Salih and Ibrahim defined the generalized divisor sum Tj-function of a graph which is the
summation of oy-function of the degree of vertices of a graph and it is denoted by T;(G) and it is determined
the general form of Ty-function of some standard graphs.
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Wiener in [6] defined the weight w(e) of an edge e = u, v as w(e) = deg(u) + deg(v) and the edge degree

weight sum w(G) of G relative to this edge weighting is w(G) = EZ(G) w(e). Wiener also defined the weighted
ec
of a graph G which is the sum of square of the degree of vertex, thus

w(G)= ), wle)= ) (deg(u)?

ecE(G) ueV(G)

For all other standard terminology and notations, see [7,8].

It is attempts, in this paper, to utilize two number theory functions called the Euler’s ¢-function and
the divisor sum oj-function into graph theory. Suppose that G is a simple connected undirected graph. The
generalized Euler ®;, and the divisor sum T  functions of any graph are defined. It is proved that for all
e € E(G),w(e) > 1 such that w(e) with at most 8 distinct prime factors, we have that ®,(G) > ¢ ¥ w(e).

ecE(G
A relationship between the Mobius function and the Euler’s ¢— function is also shown. ()

2. Generalized Euler’s ®—function and divisor sum Tj- function of edge weighted graphs

This section shows that for alle € (G), w(e) > 1 such that w(e) with at most 8 distinct prime factors, we

have obtained that ®(W(G)) > ¢ ¥ d(u,0). A relationship between Mobius function and Euler’s ¢—
u,veV(G)
function is also shown. Also, some new results of finding generalized divisor Tj-function of edge weighted

graph are given as well as giving a relationship between Euler’s ¢-function and generalized divisor sum Tj-
function of edge weighted graphs, where k = 1.

Definition 1. Let G be a simple connected undirected graph. The generalized ®,-function is defined as the
sum of Euler’s ¢-function of weight of edges e of a graph G which is denoted by @ (G). That ia ®,(G) =

q
Y. ¢(w(e)) or ®y,(G) = Y. ¢(w(e;)) where q is size of a graph G.
¢€E(G) i—1

Definition 2. Let G be a simple connected graph. The generalized T} -function is defined as the sum of divisor

ox-function of weighted edges e of a graph G which is denoted by Ty (G). Thatis Ty, (G) = ¥ ox(w(e)).
ecE(G)

Theorem 1. If G is reqular graph of degree r, then w(e) = 2r for each e = u,v in E(G) and we have

2q¢(r), ifriseven,
D4(G) = qp(2r) = { 100 T
qo(r), ifrisodd.

Proof. By Definition 1, w(e) = 2r and we have

@,(G) = Z)qv(W(E)): Y. o(deg(u) +deg(v)) = ) o(2deg(u)).

ecE(G uw,veV(G) ueV(G)

Since G is regular, so deg(u) = deg(v) = r, hence

Pu(G) = Y. ¢(2deg(u)) = y ¢(2r):q¢(2r):{2qcp(r), if r is even,

uev(G) deg(u1)=deg(v)=r go(r), ifrisodd.

O
Theorem 2. If G is reqular graph of degree r, for each e = u,v in E(G), then we have
Ty, (G) = qoi(2r).

Proof. Similar to the proof of Theorem 1 and by using Definition 2, the result follows. O



Open ]. Math. Sci. 2023, 7, 1-9 3

Theorem 3. For any graph G with deg(u) > 2 and p > q, we have

u(G) = ), gwle) = ), o((deg(u))?).

ecE(G) uev(G)

Proof. Since w(e) = deg(u) + deg(v) for edge e = u,v in E(G). Thus, each vertex u in V(G) contributes the
value deg(u) to the weights of deg(u) edges and thus contributes deg(u) to w(e). Hence,

u(G) = ) gwle) = ) o((deg(u))?).

¢€E(G) uev(G)

O

Theorem 4. For any graph G with deg(u) > 2 and p > g, we have

T, (G) = ) ax(wle)) = ) ox((deg(u))?).

ecE(G) ueV(G)
Proof. Similar to the proof of Theorem 3 and by using Definition 2, the result follows. O

Lemma 1. Let G be a connected graph, then for all u,v € V(G), we have

Y, Qale)= ) )} ed= ) wle),
d|w(e) e€E(G) d|w(e) e€E(G)
e€E(G)

where the divisor of the weight of edges is denoted by d in a graph G.

