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ABSTRACT

In a previous paper we studied the Kepler problem for the extended Synge’s 2-body problem of
classical electrodynamics. We have used the radiation terms introduced in our previous papers and
prove an existence—uniqueness of a periodic orbit in polar coordinates which confirmed the Bohr's
hypothesis of the existence of the stationary states in the frame of classical electrodynamics. Our
main aim here is to show the existence of trajectories of transition of the particle orbiting the
nucleus from one stationary state to another excited state. We also prove the existence of escape
trajectories. This is made by a choice of suitable function space and applying fixed point method.

Keywords: Periodic; transition and escape trajectories; 3D-Kepler problem; 2-body problem of
classical electrodynamics; radiation term; fixed point method.

1. INTRODUCTION framework of classical electrodynamics. It is

based on the results of V. Pauli [2], who derived
In [1] J.L. Synge proposed a model of the the relativistic form of the Lienard-Wiechert
interaction of two charged particles within the retarded potentials. The Synge's equations of

*Corresponding author: E-mail: angelov@mgu.bg;

Phys. Sci. Int. J., vol. 27, no. 4, pp. 31-72, 2023



Angelov; Phys. Sci. Int. J., vol. 27, no. 4, pp. 31-72, 2023; Article no.PS1J.105168

motion describe the interaction between two
particles by accounting for the finite speed of
light propagation. This leads to the necessity of
using retarded potentials.

The formulation of differential equations with
delays was given by R. Driver [3]. The delays are
not of the previously known type but depend on
the unknown trajectories. They are now called
state-dependent delays. Let us note that the
Synge's approach describing the interaction is
different from the conventional one, where one
considers free fields, then includes the
interaction (via the S-matrix), and then again has
free fields (cf. for instance [4], [5]). In [6], [7] we
have considered the existence of solution for the
Kepler (plane) orbits of the 2-body problem.
Since the most natural way to consider two
particles in electrodynamics is in a reference
frame external to them, we have investigated this
problem in [8-10]. We have proved the existence-
uniqueness of a periodic solution (orbit). Our
research is based on the extended Synge’s
equations, which we introduced by using the
generalized, but relativistic invariant, the Dirac
radiation term [11]. On the other hand, the Kepler

problem cannot be ignored, because it is the
same problem, only formally mathematically in a
different formulation. That is why, in [12] we have
considered the 3D-Kepler problem with radiation
terms and proved an existence of periodic
solution. In the present paper we improve the
results from [12] simplifying radiation terms which
look like their Lorentz form. Here we also prove
the existence-uniqueness of periodic solutions,
including the hitherto neglected group of
equations whose arguments lie to the left of the
initial one.

The existence of transition trajectories for the
plane Kepler problem are obtained in [13]. Here
we prove the existence of transition trajectories
from the ground state to an excited state and
vice versa in the real 3D-case. We also present
conditions for the existence of escape
trajectories. In this manner we obtain conditions
for the existence of all possible cases of behavior
of both particles in 3D-Kepler formulation.

Qualitative characteristics of the solution are
obtained by appropriate choice of the function
spaces and using the fixed-point method [14].

We recall the basic facts and denotations from [8-10]. The system of equations of motion with
radiation terms in the Minkowski space consists of eight equations:

1
di” _ e (O 20 + F0m20)
dSl mlcz rs S rs S ' 1
d2A? & (w0 ., o, W
ds =m CZ(Frs j's +Frs ﬂ“s ):(I’=1,2,3,4)
2 2
with Einstein summation convention. We recall the usually accepted denotations: <.,.>4 is the dot

product in the Minkowski space, e;,e, are charges of the particles, m;,m, - their masses, C— the
vacuum speed of the light, F{”(p=12) — the elements of the electromagnetic tensors,
F(»™(p=12) — the corresponding elements of the radiation terms, A”(p=1,2) — the unit tangent

vectors to the world lines.

