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Abstract

The main goal of this paper is the investigation of the £-hyperstability of an Euler-Lagrange type
quadratic functional equation

P+ u) + 5 [f =) + 1y - 2)] = 2) + 2f(2)

in the class of functions from an abelian group into a Banach space.
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1 Introduction and Preliminaries

In 1940, S. M. Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin in
which suggested the following stability problem, well-known as Ulam stability problem:

Let G1 be a group and let G2 be a metric group with the metric d(.,.). Given ¢ > 0, does there exist
a 0 > 0 such that if a mapping h: G1 — G» satisfies the inequality d(h(zy), h(x)h(y)) < ¢ for all
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z,y € G1, then there is a homomorphism H: G1 — G2 with d(h(x), H(z)) < e forallz € G1?

In 1941, D. H. Hyers provided in [2] a first partial answer to Ulam’s problem for Banach spaces.
Hyers’ theorem was generalized by T. Aoki [3] for additive mappings and by Th. M. Rassias [4] for
linear mappings by considering an unbounded Cauchy difference. P. Gavruta [5] provided a further
generalization of the Rassias’ theorem by using a general control function.

A functional equation of the form

fl@+y)+ flz—y)=2f(z) +2f(y) (1.1)

is called the quadratic functional equation. Every solution of the quadratic functional equation is said
to be quadratic function. Quadratic functional equation was used to characterize inner product spaces
[6, 7, 8]. It is well known that a function f between real vector spaces is quadratic if and only if there
exists a unique symmetric bi-additive function B such that f(z) = B(x,z) for all = (see [6, 9]). The
bi-additive mapping is given by

Bla,y) = 1 [fw+) ~ fz — ).

The Hyers-Ulam stability problem for the above quadratic functional equation was proved by F. Skof
[10] for mapping f: X — Y, where X is a normed space and Y is a Banach space. P. W. Cholewa
[11] noticed that the theorem of F. Skof is still true if relevant domain X is replaced by an abelian group.
In[12], S. Cherwik proved the generalized Hyers-Ulam stability of the quadratic functional equation as
above. A. Grabiec [13] has generalized these results mentioned above. Several functional equations
have been investigated in [14, 15, 16, 17, 18, 19].

M. J. Rassias [20] introduced the Euler-Lagrange type quadratic functional equation

Fa+y) + 3 [fe — ) + 1y - )] =2 @) + 2/ (@) (12

and established the general solution and the “J. M. Rassias product-sum” stability for the functional
equation (1.2).

The above equation and his stability results have many applications in Mathematical Statistics, Stochastic
Analysis and Psychology. Every solution of (1.2) satisfies the quadratic functional equation (1.1).

In 2001, G. Maksa and Z. Péles [21] proved a new type of stability of a class of linear functional
equation

1 n
F@) + ) =D fapi(), (1.3)
i=1
where f is a real-valued mapping defined on a semigroup S := (S, .) and where the maps @1, - , px:

S — S are pairwise distinct automorphisms of .S. More precisely, they proved that if the error bound
for the difference of the two sides of (1.3) satisfies a certain asymptotic property, then in fact, the two
sides have to be equal. Such a phenomenon is called the hyperstability of the functional equation on
S. Further, J. Brzdek and K. Cieplinski [22] introduced the following definition, which describes the
main ideas of such a hyperstability notion for equations in several variables.

Throughout this paper, we will denote the set of natural numbers by N, the set of integers by Z
and the set of real numbers by R. Let N be the set of positive integers. By N,,, m € N4, we will
denote the set of all integers greater than or equal to m. Let Ry := [0, c0) be the set of nonnegative
real numbers and R, := (0, co) the set of positive real numbers. We write B“ to mean “ the family of
all functions mapping from a nonempty set A into a nonempty set B ”.
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Definition 1.1. Let X be a nonempty set, (Y,d) be a metric space, ¢: X" — R, be an arbitrary
function, and let 7, F» be two operators mapping from a nonempty set D C Y ¥ into YX". We say
that the operator equation

Fip(xi,...,xn) = Fop(z1,...,2n), (1,...,2n € X) (1.4)
is e-hyperstable provided that every ¢, € D which satisfies
d(Freo(1, ... zn), Fapo(z1,...,20)) <e(@1,...,2n), (21,...,20 € X)
fulfills equation (1.4) on X.