Proof. Let, for e € E(G), F(w(e)) = ¢(d1) + ¢(d2) + - - - + ¢(ds), where d; is any divisor of (w(e)) for i =
1,2,...,tand w(e) = p{'p5* ... pi'. Then, with the use of the telescoping series, we have F(p¥) = 1+ (p — 1) +
(P> —p)+ (P —p2)+ -+ (pF = pF 1) = pk, where (1,p,p? p>,...) are counted as divisors of p*. As F is
multiplicative, so

Y, F(w(e)) = Y, E(p'p---pi)
e€E(G) w(e)=pyl po2...pit
= )3 (F(p1") *F(p3?) + - =F ("))
w(e)=py py*...p}"
= Y (PrEprexp) = ) wle).
w(e)=py! p?.pf* ¢€E(G)

O

Lemma 2. Foralle € E(G) and w(e) > 1, we have

®u(C)= ¥ glwe)= ¥ (w(e)* 11 (1—1))f

ecE(G) ecE(G)

where w(e) = pi'p? ... pi.

Proof. Lete € E(G), (w(e) = pi'py*...p{") > 1 and since ¢ is multiplicative, thus

Du(G) = Y o(w(e)) = Y e(PrRp)

e€E(G) w(e)=plp2...p}t

= Y (o) xe ()9 (pi"))

w(e)=py py?...p}"

= = (e s () e (pr =)

Aat

w(e)=py' py2...p}
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1 1 1
1= Y (1o LY s ‘”(1—>)
ﬂt<r’1( Pl)*pz( P2>* P pi

P;2~--Pt

e (5 (5) (3)

Py P b

(w05 (5) (-5)

w(e)=py! py..pft

- 5 (w0 11 (-3)

[
-]

=

wle)=p

I
M

w(e)=p

I
g

O

Lemma 3. Foralle € E(G) and w(e) > 1, we have

()= T gw) = T (dz: (u(d)*wff))),

ecE(G) eEE(G)

where y is Mobius function.

Proof. Lete € E(G), w(e) > 1. Then by using Lemma 2, we have

o= L = £ (s IT (1-1))
e D D)

at

w(e)=py! p3?...p}

1
- dlu o) > {1=0 0+ +ot <—1)f>> .
EEEZ(G) < ( ;pl ;pzp] pip2--- Pt

at

w(e)=py! py?...p}

Let (1 - % + Lz p%p/ +-- 4 (_1)tp1;721.4.pt) = A, then each term in A is £!, where d is 1 in the

leading (first) term or a product of distinct primes. The signs before each term are being alternated by (—1)k
according to the primes p’s which is precisely done by the Mébius function. Hence,

= ¥ ow 2( 2’* ) z(zu<d>*“’§>).
e€E(G) eeE(G) d|w(e) ecE(G) \d|w(e)

O

Theorem 5. Forall e € E(G) and w(e) > 1 such that w(e) with at most 8 distinct prime factors,
1
- T el > L ¥ wle)
e€E(G) ecE(G)

Proof. First of all, a result for w(e) with 8 distinct prime factors will be shown. Let w(e) = p1™p2™ ... pi™,
then, by using Lemma 2 for the generalized Euler ®-function, we obtain

D, (G Z §0

ecE(G)
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1 1 1
wpate e (1= ) (1- ) (1-5) )
eeEZ(G) (Pl P2 . ( P1 p2 pt

Aat

w(e)=py' py...p}

As of the 8 distinct prime factors of p1, p2, p3, P4, 5, Pe, P7, ps, we realize that p; > 2,p» > 3,p3 > 5, ps >
7,p5 > 11, pe > 13, p7 > 17, pg > 19, since the first 8 primes are distinct. Thus,

1 1 1
<3 <5 <5

L1 11 111 111 "
p1 — 2 pp =3 p3s 5 py 7 ps 11" pg — 13" p; — 17" pg — 19’

SO ( — %) > (1 — %) 1-— % (1 — %) > (1 — 11—9) We can now substitute (1) into the equation @, (G) =
e

o
g
)

[

I o@z L @) (1 - ;) (1 - ;) (1 _ 119>
S R Ot CRERERERR USSR LI

e€E(G)
1658880
=———— Y (w(e)=0171% Y (w(e)).
9699690 , r ;) ¢€E(G)
However,
% Y (w(e) ~ 0167+ Y (w(e))
e€E(G) e€E(G)
This means that 1
®(G) = L lwe) >z ¥ wle).
ecE(G) ecE(G)

Each of the following factors (1 - pl—l) (1 - é) . (1 - %) is less than one because two is the smallest
prime. Hence, each term in the bracket will not be more than one, it means that once the product is multiplied
by it, its value will decline. Thus, if e € E(G), w(e) has no more than 8 different prime factors. The value of the
generalized Euler ®,,-function of w(e), for all e € E(G) will be smaller than the value for its generalized Euler
®,,-function, with at most 8 different prime factors. Therefore, for all e € E(G), such that w(e) with at most 8
different prime factors

