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An edge labeling of graph G with labels in A is an injection from E (G) to A, where E(G) is the edge set of G, and A is a subset of R.
A graph G is called R-antimagic if for each subset A of R with |A| = |E(G)|, there is an edge labeling with labels in A such that the
sums of the labels assigned to edges incident to distinct vertices are different. The main result of this paper is that the Cartesian

products of complete graphs (except K;) and cycles are R-antimagic.

1. Introduction

All graphs considered in this paper are finite, simple, and
without isolated vertices. As usual, let R denote the set of real
numbers. For a graph G and a vertex vin G, V (G), E(G), and
E (v) denote the vertex set of G, the edge set of G, and the set
of edges incident to v in G, respectively. In this paper, the
following terminologies and notations are used. Let G be
a graph. When A is a subset of R with |A| = |[E(G)| and the
tunction f: E(G) — A is injective, we say that f is an edge
labeling of G with labels in A; in this case, for any vertex v of
G, we use f*(v) to denote },.p () f (e). If Bis a subset of R
with |B|>|E(G)| such that for each subset A of B with
|A| = |E(G)|, there is an edge labeling of G with labels in A
such that f*(u) is not equal to f*(v) for any two distinct
vertices u, v of G, then we say that G is B-antimagic.

In the literature, a graph G is antimagic if G is
{1,2,...,|E(G)|}-antimagic. The concept of antimagic
graphs was introduced by Hartsfield and Ringel [1] in 1990.
They conjectured that every connected graph with at least
two edges was antimagic. This conjecture has not been
completely solved yet. Some partial results are listed below.
The antimagicness for some special types of regular graphs is
verified by Cranston [2], Cranston et al. [3], and Liang and

Zhu [4]. Then, Chang et al. [5] proved that all regular graphs
with degree >2 are antimagic.

Some studies have addressed the antimagicness of
Cartesian products. In 2008, Wang and Hsiao [6] introduced
new classes of antimagic graphs constructed through Car-
tesian products, and Wang [7] proved that any Cartesian
product of two or more cycles is antimagic. The anti-
magicness of the Cartesian products of two paths and the
Cartesian products of two or more regular graphs are proved
in [8, 9] by Cheng. Moreover, Zhang and Sun [10] proved
that if a regular graph G is antimagic, then for any connected
graph H, the Cartesian product GOH is antimagic.

Let R* denote the set of real numbers. A graph G is
universal antimagic if G is R*-antimagic. Matamala and
Zamora [11] proved that paths, cycles, and graphs whose
connected components are cycles or paths of odd lengths are
universal antimagic in 2020. In this paper, we generalize
further and define R-antimagic graphs. The methods of
labeling on Cartesian products of cycles used in this paper
are similar in [7, 8]. In Section 2, we show that wheels, cycles,
and complete graphs of order >3 are R-antimagic. In Section
3, we show that Cartesian products G,0G,0---0OG, (n>2)
are R-antimagic, where each G; is a complete graph of order
>2 or a cycle.
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2. R-Antimagic Graphs and Uniformly
R-Antimagic Graphs

Let P, be a path on n vertices. In [11], it is shown that
P,(n>3) is R*-antimagic, but P;, P,, P5 are not R-anti-
magic. Shang et al. [12] investigated the antimagicness of star
forests. We prove that stars are R+-antimagic, but not
R-antimagic.

Remark 1. Let S, denote the star with n edges. Then,
S, (n>2) is R*-antimagic, but not R-antimagic.

Proof. Let S, be the star with V(S,) = {v},v5,...,
and E(S,) = {wli=1,2,...,n}.

Letr, <r,<r;< --- <r, be the arbitrarily given positive
numbers. We define an edge labeling f of S, with labels in

v} U {v}

{risrysrs, .., by f(ww) =r; fori=1,2,...,n Then,
fr)=ri<ria = (vi) (1)
fori=1,2,...,n—1, and

+7,= fJr v). (2)

f+(vn):rn<rl+r2+"'
We have
Frm)<fr(m)<--

Hence, S, is R"-antimagic.