In the previous papers we have proved that every fourth equation is a consequence of the first three
ones. In this way, after some transformation, we reach the system:

dul(l) ) N (Cz _ul(l)ul(l) Xel(lz) e l(l)rad )_ ul(l)uz(l) (G§12) +G£l)rad)_ul(l)u3(l) (G3(12) +G§1)rad)

dt  ¢? A2 ’
duz(l) B Az1 B uz(l)ul(l) (G 1(12) +G 1(l)rad ) N (02 B uz(l)uz(l) XG 512) + Gél)rad )_ uz(l)us(l) (G §12) +G 3(1)rad) ,
4 ! @
t c A
dug(l) ) A21 B ug(l)ul(l) (G l(12) 4G 1(1) rad )_ u3(1)u2(1) (G 512) 4G él) rad ) N (Cz _ u3(1)u3(1) XG 3(12) +G 3(1)rad )
dt ¢? A2 '
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dul(z) ) A_zz (Cz 3 ul(z)ul(z) XG @), grad )_ ul(z)u?_(z) (G @ | grad )_ U1(2)U3(2) (G 3(21) 4G 3(2)rad)

2

dt c

duz(z) ) R _u2(2)u1(2)(G1(21)+Gl(2)rad)+(cz_UZ(Z)UZ(Z)XG§21)+G§2)rad)_uz(Z)us(Z)(G§21)+G§2)rad)

5 :
Ap

2

dt c

. @
A%

du,? 8 _u3(2)u1(2)(G1(21)+G1(2)rad)_US(Z)UZ(Z)(G§21)+G§2)radb§21)+(02_u3(2)u3(2)XG§21)_I_Ga(Z)rad)

2

dt I

2
AZ

where 0P (t) = (ul(l) (), uz(l) (1), u3(l) (t)) i) = (ul(z) (t),uz(z) (1), u3(2) (t)) are the unknown velocities of the

moving charged patrticles. By angular brackets we denote <é,5> =a,b, +a,b, +azb; the dot product in

3-dimensional Eucleadian subspace of the Minkowski space. The relativistic factors are:

A== (I 0,09 0) 1, = [ - ([T° (0,07 0) ,

Mgy =62 ~ (0D (t-23), 0Pt~ 115)) 1 Agy = [6? = (1Dt~ 7). TO(t - 139))

The isotropic 4-vectors & = (£, &%, £ icz ), (£, &%) =0,

E(Pq) — (él(pq),gz(m),é(m)): (Xl(p)(t)— Xl(q)(t _qu), Xép) (t)—ng) (t _qu)’ Xép) (t) _ Xéq) (t _qu)) —

— X(D) (t) _ X’(q) (t _ qu)

yield the functional equations for the delays z,, (pg) = (12),(21):

CTyy = <§(pq)’g(pq)> _ \/<)~(>(p) (t) - K@ (t _qu)’ )?(p)(t) _ X(q)(t ~7, > ([8] - [10]).

So, the system (2) - (3) is a neutral type one with
respect to the unknown velocities. The delays
T, » (PA)=(12),(21) depend on the unknown

trajectories.

This paper consists of two sections and an
Appendix. The first section is Introduction, where
we give the basic formulation of the 2-body
problem in Cartesian coordinates obtained in
previous paper [8]. Section 2 consists of 10
subsections and includes the main results. First,
we formulate the 3D-Kepler problem in Cartesian
coordinates in subsection 2.1 and then in
subsection 2.2 we introduce spherical
coordinates and derive the Initial equations in
final form (cf. (7)). This form will be considered
on the interval [-T,0] because the arguments of

the unknown trajectories (velocities) take values

at this interval. We note that T is the period of
the solution. That is why we call the first group
(2) Initial equations, while the second one (3) —
Basic equations. In the second group of
equations (3), the arguments of the unknown

