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ABSTRACT

An orthogonal double cover (ODC) of any graph H is a collection of spanning subgraphs
of H such that every two of them share exactly one edge at most, and every edge of the

graph H belongs to exactly two of the spanning graphs. In this paper, we are concerned
with the orthogonal double covers of complete bipartite graphs by infinite classes of
disjoint unions of certain complete bipartite spanning subgraphs.

Keywords: Orthogonal double cover; symmetric starter.
2010 AMS Subject Classification: 05C70, 05B30.
1. INTRODUCTION

A generalization of notion of an oDC' to arbitrary underlying graphs is as follows. Let H be

an arbitrary graph with N vertices and let G ={G,,G,,..., G} be a collection of N

! Orthogonal double cover.
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isomorphic spanning subgraphs of H. G is called an ODC of H if there exists a bijective

mapping @ :V(H) - G such that:

(1) Every edge of H is contained in exactly two of the graphs GO, Gl,. ey Gn-l
(2) For every choice of different vertices 4, bof H )

|E(@(a) n E@0) {(1) ;hgva}i E(H),

In this paper, we assume H= Kn,n’ the complete bipartite graph with partition sets of

size N each. A graph Giis called a spanning subgraph of H it G contains all the vertices
of H andthe edges of G is a sub set of the edges of H.

Here, we use the usual notation: Km n for the complete bipartite graph with partition sets of

sizes M and N, Pn for the path on N vertices, Cn for the cycle on N vertices, anor the
complete graph on N vertices, Kl for an isolated vertex, and |G for | disjoint copies of

G, F +G for the disjoint union of F and G,for an illustration of disjoint union of graphs
see Fig. 1.

An algebraic construction of ODCs via symmetric starters has been exploited to get a
complete classification of ODCs of Kn n by Gfor N<9: a few exceptions apart, for all

graphs G are found by this way (see [4], Table 1).

This method has been applied in [2,4] to detect some infinite classes of graphs G for which
there are ODCs of Kn’n by G. In [5] El Shanawany et al. got some results for ODCs by

using the cartesian product of two symmetric starter vectors.

Also in [6] ElI Shanawany et al. got some results for ODCs by using the cartesian product of
three symmetric starter vectors.
All graphs here are finite, simple, and undirected. Let A :{yo,...,yn_l} be an (additive)

abelian group of order N. The vertices of K. will be labeled by the elements of A XZ,.

n,n
Namely, for (V,i) LJ /_XZZ, we will write V; for the corresponding vertex and define
{a,-,bj} L E(Kn,n) if and only if | j, for all &,b0/ and I, j [ z,. If there is no
chance of confusion (a, b) will be written instead of {aO,Q} for the edge between the

vertices d,, b1
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Fig. 1. Disjoint union of K , and K,

Let G be a spanning subgraph of K, =~ andlet XLI/". Then the graph G+ X with
E(G+X)={(u+x,v+X):(u,v)OE(G)} is called the X-translate of G. The

length of an edge € ={(U,V) 1 E(G)} is defined by d(€) =V —U. Note that sums and
differences are calculated modulo N.

G is called a half starter with respect to / if | E(G) |: N and the lengths of all edges
in G are mutually distinct; that is, {d(€) : e E(G)} = /.

Hereafter, a half starter will be represented by the vector
v(G) = (VVo’Vyl""’VVn—l) O/ ". Where v, O/ and (VVi )o s the unique vertex
((VVi ,0) o r X{O}) that belongs to the unique edge of length }/ in G.

Two half starter vectors V(GO) and V(Gl) are said to be orthogonal if
{v,(Gy)-v,(G):yQr}y=r. The subgraph Gg of Ky, with
E(GS) :{{UO,VI} Z{VO,Ul} [ E(G)} is called the symmetric graph of G. Note that if
G s a half starter, then GS is also a half starter . A half starter G is called a symmetric

starter with respect [ i V(G) and V(GS) are orthogonal. In [4], the following three
results were proved.

I. 1f G is a half starter, then the union of all translates of G forms an edge
decomposition of K, . Thatis, ng/- E(G+x)=E(K,,).

Il. If two half starters V(GO) and V(Gl) are orthogonal, theng
={G,; : (X0 x z,}with G, ; =(G +X) isanobpcof K, .
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Ill. Let N be a positive integer and let G a half starter represented by
v(G):(vyO,vyl,...,vyn_l). Then G is symmetric starter if and only if

{v,-v_, +yiyQari=r.