Let r <ry<r;<---<r, be real numbers with
ry+t,+---+71,; =0.Let f be an arbitrary edge labeling of
S, with labels in {r,,r,,73,...,7,}. Without loss of gener-
ality, f is defined by f(vv;) =r; fori=1,2,...,n. We see
that f*(v,)=r,=r +ry+-- 41, +r,=f"(v). Ac-
cordingly, S, is not {r,r,,75,...,r,}-antimagic, which re-
sults in S, not R-antimagic.

Let K,, denote the complete graph of order #, and C,, the
cycle of order n. A wheel W, (n > 3) is the graph obtained by
connecting a single vertex to every vertex of the cycle C,,. In
this section, we prove that wheels, cycles, and complete
graphs of order >3 are R-antimagic. O

<fT ()< fT ). (3)

Theorem 1. Every wheel is R-antimagic.

Proof. Let W, be the wheel with V(W,) = {v,v,,...,v,}
U{v} and E(W,) = {v;»,} U{vv,,li = 1,2,...,n =2} U{v,
-y, ju{wli=1,2,...,n}. To prove the theorem, let
1y <ty<rs3<--- <r,, be the arbitrarily given real numbers.
We distinguish two cases: Case 1,7, + 1, <t + T+
+1y, 1> and Case 2, 1, | + T+ + 1y <7, +1, O

Case 1. 1, | +1, <t + T o+ - +1y,

We define an edge labeling f of W with labels in
{"1”’2”’3>~~~)”2n} by f(vv)=ry, f(V Vi) =1y for
i=1,2,...,n=2, f(v,_,v,) =1, and f (v;)=r,,; fori=1,2,

.>n (see Figure 1). Then, f*(v))=r+ry+1,., fF(v;)=
rig+riq+ryfori=2,..,n—Land f*(v,)=r,_ +1,+1,,
Note that
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Fr)=r+r+r < +rs+7,,,= f+(V2)7
fr (Vi) =iy + iy A <P+ Ty + T = fr (Vis1)s
(4)

fori=2,...,n-2,

= er (Vn)’

er (Vn—l) =Ty + Ty + Ton-1 < Tt + ry + "o

Fr0n) = (ract +70) + 12y <(Fgy + Ty + o+ 1301)
+ 120 = fT (V).
(5)
Hence,
Frv)<frwv) < <fr(v)<f . (6)

Case 2. 1, + 1 ot o+1y ST, +7,.

We define an edge labeling f of W, with labels in
{rl,rz,ry o by fnv) =10, fiv,) = Tnsi1 for
i=12,...,n=2, f(v,_,v,) =1y, and f(vv;) =r;fori=1,
2,...,n (see Figure 2). Then, f*(v,) =7+ +71
frv) =ty tryuq tr; for i=2,...,m-1, and
f*(v,) =1y, | + 1y, +1,. Note that

+ +
FTn)=run 11 <ty + 1+ = f (),
+ +
f (Vi) = Twic1 T Vi 1<V ¥ Viinn + 754 = f (Vi+1)’
(7)
fori=2,...

f+ (Vn—l) =V Ty T 1 <r2n—l T+, = f+ (Vn)>
FrO=ri+(rytr+-
<r +(rn+1 Tyt

+ (rn—l + rn) = f+ (Vl)'

’n_za

+r,+71,)

+ Ty + T2 ) ST

(8)

Hence,

frO<fr)<f )< <f ) ©)

This completes the proof.

To prove the results in Section 3, we need the concept
of uniformly R-antimagic graphs, which is defined below.
Let G be a graph. Suppose that all the vertices of G can be
listed as wu,u,,...,u,, such that for every ACR with
|A| = |E(G)|, there is an edge labeling f of G with labels in
A such that f*(u;) < f*(uy) < -+ < f*(u,,). Then, we say
that G is uniformly R-antimagic and that the sequence of
vertices u;,u,,...,u, has the uniformly R-antimagic
property. Note that in this definition, the ordering of the
vertices u,u,,...,u,, satisfying the property f*(u,)
< f*(u,) < --- < f*(u,,) is independent of the choice of
the subset A of R. Obviously, every uniformly R-anti-
magic graph is R-antimagic.