33

velocities are t €[0,) . In fact, what they have in

common is the initial point 0. We first solve the
Initial system on the initial interval [-T,0] and

then solve the Basic system on the interval [0, )

as the initial conditions of the Basic system,
should be the value of the solution of the first
system at t=0. In subsection 2.3 we derive the
explicit form of the Basic equation in spherical
coordinates. Subsection 2.4 is devoted to the
derivation of the radiation terms in spherical
coordinates. In subsection 2.5 an existence-
uniqueness of solution of periodic boundary
value problem for the Initial system is proved. In
subsection 2.6 we formulate the periodic problem
for the Basic system and in subsection 2.7 we
obtain an existence-uniqueness theorem for this
system. In subsection 2.8 we obtain transition
trajectories and in subsection 2.9 we obtain an
existence-uniqueness theorem for the Basic
system. Finally, in subsection 2.10 we
obtain existence-unigueness escape
trajectories.

of
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2. RESULTS AND DISCUSSION
2.1 The 3D-Kepler Problem

In this section we consider the above problem but, in a 3D-Kepler formulation. This leads to different
type equations and the delays manifest themselves in another form. In accordance with the 3D-Kepler
formulation of the 2-body problem the first particle P: is fixed at the origin 0(0,0,0), that is,

R (><1(l) ©=0,x"(1)=0,x"(t)= 0), t € (—o0,00) which implies:

Wt =0,ud =0, uy=0; Wty =0, ud(t)=0, Uty =0 . @)

Then the space part of the isotropic vectors <§(”‘”,§(”‘“>4 =0, (pq) =(12),(21) take the form:
& = (51(12) &, &8 ) (P (t=7,), =X? (t—17,), =X? (t—73,)) =—XZ(t - 173,) ,
£ =(&7.6.67) = 70, %7, X7 ) and A, =c A, =c.

Since the coordinates of the first particle are 0, we omit the superscripts of the second particle,
namely X=x?,0=0"?. We recall the assumption (C): /(i (t),u(t)) <t <c. Then the value of the

Sommerfeld fine structure constant becomes p°=t®/c®=1/137"~0 and consequently
(u,u)/c? =1/137* ~0 . We follow denotations from [8] - [10]:

S
c <§(12) 5(12)> < 12):U(2)> Corp +(X(t—1,),U(t—17,,)) sz'pq +(X,0) _ Fra +<X’CZ> o1:
C\/<§ 12) (12)> < @ G c? Th Czrpq Tog ’
o EE ) e L
21 C\/<92(21) 6e(21)> < HONE > X(t) u(t)) - _<7( U> '

s d;,_<>> b (£t -)) AL + ({9, u(t—17,)) - cru)(u(t—ru),d(t—ru))z

<>?,G>Af2 +(c*zy, +<X,G>)<U,G> . Tra +<7<:;> <X’G>C2 +c (an +<X;>j<ﬁa> N

W GO\ (Fe) G0 _ 2
M1=1+<§(21) dLm> ~1+ €7y + (X(t —7,,), Ut~ 712)>{<§ AV) (E%.0%)-c T21<U(1)llj(1’>J=l;
4

+
2 2 4
CT, A5 As,

s _eeh| o (E09)=c)8 8 ({6907 ) ¢, Ju,®
= 12 (<5(12) Y U(Z) > 7C2712 )3 —

A2 <G(l’,ﬁ(2)>§a‘“’+(<J(D,G(2)> c )< i@ u(2)>§ (12) (<§(12) u<1>> c2 z)(Afoa(z)JrUa(z) <G<2),G(z)>)}

) -ca)
_eeA c* (z,l0, —X,) ‘[120 u, +(x, +7,U, g ' > (@ =12,3);
m |c? (CZTIZ+<)7,U>) c (C T+ <X U>)
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@ G0\ _ a2y @ 2@ G@\_ 2 ®
0ty ~((u®,u®)=¢")x, @ +(-(x0.0%) ez, u,
c’m, (—<X’(2’ U“’>—czr )3
1 21