®u(C) = ¥ plw(e) > ¥ wle)

e€E(G) ecE(G)
O

Theorem 6. Forall e € E(G), we have

Proof. From Lemma 2, we observe that for each e € E(G) w(e) = p1™1p2"2 ... ps* we have

pla(e) =vle) TT (D)= (1- 1) (1= 1) e i 1)

PL¥ 2% py

Hence, for each e € E(G), we have that

wle) w(e) p1* P2k * i

p(w(e))  wEr(pr=Dx*(pa=Dxx(p=1) — (py —1) % (pa—1) x---x (pr — 1)
P1¥po*e-*pt
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If we take summation over the vertices e € E(G), thus

w(e) p1* P2k -k py
EGEZ(:G) p(w(e)) Z (p1—1)x(pa—1)x---x(pr—1)°

pilw(e)

This is what we have acquired from the left hand side of the above identity directly. Hereafter we will

represent ) (pz’;{f(eg)) by LHS in this proof.
ecE(G)

Also, we will represent the right hand side by RHS of above identity. It is clear from definition of Mébius
function, where w(e) = p1pa...pt, p(w(e)) = (—1)" and p(w(e)) = 0 if w(e) has a square term. Therefore,
#%(d) = 1if d has no any square term and p?(d) = 0 if d has a square term. Hence, we at most have w(e)
which is able to be factorized as the product of distinct primes or the product of distinct primes is also called
square-free. Hereafter in this proof, we will represent d; as a square-free. Hence,

p2(ds) _ 1
Loed) L el

ds|w( ds|w(

As ds is square-free, therefore, each prime in the factorization of w(e) is utilized once. Hence, the
meaning of the above expression is that each of the value 1, (p1,p2,...,pt),(P1 * P2, P2 * p3,..., Pr—1 *
pt), (p1 % p2 * - - - * pt) is taken by ds. Thus, the RHS becomes

afote Pds)  9(1)  9(p1) @(p1* p2) ¢(p1xp2*...pt)

=1+ 1 + .4 1 + .4 1

p1—1 (p1—1)x(p2—1) (pr=1D)x(p2—1)*---x(pr—1)
(=D (pe =)+ (2 =D (pr =)+ -+ ((pr—1) +---+1)

i1(pi—1)
I+ =D+ H =D+ (=D (=D -+ (pr =D s (pp—=1) %% (pr — 1)
i(pi—1)
_ oM+ o(p1) + -+ o(p) + @(p1) * @(p2) +--- + @(p1) * ¢(p2) * - - * ¢(p1)
[T (pi—1) '

Since ¢ is multiplicative because all primes are co-primes. Therefore, the RHS will be

Z 1 o) +o(p1)+-+ope) +e(pr*xp2) + -+ @(pr*pa*---xpi)

4, fote) P(ds) i (pi—1)

_ Ly |(prpaspr) @(dn)
f:l(Pi —-1)

Therefore, for each u,v € V(G) we have, from Lemma 2,

Lyl (prepar-+pi) PAN) _ w(e) ‘
i (pi—1) i (pi—1)
By taking summation over all vertices e € E(G), we have
Z Z r_ Z w(e) _ Z (p1*pas---*pi)
<t(6) dsfote) Ps)  oekG), Thima (P = 1) iy Thima(pi=1)
pilw(e)

when w(e) = (py * pa * - - - * p;), which is equal to the LHS. Hence,

wle) _ )
)3 =L X

¢cE(G) ¢(w(e)) ¢€E(G) d|wle)
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The following theorem is about an important properties of generalized the divisor Ty -function for the
divisor sum of the wiener index of a graph.

Theorem 7. Foreach e € E(G) and w(e) = py'py?...ps* > 1, we have

T,(G) = ¥ o(we) = ¥ (]—[ (ZP )) )3 ( ﬁ pf(a:l)k_l)

ecE(G) ecE(G) \ pilw(e) ecE(G) \i=Lpiwie) Pi—1

Proof. Lete € E(G), (w(e) = pi'p52...p{") > 1 and since 0} is multiplicative, thus

T, (G) = ) oc(w(e)) = ) ox(pi'py---p}')

ecE(G) ecE(G)
= Z( )(Uk(P'fl) x 0 (py?) * -+ or(pft))
ecE(G
pgﬂﬁ'l) péﬂfrl)k 1 pguﬂrl)k 1
eeEZ<c><< Pt ) ( Pl > ( pi-1 ))
t ([l +1)
12 -1
= L | II =
by | =1, PE-1

piltw(e)

Or, we can use the geometric formula for series and the result follows. O

Lemma 4. Ifw(e) = p* > 1fore € E(G), then we have

a+1)k .
zﬂp e Fk#O,

Proof. The proof follows directly from Theorem 7. [

Theorem 8. Forall e € E(G) with w(e) > 1, we have

N N
1.6 = ¥ (2 o—k<w<e>>)= » (2 (e [wf)]))
¢€E(G) \w(e)=1 ¢€E(G) \w(e)=1

N
w(e)

N

where {w ©

} is the greatest integer less than ( ) and N is a positive integer.