Before proving our main result, we first describe uni-
formly R-antimagic property with cycles and complete
graphs.
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nis odd
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FIGURE 1: Edge labeling of W, if r,,_; + 7, <t + Ty + -+ 1y 1.

Vi

nis odd

nis even

FiGure 2: Edge labeling of W, if 7., + 70 + -+ 75, ST + 1,0

Theorem 2. Every cycle is uniformly R-antimagic.

Proof. Let C, be the cycle with vertex set {v,v,,...,v,} and
edge set {vin,}uf{vv,,li=1,2,...,n-2}u{v,_v,}. Let
r <ry<rs;<--- <r, be the arbitrarily given n real numbers.
We define an edge labeling f of C, with labels in
{frory..ord by fnw)=r,  fywi)=ry for
i=1,2,...,n—-2,and f(v,_,v,) =r, (see Figure 3).

Then, f*(v)) =1y +1y fr(v)=r_ +r,fori=2,...,
n—1, and f*(v,)=r,,+7r, Since r +r,<r; +r;<r,
1y <T3+T5<ty+1e< - <T, 3+ T, <T,,+7, <t, .+
r,, we have f*(v))< f"(vy) <+ < f"(v,). We see that the
listing of vertices v, v,,...,v, with the property f*(v,)<
fr(vy) < -+ < f*(v,) is independent of the arbitrarily given
ry<r,<rz<--- <r,. Thus, C, is uniformly R-antimagic. [

Theorem 3. The complete graph K, (n>3) is uniformly
R-antimagic.

Proof. Let K,, be the complete graph with vertex set V (K,)
={v,vy...,v,} and edge set E(K,) = {v,-vjll Sistn}.
Let ry<ry<ry<---< (1) be the arbitrarily given real
numbers.

Let f be an edge labeling of K, with labels in
{rl,rz,r3,...,r(;)} such that for i=1,2,...,n-2,
Fvi) <f i) <fivip) < <f () <f (viy

Vi) Hence, f(vvy) < f(vv3) < < f(vv,) < f(v, vs)
<fvyvy) <o < fmv,) < f(vavy) <o < fF (1, v,
For 1<i<n -1, we have

fr(v)= Z fvievi) + f (vviy) + Z fvve)

1<k<i i+1<k<n

< Z Fvia) + f (vivia) (10)
1<k<i
+ Z f(viHVk) = f+ (Vi+1)'
i+l<k<n

Hence, f*(v))< f"(vy) < -+ < f"(v,). We see that the
listing of vertices v,v,,...,v, with the property
frv)<fr(v,) <.+ <f*(v,) is independent of the arbi-
trarily given r; <r, <r;< .- <T(ny: Thus, K,, is uniformly
R-antimagic. U
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n is even

Ficure 3: Edge labeling of C,.

3. Main Results

Let G be a graph and A be a subset of R with |A| = |E(G). If
g is an edge labeling of G with labels in A and K, L are
nonempty subsets of E(G) such that g(x)<g(y) for all
x € K, y € L, then we write K < L under g. It is easy to see
that the relation < is transitive (i.e., if K, L, M are nonempty
subsets of E(G), and K<L, L<M, then K < M). The fol-
lowing trivial lemma will be used in the proofs of Theorems 4
and 5.

Lemma 1. Let G be an arbitrary graph and A be a subset of R
with |A| = |E(G)|. Let g be an edge labeling of G with labels in
A. Suppose that A,, A,, B,, B, are pairwise disjoint nonempty
subsets of the edge set E(G) with |A,| = |B,|, |A,| = |B,| =1
such that A, < B UB, and A, < B, under g. Then,

2 9@< Y g (11)

ecA|UA, e€BUB,

Proof. Let A, = {a} and b be an arbitrary edge in B,. Since
A, < B, under g, we have g(a) <g(b). Since A, <B,UB,
under g and |A,| = |B, U (B, — {b})|, we have

Yagle< Y gle. (12)
ecA, e€B,U (Bl - {b})
Note that
Y gle=g@+ Y glo) (13)
ecA UA, eed,
and

