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Abstract

In this paper, an optimal control parabolic problem is studied. The existence and uniqueness
theorem for the solving optimal control parabolic problem is proved. Also, a theorem for the
sufficient differentiability conditions of the functional and its gradient formulae has been proved.

Keywords: Optimal control parabolic problems, existence and uniqueness theorems, adjoint
system, sufficient differentiability conditions, gradient formulae.

1 Introduction and Statement of the Optimal Control Problem

The optimal control of systems described by partial differential equations has received increasing
attention in recent years. Many of the problems of control in air-frames design, shipbuilding
industry, magneto- hydrodynamics and other engineering field are problems of control of systems
with distributed parameter systems [1-4]. In [4], the existence and uniqueness theorem is proved

under constrained problem with closed bounded space ofEN but here the controls Ve L2 (Q) are
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respected to x,7. In [4] the coeﬁicientsﬂ(u(x,t), v) and B(U,V) U were respected to u(x,t)
and these coefficients also had constraints but in the present paper /1(x, t, v) does not depend

on u(x,t). Also, in [4] the sufficient differentiability conditions of the functional and its gradient

formulae proved using the modified functional which has given by helping the penalty function
method. In this paper, an optimal control parabolic problem is studied. The existence and
uniqueness theorem for the solving optimal control parabolic problem is proved. Also, a theorem
for the sufficient differentiability conditions of the functional and its gradient formulae has been
proved.

Let D be a bounded domain of the N-dimensional Euclidean space inE, , let l,T are given

positive numbers, 0<t <T, Q=D x (0,T], D=[0,/] .Throughout this paper, we adopt the
following function spaces [5] :-

<Z’Z>EN

2) LZ(D) is a Banach space which consisting of all the measurable functions on D with the
norm

1) E, is the N-dimensional Euclidean space with <Z1922> _Z(Z]) ()5

2
|2 ] {1
D

3) LZ(O,Z) is a Hilbert space which consisting of all the measurable functions on (0,]) with

(2.2, >L 0.) Izl (¥) 2,(x) dx . |z ||L2(0J> B <Z’Z>Lz<°’”

4) LZ(O,T) is a Hilbert space which consisting of all the measurable functions on (O,T) with

(22 ) = .[Zl O 20 dt s 2], 0 =720

5) L2 (Q) is a Hilbert space which consisting of all measurable functions on €2 with

(2:2), 0 = Izl (x,0) z,(x,1) dx dt ,

L@ { Z’Z>L2<Q) :

0
6) W21,0 (Q)= { ze L,(Q) and ée L,(Q) }isa Hilbert space with

2

W1 O(Q) ”

<ZI9ZZ>WL0 :J‘[Z1zz+%az_
2O Ox 0 Lo " 8x

L@
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1,0
7)  Vy(€)) is a Banach space consisting of elements of the space W™ (€2) with the norm
2
0z

z +
” L,(D) \/g_[ P

—] dx dt
8) VZI’O(Q) is a subspace of VZ(Q) , the elements of which have in sections

= yrai max || z
V2 (Q) 0<t<T

X
Dt={ (x,7):xeD, Z'EZ} traces from L,(D)at all t€[0,7 ] continuously changing
from ¢€[0,T] inthe norm L,(D).

Let the controlled process be considered in €2 by the initial boundary value problem for the
parabolic equation

ou 0 ou
E—a[ﬂ(x,t,vo) a]: f(x’t;uavl)’(x’t)eg (1
u(x,00=¢(x) ,xeD 2)

ﬂ(x,t,vo)a—u =g, (1) 0<¢<T. (3)
ox

x=l

ou
= go(t) > ﬂ'(x’t’vo)
ox

x=0

Here §(x)€ L,(D), g, (6)€ L,(0,T7) ,m=12 are given functions, the function f(xtu,v) is
measurable in (x,7) e Q and all (x,¢) € Q It is continuous and has continuous derivatives in
o0 f(x,t,u,v) Of(x,t,u,v)
ou ’ ov,
measurable in (x,7) € Q and all (x,7) € QO it is continuous and has a continuous derivative v,
and 0A(x,t,v,)

Vo

u,v, and are bounded. Besides, the function A(x,t,v,) is

is bounded.