2 <U(2’ ’ lj(l)>§a(21) _ (<G(2’,G(” > _ cz)<U(1’,li(” > x,@ - (_<g(2) ] U‘2)> ~c’r,, )(czua(” +u,® <U<1) ] lj(1>>)

¢ (~(x@,u?) -z, ) )

(21 _
Ga

2

=88 X ,-123).
m202'21

Principal remark 1. We notice that in the 3D Kepler formulation of the system (2) - (3) split into two
different groups. The first group (2) contains unknown functions with retarded argument
t—1,(t) e[-T,0], while the second one (3) contains unknown functions with argument t<[0,) . Both

intervals have a common point, namely 0. The first group we call Initial equations while the second
group — Basic equations. In this way we obtain two groups equations without delays, The delay
caused by finite velocity of the propagation of interaction manifest in the fact that the first group of

equations should be considered on interval [-T,0], and second group — on the next interval [0, ).

2.2 Initial Equations
The first group equations (2) take the form

G]le) +G1(1)rad =0, 62(12) +G2(1)rad =0, G?Elz) +Gél)rad =O.

But the particle P, is fixed (at the origin) which implies G’™ =0(a =1,2,3) and then (2) become
G™ =0,G{?=0,GM =0.

We notice that assumption (C) implies

AL >c?-C*=c*(1-4%)>0 and c’r, + <>?(2) ,U‘”) >c?r,, —Cr,C =7,6(c—C)>0.

12 _

Therefore G~ =0 becomes

Lo 2. o
c (T u —x ) o —<U,U>X —7,,C°U, —7,,U, <U,U>
12—“‘”3+(c2112+<x,u>) =0

¢’ (Cz'ﬁz +<X'H>) ¢ (C iz <X U>)3

or
c*(zU, —X,)—(C’r, +(X, U))(ruc u, +(x, + 7., )<l] G>):O.

But c’r,, +(X,0)~c?| 7, + %2 )|~ctz, because - {d. lj><£<<U’U>:Ezo

12 ! 12 ’CZ 12 Cz - C2 - CZ CZ )

Therefore (2) takes the form:
7,C°U, +(X + 73U, < : > D CHTES ST
7,0, + (X, +73,U, < , > (z,U, —X%,) 7,

2.
73,70y + (X + 73Uy < ' > C* (zU; = %)/ 73, -

Since <H,G> =u,U, +u,U, +u,U, , we rewrite the last system in the form:
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(CZTQ + XU + leulz)ul + (XU, + 73U U, U, + (XU + 735Uy Uy Uy = c? (Tl = %)/ 7,
(X,Uy + 73,y U, YUy + (€775, + XoUy + 73U, WUy + (XoUs + 73,UnUg g = €% (7,U, — X, ) / 7,

(XgUy + 73Uy Ug JUy + (XU, +7;,U,U ), + (szlz +XUs + T1zu32)us =c? (712Us = X5) [ 7

We solve it with respect to u,,u,,u,. Indeed, since c’z, +(X,0) ~c’z, , then

2 2
C7y, + XU, +73,U, XU, +7,U,U, XUg + 73,UjUg
S=| XU +rouu, C2rp, + XU, + 7p,U,° XUy + 70U, | =
XU, + 7,,U, U, XU, + 75U, €1y, + XU + 7,U5°

= C*7,7(CP7y, + XaUy + T,Us” + XU, + 7,Uy% + XU, + 7,,U,7) =

=¢'7,,(CPry, + 7, (U, ) + (X, U)) = ¢’cr,? [112 + 7y, (0.0) + <>22u>] ~c'r,’ (sz'12 + <)?,U>) ~c’r,’ >0;

o2
o [Tk =% XU, + 735U, U, XUg + 735U Ug
— 2 2 —
Oy =—|tpl, =%, C77yy + XU, + 73,y XUy + 7UUy | =
2| 7,Uy — X, XU, + 7p,U, U, %1y, + XUy + 75U,