Y gle)=gb)+

e€B,UB,

2 9 (14)

e€B,U (B,-{b})
Combining (12)-(14) and g(a) < g (b), we have
Y g@< Y gl (15)

e€AUA, e€B,UB,

We need the following notations. Let G be a graph, and A
be a subset of R with [A| = |[E(G)|. If f is an edge labeling of
G with labels in A and D being a nontrivial connected
subgraph of G which contains no isolated vertices, then we
use fr(py to denote the restriction of f to E(D) with range
f(E(D)). Obviously, frp, is an edge labeling of D with
labels in f (E(D)). Moreover, for a vertex v € V (D), we use
fE(D) (v) to denote (fE(D))+ (v). Recall that Ej, (v) is the set
of all edges incident to v in D. Thus, ffp (V)
= ZeEED(v)f (6)

Let G and H be two graphs with V(G) = {u,u,,...,u,,}
and V(H) ={v,v,,...,v,}, respectively. The Cartesian
product of G and H, denoted by GOH, is the graph with
vertex set V(G) x V(H) such that (ui,vj) is adjacent to
(4> vy) if either w; = uy and v;v; € E(H) or v; =v, and
u;uy. € E(G). For the convenience of the following discus-
sions, we will use the following notations in the proofs of
Theorems 4 and 5. In the graph GOH, the vertex
(u;v;)) € V(G)xV(H) is represented by w;; For
j=12,...,n we use G; to denote the subgraph of GOH
induced by the vertices w (i=1,2,...,m). O

Note 1. The graphs G, G, G,, . . ., G, are isomorphic, and for
eachi (i = 1,2,...,m), theverticesu; € V(G),w;, € V(G)),
w;, € V(Gy), ..., w;, € V(G,) are the corresponding ver-
tices under these isomorphisms.

Also, we use E;to denote E(Gj); ie, E; is the set of all
edges in G;. For 1< j<I<nandv;v; € E(H), we use E;; to
denote the set {wi,jw,»,lli =1,2,...,mj, ie, E; is the set of
all edges joining the vertices in G; and the vertices in G;. We
see that E (GOH) is the disjoint union of E; (j=1,2,...,n)
and Ej (I<j<l<n, vV € E(H)).

The notations for the vertices w; ;, the subgraphs G, and
the edge sets E;, E;; of GOH will be used in the proofs of
Theorems 4 and 5.

Theorem 4. Let G be a regular and uniformly R-antimagic
graph. Then, GOK, (n>2) is also regular and uniformly
R-antimagic.
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Proof. Since both G and K,, are regular, it is trivial that
GOK,, is regular. Since G is uniformly R-antimagic, we
assume that v, u,, ..., u,, (m>3)isthe sequence of vertices
of G with the uniformly R-antimagic property. We see that
the edge set E (GOK,,) is the union oij (j=1,2,...,n) and
E],l (ls_]<l£7’l)

Now, we prove that GOK,, (n>2) is uniformly R-anti-
magic. Let A< R with |A| = |E(GOK,,)| be arbitrarily given.
Define g to be an edge labeling of GOK,, with labels in A by
the following three rules:

Rule 1. For j=1,2,...
+2< .- <Ej,n<Ej+1

Rule 2. For 1<j<I<n, and for i=1,2,...
9w jw;) < g (Wi Wi, )) (ie.,
(wy jwy)) <g(ws wsy) < -+ <Gg(Wy, W)

Rule 3. Forj—l 2,...,mand fori=1,2,...,m—-1,
gE (wlj) <gE (w1+1]) (le gE (wl ]) <gE (w2]) <gE
(w; ;)< - <gE (W, 1))

The edge labeling g with labels in A can have Rule 3
derived from the fact that the sequence of vertices
Uy, Uy, . .., U, has the uniformly R-antimagic property in G
and the fact stated in Note 1.