Let V={viv=00(60) )y, € L@, i=01: |v ], ,<6.4 >0} be a

space of controls. We consider the following problem: minimize the functional
d 2 T 2 2
J.0) =B, [ [u@.0-y,F di+p, [ [u@.)-y)F di+a|v-of, , @

on the set V" under the conditions (1)-(3), where ¥,(¥), ¥,()€ L,(,T) are given functions, & > 0
and f,=20m=01,8,+p #0 are given numbers, are also given:
o= (w,,0)e L,(Q).
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Under the solution of problem (1)-(3) for given admissible controlve I/, we mean a function

u=u(x,t;v) € V,°(Q) satisfying the integral identity

J. {u 2—7 + A (x,t,vy) Ou on

5 Ox O0x

f (x,t,u,v)) n(x,t)} dx dt

(®)

O C——— ~

¢ (x) 1 (x,0) dx —[ g, (1) n(0,0) dt = [ g, (1) n(L,1) dr

for all 7 =57 (x,£) € W,"' (Q) that is equal to zero for ¢ =T .
2 The Correctness of the Optimal Control Problem

At first we consider the correctness of the boundary value problem (1)-(4) for givenve V.

Proposition 1: On the assumptions of the considering optimal control problem (1)-(4) and from [6]
follows that the boundary problem for a given v € J has existence, uniqueness solution and the
following estimation holds:

ou(x,t;v)

<C,,Vvel. (6)
ox

Above and everywhere below positive constants are independent of the estimated quantities and
admissible controls are denoted by C, ,m =1,2,....

Further we need the following theorem.

Theorem A:(a corollary of the Goebel theorem [7]).Assume that )} is a uniformly convex space,
U is a closed bounded set on )} a functional /(v)is lower semi continuous and bounded from
below on U, anda > 0 is a given number. Then there exists a dense subset K of the space )E
such that for any @ € K the functional J  (v) = I(v) + « || v— a)"i attains its minimal value on

U at a unique element.

Optimal control problems of the coefficients of differential equations do not always have solution
[8]. In this section, we will prove the existence and uniqueness of the solution of problem (1)-(4).

Theorem 1: There is an everywhere dense subset K — L, ({2) such that problem (1)-(4) has a
unique solution for ® € K anda >0 .

Proof: The proof of this theorem is divided to three parts: in the first part we prove estimation for
Su=oSu(x,t;v) e V,°(Q), second part the continuity of the functional J,(v) and finally the
existence and uniqueness solution of the optimal control (1)-(4) is proved.
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Let v € L,(Q2) be an increment of the control atve V such thatv+d& v e V. Let u =u(x,t;v)
anddu = u(x,t;v+0ov) + u(x,t;v). Itis clear that the function S u(x,t;v) satisfies the identity

j _oulll +/1(x,z,v0+5vo)@@+5f (x,t,u,v) n(x,t) | dx dt=0 (7)
ot 0x 0Ox

Q

We shall prove the first part that 6 u(x,?) satisfies the following inequality

N | —

2

2
”5”‘” +||§f L© | . (8)

10 (Q)

<c, | a2

L (Q)

t
Letn, =h"' Ii] (x,7)d7,0< h<T where 7 is an arbitrary element of VZI’O(Qtl) vanishing
t=h
for 1>t (4,<T—h)and Q, = D x (0,,] . We replace 77 (x,t) in (7) by nh(x t) and using the
resultin [6, p. 116-118], we obtain

1 oou ou 0du
EI[au(xt) dx+{ [GxJ +OL - Sf Su|dvde=0, g

Vi1, €[0,T], A= A(x,t,v,+5V,).

Hence at the made assumption |/1(x,t,v0)| <V, ,v0>0 is positive number and applying
Cauchy-Bunyakovsky Inequality, we obtain

N =

[ (Sute)f dx+y, | [a;”j dxdt
D X

ety o] fpre]

- & 1
Take ¢, =&, =}/01 and apply the Cauchy inequality with & ( |a b | < E|a|2 +2—|b|2 j and
£

(10)

summands on the right hand side of (10); multiplying both sides by two we obtain

2
odou
Hﬁu(x,t)Hz +2y,
17,0 0 Ox .
2 2 8u (11)
B P A | PR Py
0 7o L@,)
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Now we set
2
2 - ou 2
Y(t|)=||5”(x,t1)||L2(D), 3 = ‘5/1 — + ||5f L)
LQ,) '
Then the inequality (11) yields the two following inequalities
t
\ 23
y(t) <Cy [y(0) dt+ == (12)
0 7o
0 2C 43
H—” < S Sull )t (13)
0xl@, 70 A (r,)

From the known estimate [6, p. 116-118] it follows that the following three inequalities

2

1 1
- 6u -
Yt)< C, 3, 0<max<y, (|6 jw))s C, 32, |25 =G 37 (1)
t 2
0%,
. : ou .
If we combine the estimates for 6 u and 8_ then we obtain
X
oul’ !
_ 2 u =2
|Su e, —OSmtaxsr1 (||§u L2<D))+ ‘a <C, 3 (15)
Ly(Q)

then the validity of estimation (8) follows.