In this article, we introduce the following definition, which describes the main ideas of the concept
of hyperstability for equations in several variables.

Definition 1.2. Let X be a nonempty set, (Y, d) be a metric space, £ C Rif" be a nonempty subset,
and F1, F» be operators mapping from a nonempty set D C Y ¥ into yX". We say that the operator
equation

Fip(xi, ... xn) = Fop(x1,.. ., xn), (T1,...,2Tn € X) (1.5)

is £-hyperstable for the pair (X, Y") provided for any € € £ and ¢ € D satisfies the inequality
d(]—"l(,oo(:cl7 ey Tn), Fawo(x1, . .. ,xn) <e(xi,...,zn), (T1,...,2n € X) (1.6)

fulfills equation (1.5).

In [23], J. Brzdek proved the hyperstability of the Cauchy’s functional equation by an idea based
on a fixed point result that can be derived from Theorem 1([24]). E. Gselmann [25] investigated
the hyperstability of parametric fundamental equation of information. M. Piszczek in [26] proved the
hyperstability of the general linear equation. In 2014, A. Bahyrycz and M. Piszczek in [27] studied
the hyperstability of the Jensen’s equation on a restricted domain. M. Piszczek and J. Szczawinska
in [28] studied the hyperstability of the Drygas equation.

Afunction H: R3 — Ry is called homogeneous of degree a real number p if it satisfies H (tu, tv) =
t?H (u,v) forall t € R4 and u, v € Ry. In the sequel, we assume that G = (G, +) is an abelian group,
E is an arbitrary real Banach space, H: RZ — Ry is a symmetric homogeneous function of degree
p < 0 for which there exists a positive integer no such that

inf {e((m + 1)z, —ma) : m € Npy } =0 (1.7)
forallz € G, and v: G — R is a function satisfying:
(C1) ~(kx) = |k|y(z) for all k € Z\{0} and all z € G,

(C2) v(z+y) <v(z)+~(y) forallz,y € G.

We will denote by £ the set of all functions ¢: G2 — R, for which there exist a constant ¢ € Ry
such that

e(x,y) = cH(y(z),7(y)) =z y€eq. (1.8)
Remark 1.1. Note that conditions (C1) and (C2) imply the following equality

e(kx, ky) = |k|” e(z,y)

forall k € Z\{0} and all z,y € G.
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The aim goal of the paper is to establish the £-hyperstability of (1.2) in the class of functions from
a commutative group (G, +) into a Banach space E by a fixed point method that can be derived from

[22].

Before proceeding to the main results, we will prove the general solution of the functional equation
(1.2) on an abelian group and state the fixed point theorem (Theorem 1.2) which is useful to our

purpose.

We first obtain the general solution of the proposed functional equation (1.2).

Lemma 1.1. Let (G,+) be an abelian group and E be a real vector space. A function f: G — E

satisfies the functional equation

P+ u) + 3 [ =) + Fy - )] = 2f() +2f(0)
for all x,y € G if and only if it satisfies

flx+y) + flz—y) =2f(x) +2fy)

forallz,y € G.

To present the fixed point theorem, we need the following three hypothesis [22]:

(1.9)

(1.10)

(H1) U is a nonempty set, F- is a Banach space, fi,...,fx: U = U and L1,...,Ly: U — R, are
given.
(H2) 7: EY — E¥ is an operator satisfying the inequality
k
I T¢() Z o) lE(fi(2) — p(fi(@)|  &ne B zel.

(H3) A:RY — RY is defined by
k
Ad(z) == ZLl(x)(S(fz(x)) seRY,zeU.
i=1

Now we present the mentioned fixed point theorem.