,n—1, Ej <Ej,].+l < Ej,j

,m — 1)
gwyjw)<g

Claim 1. For j=1,2,...
. <g*(wm)j).
Check of Claim 1. We need to show g* (wi,j) <g* (wiﬂ)j)
fori=1,2,...,m-1.
Let J ={1,2,...,n}. Note that

g*(w,-,j)zg;}_(w,»,j)+ > 9(wiwir),
te7-{j}

g+(wi+1,j) = gEj(wm,j) + Z g(wi+1,jwi+1,l)-
tej-{j}

1 gt (wy ) <g* (w,)) <g"(w;))

(16)

By Rule 3, gE (w,J) <95 (w1+1])
By Rule 2, for 1< j<l<n, 9 (wj jw;)) < g (Wi Wi,y )s it

implies
Z 9( szl) < Z £7<wi+1,jwi+1,l)~ (17)
leJ-{j} lej-{j}
Thus, g* (w; ;) < g* (w;, ;), which completes the Check
of Claim 1.

Claim 2. For j=1,2,...,n-1, g"(w,, ;) <g" (wy j.1)-
Check of Claim 2. Let ] = {1,2,...,n}. Note that

9+(wm>j)=91§](wm4)+ > (W i)

kej-{j}

= 9Ej(“’m>j) + 9w Wy 1) + Z

g(wm,kwm,j)’
kej-{j.j+1} (1)

Z g(wl,j+1w1,k)

keJ-{j+1}

Let Ay =Eg (w,,)CE;, A= {wy, w0} CE;
B, =Eg, (w1]+1)c ]+1’Bz wl]w1]+1T CEj . Thus,
Z g(e) = g;::j(wm,j) + g(wm,jwm,jﬂ)’
ecA UA,
) (19)
Z gle) = 9E;,, (w1>j+1) + g(wl,jwl,j+1)'
e€B,UB,

By Rule 1, E;<E;;, <E;,. Since A, CE;, B,CEj,,
Ay B, CE; .y, we have A) < B, UB, and A, < B;. Also, note
|A;l =IB;l, |A,]=|B,l=1. Thus, by Lemma 1,
Yeen,ua,9(€) < Xeep,up,g (€). Hence,

gEj(wm,j) + g(wm,jwm,j+1) < !]EJ+1 (wl,j+1) + !](w1,jw1,j+1)-
(20)

By Rule 1, Ei;<E ., if k<j, and E;; <E; if
k> j+1,and we see that w,, ,w,, ; € Ey j, wywy j. € Eg -
Thus, g(w,,, W, ;) < g(wy wy j,1), which implies

+
(@) +g(wiwia) + )

g(wl,kwl,j+1)'

keJ-{j.j+1}
Y (@)<Y g(wiaw ) (21)
keJ-{j.j+1} keJ-{j.j+1}

Combining (20) and (21), we obtain g* (wm)j) <g*
(wy,j41). This completes the Check of Claim 2.
From Claims 1 and 2, we obtain

9+(w1,1)<g+(w21)< .<g+(wm‘1)
<g (wlz) g( )<
<g'(wy;)<g (wys)< -

< g+(w1,n) < g+(w2,n) <

< g+(wm,2)
< g+(wm,3) (22)

- < g+(wm’n).

We also see that the order of the vertices w, ;, w, , w; ;,

w0 Wy 1> Wy o5 Wh gy Wiy« v oy Wy s W3, Wiz, Wiz, - o5 Wy 3,

Wygs o oos Wy 1y Wiy Wyys Wiy, - - W, satisfying the

aforementioned strict inequalities is independent of the

chosen ACR with |A| =|GOK,|. Thus, GOK, (n>2) is
uniformly R-antimagic.



It has been proved that Cartesian product of two or more
cycles is antimagic [7]. We further propose that GOC,, is
(uniformly) R-antimagic where G is a regular and uniformly
R-antimagic graph. In GOC,,, the labels we use are in each
subset A of real numbers with |A| = |E(G)| and the labels
used in [7, 8] are in {1,2,...,|E(G)|}. Because of the dif-
ference in labels, we have to modify the order of labelings
that are different from those in [7, 8]. We use some strategies
in the construction of labelings.

Theorem 5. Let G be a regular and uniformly R-antimagic
graph. Then, GOC, is also regular and uniformly
R-antimagic.