We prove the second part, under the above assumptions the right side of estimation (8) converges
to zero as ||§v — 0 therefore ||§u || —0as ||5v — 0 . Hence from the trace

Ly(Q) 730 (Q)

theorem [9] we get

L, ()

”514 (O’t) ||L2(O,T) -0,

5u(l,t)|| —0 as ||5v|| —0 (16)

L,(0,7) L, ()

Now we consider the functional of the form
r 2 r 2
Jo0) =B, [ [u.0 -y, di+p, [ [ul.0-p@0Fd a7

Let Ov=(0v,,0V,)be an increment of control on an element v € V such thatv + §v € V. For

the increment of J,(v) we have
8.J,(v) =2, [ 1 u(0,0)=y,(t)] 5u(0, 1) dr
+28, [ Lull.)-y,(0]5ull.0)di (18)

+ By [16u.0F di+ f, [ [ Sul.0)] dr
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Applying Cauchy-Bunyakovsky Inequality and the estimation (16), we get the continuity of the
functional (17).

Now we prove the last part as follows: hence we get the continuity of the functional J,(v) on any
element veV , ie., on the set V. The latter set is a closed bounded convex subset of the
uniformly convex space L,(€2)[10]. Then due to Theorem A and the boundedness and continuity
of the functional J,(v) on the set V , there exists an everywhere dense subset K of the space

L,(Q)such that V w e K with a >0 problem (1)—(4) has a unique solution. This completes the
proof of Theorem 1.

3 Sufficient differentiability conditions of the functional (4)

Let the following conditions be fulfilled:

Condition A1: The functions A(x,t,v,) , f(x,t,u,v,) satisfy the Lipschitz condition for ve V' .

Condition A2: The first derivatives of the functions A(x,z,v,), f(x,,u,v,) with respect to v, v,
are continuous functions in their domain of definition.

0Ax,t,vy) Of(xtu,v) and of(x,tu,v,)

Condition A3: The operators ,
ov, ou oy,

are bounded in L, (€2).

For finding the adjoint system for the problem (1)-(3), we define the Lagrangian function [11] as
follows

L(x.t.v,0,0) =, [ [u(0.0)- yo(r)] di+f, [ Tu.-y,0Fd

+a||v wil

Ly () (19)

+j O (x t){——ai(/l( X,1,V,) — J f(x,t,u,vl)} dx dt

Then the problem (1)-(3) we introduce the adjoint state O(x,t) = ®(x,t;v)e Vzl’O(Q) as a
solution of the problem

5_®+ﬂ l(xtvo)a—G) :_M O(x,1), (x1) el (20)
ot  Ox ox Ou

Ox,7)=0,xeD (21)
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ﬂ(x,t,vo)aa—c;) =2 B, [u(0.6) = ,() ]
=0 (22)

/’t(x,t,vo)aa—e) =28 [ul.t)y-y (@] 0<t<T
X

x=l

As a solution of the problem (20)-(22) for the given v € ', we take the function ¥ =YV (x,t;v)
from Wzl’1 (Q) satisfying the integral identity

(102X + 2y, 000%_ 0 nttsn) g ) wix,1)) dvds
ot 0x Ox ou

Q

T T (23)
=2 4, [[u0.0- 3,0 0©0,0dt-2 B [[ utt.)- »©)] O DAt

forall W (x,1) =¥ (x,t;v)e W,°(Q) thatis equal to zero for 1 =0 .

Proposition 2: On the basis of adopted assumptions and the results of [12] follows that for every
oY (x,1)

v € V the solution of the adjoint problem (21)-(22) is existed, unique and p
X

< Cyalmost

atall(x,t) eQ ,Vvel.