Theorem 1.2. [22]. Let hypotheses (H1)-(H3) be valid and functions e: U — Ry and ¢: U — E»

satisfy the following two conditions

[Te(z) —pa)|| <e(z)  zel,

) —
i zeU.

Then there exists a unique fixed point ) of T with

lo(x) —w@)| <e(x) =xeU.

Moreover,

Y(x) ;== lim T"p(x) xeU.

n— o0
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2 ¢&-Hyperstability of (1.2)
Using Theorem (1.2), we prove that the functional equation (1.2) is £-hyperstable for the pair (G, E).

Theorem 2.1. Let G be an abelian group, E be a Banach space. Let a function f: G — E satisfy

@0+ 1 =)+ 1= 0] - 26 0) - 270) | < et 1)

forall x,y € G and for some e € £. Then f satisfies the functional equation (1.2) on G.

Proof. Not that for some p < 0, we have
lim_ 2(m+1)" +2m” + (2m + 1)") = 0.
Then, there exists no € N such that
2m+1)P +2(m)P + 2m+ 1)’ <1 (2.2)

for all m > no.

Let ¢ € &, then there exists ¢ € Ro such that e(z,y) = cH(v(z),v(y)). Let f: G — E be a
function satisfy the inequality

1@+ 3 =) + 10 -0 - 26 0) - 270 < et

forall z,y € G. Let us fix m € N,,,. Replacing z by (m + 1)z and y by —maz in (2.1), we get

|t@) = 210m 4+ 132) = 2(-me) + G (@m + D) + 12 = 1)

<e((m+ 1)z, —ma) (2.3)

= H(y((m + V)z),~(=mx)) := em(z)
forall z € G.
Putting

Tnb(@) = 26((m + 1)) + 26(~ma) — SE((2m +1)z) — S6(~2m — 1)a) (2.4)
forall z € G and ¢ € E€. Then the inequality (2.3) becomes

[T f(x) — f(2)]| < em(x) z €G. (2.5)

Now, we define an operator A, : RY — RS by

Amn(z) 2= 20((m + 1)a) + 20(~ma) + Zn((2m +1)z) + Zn((~2m — 1)a) (2.6)

for all z € G and n € RY. This operator has the form described in (H3) with & = 4 and fi(z) =
(m + D)z, fo(z) = —ma, fs(z) = 2m + Dz, fa(z) = (=2m — 1)z, Li(z) = L2(z) = 2 and
Ls(z) = La(z) = L forall z € G
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Further ,

| 7ne@) = Tou(a)| = [|26(0m + 1)) + 26(-ma)
— SE(@m+ D)a) — Z€((~2m — 1))
— 2u((m + 1)) — 2p(~ma)
+ 2u((@m+ 1)) + spu((—2m — Da)|
<2t - w(tm+ D) +2/|(6 = ) (-ma)| (2.7)
+ 3]~ miem+ )|

o€ - m-2m - 1)
=L@ € )|

forall 2 € G and all ¢, u € E€. Therefore, In view of (2.6) and (1.8), it is easily to check that

Amem(z) = 2em((m + 1)2) + % (~ma) + Lem((2m + 1))
+ 1em((—2m ~ 1))
- 2H( ((m + 1)(m + 1)a), /(=m(m + 1)z))
+2H (y((m + 1)(=ma)), y(~m(-ma)) )
+ 3 H (7(m + 1)(2m + 1)), 7 (~m(2m + 1))
+ 3 H (3((m + 1)(=2m — 1)), y(~m(~2m — 1)z) 8)
= 2 ((m + D)y((m + 1)), (m + Dy(=ma) ) + 28 (my((m + Da),
my(=ma)) + H((2m + 1)3((m + 1)), (2m + 1)3(~ma))
= 2(m + 1) H (y((m + 1)), y(=ma) ) + 2m H (y((m + 1)z), y(-ma) )

+ (2m+ l)pH('y((m + l)x),w(—mm))

(2(m +1)” 4 2mP + (2m + l)p)H('y((m 1)), ’y(—mm))

= (Q(m + 1P +2mP + (2m + 1)p)5m(x).