Proof. Since both G and C,, are regular, it is trivial that GOC,,
is regular. Now, we show that GOC,, is uniformly R-anti-
magic. By Theorem 4, GOK; is uniformly R-antimagic.
Thus, GOC; is uniformly R-antimagic. Using Theorem 4
twice, we see that (GOK,)OK, is uniformly R-antimagic.
Thus, GOC, is uniformly R-antimagic since (GOK,)OK, is
isomorphic to GOC,. We assume that n>5.

Assume that the cycle C, has vertex set V(C,) =
{vi,vy,...,v,} and the edge set E(C,) ={vv,} U{y
Violi=1,2,...,n-2}U{v,_,v,}. We use the notations for
the vertices, subgraphs, and edge sets of GOH which are
defined in Theorem 4, where H is now taken to be C,.. We see
that the edge set E(GOC,,) is the union oij (j=12,...,n)
and E\,, E;;, (j=1,2,...,n=-2), E, .

Now, we prove that GOC,, is uniformly R-antimagic.
Since G is uniformly R-antimagic, we assume that
Uy, Uy, ... U, (m=3) is the sequence of vertices of G with
the uniformly R-antimagic property. Let ACR with |A]| =
|E(GOC,)| be arbitrarily given. Define g to be an edge la-
beling of GOC,, with labels in A by the following three rules:

Rule 4. Rules of < on GOC,,.

(@) E\<E |, <E,,

(b) for j=2,3,...,n=2, E;<E; | ;,,<Ej,,

() E, <E,,,<E,,<E, (hence E <E,
<E,<E; <E;<E,,<E;<E;;<E;
<-e < En—3 < En—4,n—2 < En—Z
<E, 3, ,<E,  <E <E <E,).

Rule 5. For vy € E(C,),g(w, w;)
wy) < g (w3 jwsg) < -+ < g(Wy, jWw,,).
Rule 6. For j=1,2,...,n, we have gjg]_ (wl)j)
< gEj (w,,) < QEj (w3 ;)< < gEj (W, )-

The edge labeling g with labels in A can have Rule 6
derived from the fact that the sequence of vertices
U, Uy, . .., U, has the uniformly R-antimagic property in G
and the fact stated in Note 1.

n-2,n n-1,n

<g(w2)j

Claim 3. Forj=1,2,...
<< gt (wy,))
Check of Claim 3.
We need to show g% (w;;)<g*(w,,;) for i=12,
..,m — 1. Note that

gt (wy ;) <gt(wy;) <g'(ws))
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9" (wi) = gi‘,-(“’z:j) ) g(wiwy)
vjvleE(Cn)
. N (23)
g (wi+1,j) = gE]-(wiH,j) + Z g(wi+1,jwi+1,l)'
vjvleE(Cn)
By Rule 6, g} (wi,j) < gk (w,»ﬂ)j).
From Rule 5, we obtain that for fixed i,

i=12,....,m-1,

2 g(wwy)< )

g(wi+l,jwi+1,l)' (24)
vjvleE(Cn) vivi€E (Cn)

Thus, g* (w; ;) < g (wy,y ;). This completes the Check of
Claim 3.

Claim 4. For j=1,2,...,n-1, g*(w,, ;) <g" (wy j,1).

Check of Claim 4. We distinguish five cases: Case 3,
j=1; Case 4, j=2; Case 5, j=3,4,...,n—3; Case 6,
j=n-2;and Case 7, j=n—1.

Case 3. j=1.
We need to show that g* (w,,,) <g" (w,,). Let A =
Eg (w,,;) and A, = {wm,lwm,2 . Then,

g+(wm,1) = g(wm,lwm,3) + Z g(e) (25)

e€A UA,
Let By = Eg, (w;,) and B, = {w1,1w1,2}- Then,

g+(w1)2) = 9(“-’1,2“’1,4) + z g(e). (26)

e€B,UB,

From Rule 4, E, < E,, < E, <E, 3 < E,,.Since E, ;< E, ,,
we have

g(wm,lwm,3) < 9(“’1,2“’1,4)- (27)

Since E, <E,,<E,, A, CE,, A,,B,CE,,, B,CE,, we
have A, <B,UB,, A,<B,. Since G is regular, we have
|A,| = |B,|. Trivially, |A,| = |B,| = 1. Thus, by Lemma 1,

) 9@< ) gl (28)
e€AUA, e€B,UB,
From the aforementioned, we obtain g*(w,,,)
<gt(w,).
Case 4. j=2.