The sufficient differentiability conditions of function (4) and its gradient formulae will be obtained by
defining the Hamiltonian function I1(x,u,®,v) as[13]:

ou 00

1
[(x,t,0,v)=— Ax,t,v) —— — f(x,t,u,v,) O (V) + Z(vm -w )] (24)
O0x Ox =0

Theorem 2: Let the above assumptions A1-A2 be satisfied. Then the functional J,(v) is

continuously differentiable by Fréchetin ', and its gradient satisfies the equality

_0Il(x,u,0,v) oIl(x,u,®,v)
’ o

0J,(v) _ _0ll(x,u,0,v) = (

25
ov ov 0 v, ) @)

where

oll(x,u,0,v) 0A(x,t,vy) Ou 00O
0 v, =1 0 v, 0x 0x

oll(x,u,®,v) 0 f(x,t,u,v)
ov =~ ov

+2a (vi—w,y)]

Ox,H)+2a (v, —w)]
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Proof: Let v =(0v,,0v,) € V' be an arbitrary increment of the control V such that
v+ ov € V. Using the formula of Lagrange's finite increments one can obtain that the function

ou=u(x,t;v+ov)—u(x,t;v) is a solution from the class V;‘O(Q) of the following boundary
value problem:

252 (i 25} 2

ot 0Ox ou
o w), o (co) )
8x ([/I(xtv0+5v) /’L(xtvo)]axj o —2=50v, (x,1) € Q
ou(x,00=0 ,xe D (27)
(5& 2—u+/1(x,t,v + ov, ) 2o j =0
0x , 0 <t<T (28)
[51 QU A(x,t,vy + Ov,) 55“} =0
0 x 0 x -

where ¢ 6, =(x,t,u+6,ou,v, +év)), &6, =(x,t,u,v, +6,ov,),6,, 0,<[0,1] and
oA =A(x,t;v, +0v,y)— A(x,t;v,) are some numbers.

Using the conditions A1-A2 and estimating the right hand side of (8) we establish that

[5t],106, < Co [67]],, 0, (29)
and from the trace theorem and (29) we obtain
||§u(0 t)”L () ||5u(l t) L(Q) — CIO ” ov L(Q) * (30)

Now, using again the Lagrange formula for the increment of the functional (4) we obtain the
formula

oJ,(v)y =J,(v+ov)-J, (v)
=24, [ Lu(0.0)= y,(1)] 6u(0.0)dr
+ 2 p, IOT[ u(l,t)y—y, ()] ou(l,t)dt

+2a j[v—co] Sv dx dt
Q

(31)
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where

R(5) = B, jOT[au(o,t)]2 dt+ LT[&J(I,t)]z di+a [[&] dedr. 2)

Ifin (7), we put 7 =@ (x,t;v) and ¥ =Jdu(x,t;v) in(23) and subtract the obtained the results,
we obtain

28, [ w0~y ()] 6.0t +28, [ Lu(l.0)=y,(1)] dil.r)di

(33)
= I[ﬂ(x Ly +8vy) = u 09 S oty v,) O(x, t)J dx dt + R,(5v)
where
R(v) = j[/z(x £, v, + OV, )@a_(a] dxdt
u

oA
A(X,t,vy+0v,y) = <—(§c;t,v0) 5 5v0>+ O( ||5v0||L2(Q))
0

5
oty +5v,) = < f(xa,i,uavl), 5v1>+0(||5v1||L2(Q)) (39)
1

Taking and from (35) and (31), we obtain

5J,(v) = j 04 20 _of O +2a (v-m),8) +R() (36)
5\0v, 0x 0v e
and from the formulae of R, (6v)= R, (6v) + R, (ov)+ 0(||§v||L (Q)) we obtain

|R(W)|<C,, |6V

L) (37)

Hence, in the right hand side of the expression for the Hamilton-Pontryagin function, we obtain

5Ja(v)=_[< an(x;vu(av) 5v> +o(ov

L (Q) ) (38)

L (Q)

And this proves the Fréchet differentiability of the functional (4) and also gives its gradient
formulae. This completes the proof of the theorem.
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4 Conclusion

In [4], the existence and uniqueness theorem is proved under constrained problem with control
space EN but here the space of controls VELZ(Q) are respected to x,f. Also, in [4] the
coefficient of higher-order derivatives was ﬁ(u(x,t),v) , but in the present paper it is

/1(x,t,v) . In this paper, an optimal control parabolic problem is studied. The existence and

uniqueness theorem for the solving optimal control parabolic problem is proved. Also, a theorem
for the sufficient differentiability conditions of the functional and its gradient formulae has been
proved. A parabolic optimal boundary control problem is accepted for publishing in International
Journal of Computational Engineering Research. Therefore, the numerical solution of the
considering optimal control problem will be reported later.
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