Then,

n n

> Apem(@) =em(@) Y (2(m+ 1P + 2mP + (2m + 1)")* (2.9)
k=0 k=0
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forallz € Gandn € N. As m € N,,, we have
en(@) = > Ahem()
k=0

= en(a) i (20m + 17 + 2 + (2m + 1)P)k
k=0
em(x)
1-2(m+1)P —2mP — (2m+ 1)P
< o0

for all z € G. Now, it follows from Theorem (1.2) that there exists a unique solution F,,,: G — FE of
the functional equation
Fo(z) = 2F((m + Dx) + 2Fm (—mx)

1 (2.10)

1
- §Fm((2m + )z) — §Fm((72m —-1)z) z e,

which is a fixed point of 7., such that

em(x)
[ (@) = f(@)] < 1= S0m T 1)7 = 2(m)r — @n T 1) (2.11)

for all z € G. Moreover,

F,(z) = lim T, f(z) z € G.

n— o0

To prove that the function F;, satisfies the functional equation (1.2) on G, it suffices to prove the
following inequality

ST f(y o) — 2T f () — 2T )|

< (2(m +1)” 4+ 2(m)” + (2m + 1)1’)"5(@, v)

[T s o)+ 5T fa =) +
2.12)

forall z,y € G,and n € N.
Indeed, if n = 0, then (2.12) is simply (2.1). So, take n € N, and suppose that (2.12) holds for

n € N4 and z,y € G. Then, using (2.4) and (2.12), we have

[T fa o) + 3T fla—y) + 3T fly — o) = 2T £ (@)
2T FW)|| = (2T A (m 4 D@+ 9) + 2T (i + )
—3TRf(@m 4+ V(@ +9) = 3T f(=2m = V(@ + )

FTa (4 1)@ — ) + TR (~m(z — )
~iTRH(@m A+ D@ =) = TR F(-2m = D)@~ )
FTaf (4 1)y = ) + TR (~m(y - 2))

—1Taf(@m+ 1)y —2) — 1Tnf((—2m = D)(y — x))
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—ATn f((m+ Dz) — 4T3 f(—ma)

FT (2m + 1)2) + T3 f(—2m = 1)a)
AT f((m+ Dy) = AT (~my)
FTRF(2m 4+ 1)) + T f(=2m = 1)

<2 7 f(m+ D@+ 9) + 3T ((m+ 1)@~ v)

+3 T f((m+1)(y — 2)) = 2T f((m + 1)z) — 27" f((m + l)y)H

+2|| 7" f(=mle + ) + 3T (=m(@ — y))

3T f(=mly — ) = 2T" f(~ma) = 2T" f(~=my) |

% ((2m+1) x+y))+l7'"f((2m+1)(m—y))

l ‘

T (@m + D - 2) - 2T (2 + 1)) — 27 (2 + 1)

+3| T (=2m = D(z +y)) + 37" f((—=2m — D)(z — y))

FLTF(=2m = 1)(y = @) = 2T f(=2m — 1)) — 27" f((~=2m — 1)y) |
< (2(m L1 4 2mP + (2m + 1)1))" (Q(m +1)P +2mP + (2m + 1)P)s(a;, Y)

n+1
- (2(m F1)P +2(m)” + (2m + 1)?) e(z,y).