We need to show that g*(w,,,) <g* (w, 3). Note that
g+(wm,2) = ggz (wm,z) + g(wm,lwm,Z) + g(wm,ZwmA)’

g+(w1’3) = 91;3(1“1,3) + 9(“’1,1“-’1,3) + g(w1,3w1,5)'
(29)

Since E, < E; and G, and G; are regular with the same
degree, we have

gEz(wm,z) < 9E3(w1,3)- (30)

Since E,, < E, 3, we have



Journal of Mathematics

g(wm,lwm,z) < 9(“’1,1“’1,3)- (31)
Since E, 4 < E; 5, we have
g(wm,ZwmA) < 9(“’1,3“’1,5)- (32)
Thus, we obtain g* (w,,,) < g" (w;3).
Case 5. j=3,4,...,n—3.
We need to show that g (w,,, ;) <g* (wy j;,). For n =5,

we do not need to consider this case. Assume that n > 6. Note
that

g+(wm,j) = gg}.(wm,j) + g(me*Zwmrj) + g(meme*Z)’

+ o+
9 \Wijr1) = Gg,,,\Wrjr1 ) T 9\ W1,j-1W1, 1 +g(w1,j+1w1,j+3'

(33)

From Rule 4(b), we have E;<E;_, ;,; <E;,; <Ej ;,, for
2<j<n-3. Since E;<E;,; and G; and G;,, are regular
with the same degree, we have

g;rsj(wm,j) < g;rsjﬂ (wl,j+l)' (34)

Since E;, < E;_; j,;, we have
g(wm,j—Zwm,j) < g(wl,j—lwl,j+l)' (35)

Since E; j,, < Ej,; j,3, we have
g(wm,jwm,j+2) < 9(w1,j+1w1,j+3)~ (36)

Accordingly, we obtain g* (w,, ;) <g" (wy j,1).
Case 6. j=n—2.
We need to show that g* (w,,,, ,) < g* (w,,,_;). Note that
9 (Wnn2) = 95 (Wnn2) + 9( Wi s
+ G(Wr Wy )
9 (wi1) = 95 (W101) + 9(w15w1,1)

+ g(wl,n—lwl,n)'

(37)

Also note that E, ,, ,<E, ,<E, ;, <E, . Since
wm,n—4wm,n—2 € En—4,n—2’ wl,n—3wl,n—1 € En—3,n—1’ we have

g(wm,n—4wm,n—2) < g(wl,n—Swl,n—l)' (38)

Since Eg (W, ,5) €E, 5, Eg  (wy,1) SE,_;, we have
g}-;”,Z (wm,n—Z) < ggml (wl,n—l ) (39)
Furthermore, E, ,,<E, ,,, this implies

g(wm,n—Zwm,n) < g(wl,n—lwl,n)' (40)

Hence, we obtain g* (w,,,, ,) <g" (w,,_ ).

Case 7. j=n-—1.
We need to show that g* (w,,,, ;) <g* (w,,). Let A} =
E; (Wy,) and A, = {w } Then,

mn— myn—1 wm,n .

g+(wm,n—1) = g(wm,n—Swm,n—l) + Z g(e) (41)

e€AUA,
Let B, = Eg (w,,) and B, = {wl,n—lwl,n}' Then,

v
9 (wl,n) = g(wl,n—Zwl,n) + Z g(e). (42)
e€BUB,
Note that E, ;, <E, <E, ,,<E, ,, <E, From
En—3,n—1 < En—Z,n and wm,n—3wm,n—l € En—3,n—1’
wy, W, € E, ,,, we have

g(wm,n—3wm,n—l) < g(wl,n—Zwl,n)' (43)

From E, <E, ,,<E, and A CE, ,, ACE, ,,

B, CE, B,CE, ,,, wehave A] <B, UB, and A, < B,. Since

G is regular, we have [A,| = |B,|. Trivially, |A,| = |B,| = 1.
Thus, by Lemma 1,

Y 9@< ) g (44)

e€A UA, e€B,UB,

Therefore, we obtain g* (w,,,, 1) < g" (wy,,).
These complete the Check of Claim 4.
From Claims 3 and 4, we obtain

9+(w1,1) <g+(w2,1) < <g+(wm,1)

< g+(w1,2) < g+(w2,2) <see < g+(wm,2)
< g+(w1,3) < g+(w2’3) <eee < 9+(wm,3) (45)
Coee K vee & e

< g+(w1,n) < g+(w2)n) < e < g+(wm,n).