The research on this subject focused on the detection of ODCs with pages (Elements of

the collection g ) isomorphic to a given graph G. Fora summary of results on ODCs, see
[1,2]. The other undefined terms have usual meaning and their definitions can be found in

[3].

Fig. 2 shows the ODC of K;; by G =P, (path with three edges) as an example for an

illustration.
%, 1, 2 O, .10 2,
o

e e

01 11 21 01 11 21
G.o G,
OO 10 20 00 10 20
®
e e ®
0O, 1, 2, O, 1, 2, 0O, 1, 2,
Go’ 1 G 1,1 GZ, 1

Fig. 2. ODC of K35 by G =P, with /= 7,

Infinite classes of disjoint unions of certain complete bipartite spanning subgraphs mean at
every positive integer we will get acertain result.

2. ODC OF Kr,r BY INFINITE CLASSES OF DISJOINT UNIONS OF CERTAIN
COMPLETE BIPARTITE SPANNING SUBGRAPHS

For any positive integer I', the following Theorem construct an ODC of Kr,r by disjoint
unions of trees and by disjoint unions of trees and complete bipartite graphs.

Theorem 2.1. Let I, S, t, U, V, P, and ( be positive integers. Then there is an ODC of

K s by pKu,S+qKV,t+(2r—p(u+s)—q(v+t))K1.
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Proof.
Case 1. When I is a prime number this case is trivial, as all regular graphs of degree I

have an ODC by Klr , see [4].

Case2. U=1,v=1r isnota prime number
Subcase2.1. ' =mn, p=g=1,s+t=mn.

for Mm=3, Nn=m-2, define V(G) by v =0 if i =0modm, v, =m otherwise.
Then, for all 1 [J Ly, Vi =V +1 =1. Therefore the result (iii) proves that V(G) is a
symmetric starter vector. From the definition of V(G), we get

n-1

E(G) = U{(O,I’TU), (mma+y):1<y< m_]}’

a=0

and hence G is isomorphic to Kl,m—l + Kl,m(n—1)+1 +(mMn-2) K,.
Subcase2.2. I =2mMNn, p=g=m, S+t =2n.

For any positive integers N, M with gcd(m,3) =1, define V(G) by V; =0 if

I =0mod2m, v, =2i if 0<i<2m,v, =2 —4mif 2m<i <4m,v, =2i —-8m
it Am<i<ém, v, =2i —12mif 6m<i <8m,..., v, = 2i —(4mn—8m) if
2m—-4m<i <2mn-2m, v, =2i —(4mn-4m) if 2mn-2m<i<2mn.
Then,

for | :Omod2m, Vi -V +i=i; andfor 0<I <2m, V. -V +i =5/ —4m; and for
2m<i <4m,vi -V +i =5 —=12m; and for 4Am<i <6m,
V.-V, +i=5-20m,...,
and for 2mMN—2m<i <2mn, v, -v, +i =5 -8mn-12m
Therefore the result (iii) proves that V(G) is a symmetric starter vector. From the definition
of V(G),we get

2m-1

E(G)= U {(20’,2my+3a);0g y< n_]},

a=0
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and hence G is isomorphic to 2mK1,n + 2m(n —1)K1.
Subcase2.3. I =2n, p=q=1,s+t=2n.

For any positive integer N, define V(G) by V. = Oifi=0,n, Vi =N otherwise. Then, for
all iDZZn, V-V, +1 =1. Therefore the result (i) proves that V(G) is a symmetric

starter vector. From the definition of V(G), we get

2n-1

E@)= | {00, ©@n), (ha),

a=la#n
and hence G is isomorphic to K1’2 + K1’2n_2 +2(n-1K,.
Case3. I=2n,u=2,v=1 p=g=1s+t=n+1

For any positive N, and N>1, define V(G) by V; =0 if i =0, v =1if 1<i<n-1,
V,=n it i=n,V,=n+1 otherwise. Then, for i0{0,n}, Vv -v;+i=i;

V.-V, +1 =nN+1i otherwise . Therefore the result (iii) proves

that V(G) is a symmetric starter vector. From the definition of V(G), we get

£©)= J{(0.0) (.a). (10, (n+La1),

and hence, G is isomorphic to Kz,n—l + K1,2 +(Bn-4)K,.