By induction, we have shown that (2.12) holds for all z,y € G. Letting n — oo in (2.12), we get
1
3 Fm(@ =) + Fin(y — )] = 2Fm(2) + 2Fn(y) (2.13)

for all z,y € G. Thus, we have proved that for every m € N, there exists a function F,, : G — E
which is a solution of the functional equation (1.2) on G and satisfies

Em ()
If (@) = P (@)l < 1= 2A(m + 1) — 2X\(m) — A(2m + 1) (2.14)

for all z € G. Next, we prove that F,,, = Fj, for all m,k € N,,.
Let us fix m, k € N,,. Note that F, and F}, satisfy (2.13). Hence, by replacing = by (m + 1)z and y
by —maz in (2.13), we get,

Ful@) = 2Fn((m+1)a) + 2F(—ma) — %Fm((2m 4 )a) — %Fm((—Qm —a),
Frp(z) = 2F,((m+ 1))+ 2F:(—mz) — %Fk(@m + Dx) — %Fk((—Qm —1)z)
forall z € G, thatis T Fr. = F, T Fr = Fr and
Em(z)
1 @) = F@) < T = anm) = a@m 1)

e (@)

T oAk T 1) — 2A (k) — A2k £ D)
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for all z € G. Hence, by linearity of A,, and (2.8), we get

[Fn(z) = Fr(@)| = |TmEFn(z) = T Fi(2) ||
< A em(z)
= T—2M(m+1) —2x(m) — A2m + 1)
" Anek(x)

1= 2X\(k+ 1) — 2A(k) — A(2k + 1)
(z(m F1)P 4+ 2(m)? + (2m + 1)@)"% (x)
S TS AmE 1) —2a(m) —A@m £ 1)
(2(m F1)” 4+ 2(m) + (2m + 1)”)"5k(x)
T—2X\(k+ 1) — 2A(k) — A2k + 1)

_|_

forall z € G and n € N. Now letting n — oo we get F,, = Fj, =: F. Thus, in view of (2.14), we have

em(z)
17 = F@N < T35 1) = 2x(m) — A@m 1 1)

forallz € G and all m € Ny,.
Since (2.13), the function F is a solution of (1.2).

To prove the uniqueness of the function £, let us assume that there exists a function F': G — E
which satisfies (1.2) and the inequality

, em(x)
1@ = F @ < T3 = onm) —x@m s 1)

forall x € G and all m € N,,,. Then it follows easily that

} < 2em ()
~1-2Xx(m+1) —2Xx(m) — A(2m + 1)

|F(z) — F' ()|

forall z € G and all m € N,,. Further, 7,,F' = F’ for each m € N,,. Therefore, with a fixed
m € Ny,
[F (@) = F'(2) | TmE(z) = Ty ' ()
< 2ATem ()
— 1-2Xx(m+1)—2X(m) — A(2m + 1)
(2(m F1)? 4+ 2(m)? + (2m + 1)?)"am(a:)
S TS DmE 1) —2a(m) —A@m D)

for allz € G and n € N. By letting n — oo, we get F’ = F, which yields

I < i)
~1-2X(m+1) —2X(m) — AX(2m+1)

1f(x) = F(x)

forall x € G and all m € N,,,. Next, in view of (1.7), we have

. em () - B
mf{l_2>\(m+1)—2)\(m)—)\(2m+1) 'mEN"O}—O (2.15)

for all z € G, this means that f(z) = F(z) for x € G, which implies that f satisfies the functional
equation (1.2) on G and the proof of the theorem is complete.
O
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In a similar way we can prove that Theorem (2.1) holds if the inequality (2.1) is defined on
G\{0} := Go.

Theorem 2.2. Let G be an abelian group, E be a Banach space. Let £ be the set of all functions

e: G — Ry which satisfy the conditions as stated in the beginning of Section (2). Let a function
f: G — E satisfy

<e(z,y)

1
@)+ =) + 10 - 0] - 270) - 27(2)
forall x,y € Go and for some € € £. Then f satisfies the functional equation (1.2) on Gy.
Theorem 2.3. Let G be an abelian group, E be a Banach space. Let £ be the set of all functions

e: G2 — Ry which satisfy the conditions as stated in the beginning of Section (2). Let a function
f: G — E satisfy f(0) =0 and

<e(z,y)

1
@t 04 UG =)+ 0= 0] = 260 - 24(2)
forall x,y € Gy and for some e € £. Then f satisfies the functional equation (1.2) on G.