We also see that the order of the vertices w; ;, w,, ws ,
o Wi 1> Wy o5 Wyos W35 o5 Wiy o5 Wy 35 Wyzs Wiz, - .o Wy 3,
Wygs o oos Wy 1s Wiy Wyys Wiy, - .. W, satisfying the
aforementioned strict inequalities is independent of the
chosen ACR with |A| = |E(GOC,)|. Thus, GOC,, is uni-
formly R-antimagic. This completes the proof of the
theorem.
The following corollaries derive directly from Theorems
4 and 5.

Corollary 1. The graph G,0G,0---0OG,, (n>2) is uniformly
R-antimagic, where G, is regular and uniformly R-anti-
magic, and for i > 2, each G; is a complete graph of order >2 or
a cycle.

Corollary 2. The graph G,0G,0---0OG,, (n>2) is uniformly
R-antimagic, where each G; is a complete graph of order >2 or
a cycle.

Proof. Each G; is a complete graph of order >2 or
a cycle. O

Case 8. Some G; #K,.

Without loss of generality, assume G, # K,. Then, G, is
a cycle or a complete graph of order >3. By Theorems 2 and
3, G, is uniformly R-antimagic. Then, the corollary derives
from Corollary 1.



Case 9. G; =K, fori=1,2,...,n.
Since K,OK, = C,, by Theorem 2, G,0G, is uniformly
R-antimagic. Again, the corollary derives from Corollary 1.
Note that the hypercube Q, is isomorphic to
G,0G,0---0G,,, where each G; = K, fori = 1,2,...,n. The
following corollary derives from Corollary 2.

Corollary 3. Hypercube Q,, (n>2) is uniformly R-antimagic.

4. Conclusions

In this paper, we propose the notion of R-antimagic graph.
This is a generalization of R™-antimagic graph. Every
R-antimagic graph is R*-antimagic, and every R"-antimagic
is antimagic. Not all R*-antimagic graphs (e.g., stars and
P,, n=3,4,5) are R-antimagic.

In Section 2, we show that wheels, cycles, and complete
graphs of order >3 are R-antimagic. Let G be a complete
graph (except K,) or a cycle with V(G) = {u,u,,...,u,}.
We have found that all the vertices of G can be listed as
Uy, Uy, ..., u, such that for every ACR with |[A| = |[E(G)|,
there is an edge labeling f of G with labels in A such that
fr(u) < fH(uy) < --- < f*(u,). The property we call uni-
formly R-antimagic property is independent of the choice of
the subset A of R. We have found some graphs with uni-
formly R-antimagic property.

We use labelings modified from those in [7, 8] and make
them more systematic in this paper. The proofs in this paper
provide efficient algorithms for finding edge labelings of
Cartesian products of cycles and complete graphs. Our
contribution is to quickly find the edge labelings of Cartesian
products of cycles and complete graphs through the algo-
rithms we constructed. It has been proved the Cartesian
products G,0G,0---0G, (n>2) of G;, G,, ..., G, are
(uniformly) R-antimagic if each G; is either a complete
graph (except K,) or a cycle in Section 3.

We construct some classes of uniformly R-antimagic
graphs through Cartesian products. Some join graphs which
are antimagic have been proved in [13, 14]. In [13], they use
the way of listing edges in [9] to show that a class of join
graphs are antimagic. It makes the method of labelings in
this paper more plausible.

We end this paper with the following observation: every
R*-antimagic graph is also R-antimagic if the graph is
regular. In further studies, we will propose R-antimagicness
of more regular graphs (e.g., Petersen graph). Also, we will
generalize the research results in this paper in the proposals
of Cartesian product of some other regular graphs.
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