Proof. Set, foralle € E(G), B(N,w(e))

{Nzl} for w(e) > 1. Then

I
—
=
<
=2
=
=
|
g
E|
S

(w(e))k, when w(e)|N;
0 when w(e) { N,

and then

o T {wl({e)]_ Y [wl(('f)}

1<k<N,
1<w(e)<N-1
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-y oy ke B8] @
ecE( )1<(13i% k

The results follows from Theorem 7 by exchanging k with w(e) and since w(e) = N, we obtain that

N N N
T (G) = w(e = w(e))k | —— .
WO = T (w();_lm <>>) T (w(§_1 (e [w(e)]))

O

Lemma 5. Foralle € E(G), w(e) is a prime number if and only if

T, (G) = ¥ oi(w(e) = Y ((w(e))k + 1) .

e€E(G) eEE(G)

Proof. If w(e) is a prime for all e € E(G), then if we have t-vertices in the graph G,
T, (G) = ). o(w(e))
e€E(G)
= (ok(d(u1,u2)) + ox(d(ur, u3)) + - - - + op(d(ur, un))) + - - + Ok(d(un-1,n)) -

Since e € E(G), w(e) is a prime number, therefore d(uq,uy) = d(uy,uz) = --- = d(ug,uy) = --- =
d(tty_1,un) = p, so

T, (G) =} ok(w(e)) = ok(p) +0r(p) + - -+ ok(p) = }_0k(p)
p

—Y = ¥ (@e)+1),
P

ecE(G)
O

The following theorem gives a relationship between generalized divisor sum Ty -function and the Euler
¢-function of a graph, where k = 1.

Theorem 9. Foralle € E(G), w(e) > 1, we have

@ L o= F (5 wwea (%),

ecE(G eeE(G)

where d is the divisor of the vertices” degree in a graph G.

Proof. Let (w(e)) = pi'py* ... pi'. If we choose the left hand side (LHS) tobe Y o7(w(e)). Since the divisor
ecE(G)
function o} and Euler ¢-function are multiplicative, so from the Theorem 7, in the case when k = 1, we have

a1 _a ! p(ai+1)k_1
Y awe)= Y al.p)= (Hl — )
e€E(G) w(e)={pr.p2,-pi} w(e)={p1p2..pi} \i=1 Pi

This side will be called the left hand side (LHS). If we see the right hand side (RHS), in our case, d is our
divisor of w(e) which has the form d = plll plzz plt‘ where 0 < i4y,ip,...,1; < aj,ay,...,a; respectively. The
representation of each divisor will be allowed because in this way the divisors with different primes can be

counted with different these primes could have. Since w(e) = p{'p52 ... pj*. Thus,

L ( L, 9(d)*o (w28)>> = X }(ﬁ ﬁ Z(PPTP? )*00 <W>> .
Pt

ecE(G) \d|w(e) {p1.p20 i1=0i=0 1Pz - pt
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Since ¢ and oy are multiplicative and by rearranging their terms, we obtain
a - a at . . . , . .
1 a)—1 1 as—1 —
ek (Z > 2 e(p)ao(pr ™)+ @(p)on(py ) = - x @ (pi oo (pf’ ”)> '
{p1p2pey \1=00=0  it=0

Since we have f-terms and for each of them we only have two terms to be variable and the rest are constant
which can be obtained in front of the sum, so by applying this way t—times, we obtain that

a1 . . az . . at . .
RHS = ). (Z p(pi)oo(p ")« ), @(pF)oo(py™ %) %% ) <P(P?)ao(p?f’”)> )
{p],pz,...,pt} i1:0 i2:0 it:()
If the first sum in the bracket is denoted by A, then
a1 . s
A=) opi)oo(py ™)
i1=0
= ¢(Wao(p1) + @(p1)oo(pi ) + -+ @(pi oo(pr) + ¢ (poo(1)

ﬂlfl

=1+pitpipitopt +p

It can be seen that this is a geometric progression, so we can use its formula here,

a ) . 1— pu1+1 pﬂl+l -1
A= i o0 ar—iry 1 _ "

This result can be applied to all the t—terms in (3), so the RHS will be

a+1 a+1 ai+1 t it

_ pp 1 py 1 pe —1) pi o —1)

RHS= ) ( T T T et ) T Y H lp4—1 = LHS.
{p1.p2sipt} {r1p2api} \i=1 1

O
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