Proof. It easy to see that if f(0) = 0, then f satisfies the functional equation (1.2) on the whole
G. O

From Theorem (2.2), we can obtain the following three corollaries with the cases e(z,y) =
c(lzll” + lyll*), ez, y) = cllz|” Iyl and e(z, y) = c(llz]|” + lyll* + ll=|I” [lyl|*) as natural results.

Corollary 2.4. Let E and F be a normed space and a Banach space, respectively. Assume that
X := (X, +) is a subgroup of the group (E,+), p < 0,q < 0andc > 0. If a function f: X — F
satisfies the inequality

1
|f@+ )+ 5@ =) + =) - 2@ — 20 @) < c(llal” +1l)°)  (@16)
for all z,y € X\{0}. Then the function f is a solution of the functional equation (1.2) on X\{0}.
Proof. By taking £ the set of all functions e: (X\{0})*> — Ry such that

e(x,y) = c(|lz]|” + [ly]|),

for some ¢ € Rq and for all (z,y) € (X\{0})?. Define H: R3 — Ro by H(u,v) = c(uP +vP) for some
p < O0andforallu,v € Ry andy: E — Rg by v(z) = ||z|| forall z € E.

It is easily seen that H is monotonically symmetric homogeneous function of degree p < 0 and
conditions indicated in the start of the second section are fulfilled. Therefore every function f: £ — F
satisfying (2.16) is a solution of the functional equation (1.2) on X\{0}. O

Note that if £(0) = 0 and f satisfies (2.16) on X\{0}, then from Theorem (2.3) we obtain the
following hyperstabilty result for (1.2) on X.

Corollary 2.5. Let E and F be a normed space and a Banach space, respectively. Assume that X
is a subgroup of the group (E,+), andp < 0, ¢ < 0 and c > 0. Let a function f: X — E satisfy
f(0) =0 and

[#+ )+ 5 1@ =) + £y = 2] = 26) — 20 @)|| < (el + ) (217)

for all z,y € X\{0}. Then f satisfies the functional equation (1.2) on X.
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In the case where functions ¢ € £ are given by
ez, y) =cllzl”-llyll*  =ye X\{0},
with some real ¢ € Ry and p, g € R such that p + ¢ < 0, we also get an analogous conclusion.

Corollary 2.6. Let E and F be a normed space and a Banach space, respectively. Assume that X
is a subgroup of the group (E,+), andc >0, p,q € R, p+ q < 0 are given. If f: X — F satisfies

[ £z +9) + 5 7@ =) + £ — 2] 2£) — 2f@)|| < el )" (2.18)
for all z,y € E\{0}, then f satisfies the functional equation (1.2) on X\{0}.

Corollary 2.7. Let E and F be a normed space and a Banach space, respectively. Assume that X
is a subgroup of the group (E,+), andp < 0,g<0,p+qg<0andc>0. If f: X — F satisfies

[+ )+ 5 5@ =)+ 10— ) 25 () — 20 @) 219
< e(llall” + Iyl + =] - 1w

for all z,y € X\{0}, then f satisfies the functional equation (1.2) on X\{0}.

We know that any norm that satisfies the parallelogram law is bound to have been originated from
a scalar product. The following corollary gives a characterization of the inner product space, which is
one of the applications of Corollary (2.4).

Corollary 2.8. Let E be a normed space and

[llz +yl* + llz = ylI* = 2]jz]* — 2 ly]l*]

< 00 (2.20)
o,yeE\{0} 2 lI” + Iyl

for some p < 0. Then E is an inner product space.
Proof. Write f(z) = ||z||* for z € E. Then from Corollary (2.5), we have
J@+u)+ 5 [f@ =)+ [y -] =2/@) +2/)  wyeE.
That implies
o+l + S [l =l + Iy - 2] =22l + 2wl wyeE.
Thus, the norm ||.|| on E obeys the parallelogram low:
lz+yI* + e = yl* = 2|=|* + 2|lylI*  a,y € E.

Therefore, E is an inner product space. O
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