For any positive integer I', the following Theorem construct an ODC of Kr r by disjoint
unions of complete bipartite graphs

Theorem 2.2. Let I', S, {, and Vbe positive integers. Then there is an ODC of Kr,r by
K, + (2r - s(v+t)) K,.

Proof.
Casel. F =2mn,s=m,t=n,v=2.

For any positive integers N, M with gcd(m,3) =1, define V(G) by V. =0 if
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I =0mod2m, v, =i if 0<i<2m,Vv, =i —2mif 2m<i <4m, v, =i —4m

it AM<i<6m, v, =i —6mif 6m<i <8m.,..., v, =i —(2mn—4m) if
2m-4m<i <2mn-2m, v, =i —(2mn-2m) if 2mn-2m<i < 2mn.
Then, for i =0mod2m, v, -V, +i =i; andfor 0<i<2m, Vv, -v; +i =3i —2m;

and for 2M<i <4m, Vi -V +i =3 —6m; and for 4AMm<i <6m,

V.-V, +i =3i =10m; and for 6m<i <8m, v, -v; +i =3 —14m,..., and
for  2MN—-4m<i<2mn-2m, V,-v,+i=3-(4mn-6m); and for
2mn-2m<i <2mn, v, -v, +i =3i = (4mn—2m). Therefore the result

(iii) proves that V(G) is a symmetric starter vector.
From the definition of V(G),

EG)='U {(a+B.2my+2p):a{0.n},0< f=m-1),

y=0

and hence G is isomorphic to mKZ’n + m(3n - 2)K1.

The following case shows also an ODC of K but by a new symmetric starter.

2mn,2mn’
m
Case 2. I =2mn,s=§,t =n,v=4.

For any positive integers N, M with gcd(m,3) =1, and Mis even, define V(G) by

v, =0ifi =0mod2m, v, =3 if 0<i<2m, v, =3 —6mif 2m<i <4m,

v, =3 -12mif Am<i<ém.,..., v =3 —(6mn-12m) if

2mn—-4m<i <2mn-2m, v, =3 — (6mn—-6m) if 2mn-2m<i < 2mn.
Then, for | :Omod2m, Vi -V +i=i; andfor 0<I <2m, V. -V +i=71-6m;
and for 2M<i <4m, Vv, -V, +i =7i =18m; and for 4m<i <6m,

V.-V, +i =7i —=30m.,..., and for 2mN—2m<i <2mn,

V.-V, +1 =7i = (12mn—6m). Therefore the result (iii) proves that V(G) is a

symmetric starter vector. From the definition of V(G) , we get
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E(G)= U {(gmy+3a,2m,8+4a):05 L<n-10<y< 3},
a=0

and hence G is isomorphic to gK“’” +g(7n - 4)K1. [

The following conjecture generalizes the above results.

Conjecture. 2.3 Let O'i , ,B,, 5, and ' be positive integers. Then there is an ODC of

Kr,r by 2[03 K,3| 3 +(2I’ - a, (,BI +5|)) Kl]’ where M is the number of the

disjoint complete bipartite graphs.

3. CONCLUSION

We get an ODC of Kr r by infinite classes of disjoint unions of certain complete bipartite

spanning subgraphs which are summarized in the following Table.

ODC of by
K mnmn Kima TR ey TUM= 2K,
K 2mn2mn ZMKy , +2mN— 1)K,
Ran2n Kiz ¥ Kyono TN YK,
Kanzn Kona + Ryp T (SN = 4K,
+ —
K omn2mn MK, + MSN = 2)K,
I\2mn,2mn %KM +%(7n_4)|<1
Comparative analysis of our work and the results given in [5].

Our work Results given in [5]

Kima t Ky T (MN=2)K Kiom B Kiam-gy D 2Amn=DK,:

m=3, n=m-2.

2mK, , +2m(n-1)K,.

Ko ¥ Kigno t 2(n-DK;.
Kona T K, +(Bn—-4)K,.

mK,, + m(3n—-2)K,; Nany
positive integer, gcd(m,3) =1.

m m
E K4,n +E(7n_4)K1

M any positive integer, N = 2.

MK, ,, 0 2m(3n—1K, ; N any positive integer,
gcd(m,3) =1,but this result gives I’TIK2 A where A

is an even number.
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