= CG'[12 (72U — %) + 204'[12U3(X3U1 = XU;) + 2c4112u2(x2u1 —XU,) =

2 2
uu u uu u
_ b 143 3 142 2 b .
=0 Ty (Tl = X) + 27| Xa =5 — X 5+ X =5 — X —5 | [ R C T, (Tl — X)),
Cc C C C
2 2
2 CoTp XU + 75U Tyl =X XjUs + 73,U Uy
6 .
6, = . XUy + 735U, U,y TppUy =%, XoUs +TpUpUy | = €773, (735U, —X,)
12 2 2
XU, +7,U,U; TyoUs =X €77y + XUy + 75U,
2 2
& C™7y, + XUy + 735Uy XU, +7,Ui Uy Tyl =%
2 2 6
0= T XUy + 735U, Uy CTy + XUy + 73Uy Tyl — X |2 07, (35U — %)
12
XUy + 735Uy Us XqU, + 735U, Ug TyoUs — X5
Then we obtain Initial equations:
C_o T X Tl — X Tl — X
U, = 7 U = 2 Ug = 2 . (5)
g7 T2 T2

We look for a solution on the initial set for t e[-T,0], where T is the period of the solution. Indeed,
we notice that all arguments of unknown function are retarded ones t—7,,, that is, i =0®(t-1z,).
Therefore, we must look for a solution on the initial set, that is, for t—z,(t) €[z,;0], where
7, =min{t —7,,(t) :t €[0,T]}. Since t-7,(t) is increasing function because 1-dz,(t)/dt >0, we have
proved that if the trajectories are T-periodic then 7,(t) is T-periodic, too. It follows
-T-7,(-T)<0-7,(0) &-T-17,(0)<—7,(0) = 7,(0) <T —17,(0) and then
0-7,0)<t—7,(t)<T -7,(T)=T —17,(0)=0.

Consequently T <t—7,(t) <0 which means 7, =-T and put t—7,(t)=6[-T,0]. So the argument
of the unknown functions U =U0(¢) belongsto 6 <[-T,0].

We pass to the spherical coordinates, that is, the second particle P, is located at the point:
X, (0) = p(0) cos p(8) cos A(0); x,(6) = p(8)sin p(8) cos A(8); X;(6) = p(6)sin 1(0)

p(6)>0; p(6) = 0; A(6) e{—%+5,%—5},0<§<%
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and then the velocities and accelerations are:

U, (8) = pCospcos A — p@sin pcos A — picos gsin A
U, (@) = psin cos A + p@cos pcos A — pisingsin 4,
U,(0) = psin A + p Acos A

where p=dp/df and

U, = pCOS@COS A — p@sinpcos A — pAcosgsin A —

—2p¢Sin pCOS A — 2 pA COS pSiN A + 2p@Asin gsin A — pg?® cos ¢ cos A — pA® cospcos A

U, = /SiN@COS A + pPhcos pcos A — plsingsin A +

+2COS 9 COS A — 2 pAsin psin A — 2 ppA cos psin A — pg? sin g cos A — pA? singcos A

U, = psin A+ plcosA+2pAcosA—pA?sind. (6)
X= (%%, %), U=(U,Up,Us) ;7 = p/ C, (X,U) = pp, (U, U) = p° + p°¢” cos” 2+ p?A%; (U,G) = ppp + ppg° + p°65 ,
(u,u)/c*~0.

Then (5) take the form:
0 —c HCOSPCOSA — pPsinpCosL— pAcospsin Al —ccospcosd N c?cospcos A
= ~—
P P

(plc)u,—x, B Cpsin @COS A+ pHCoSpCos A — pAsinpsin A —csingpcos A N c’sinpcosA Q
272 = =~
plc p p

=Q,

2

3

(plc)u;—x, _Cpsin/1+p/icosl—csin/1 _ cisind _

p’lc? p p O

In view of (6) we introduce denotations:

P = 2p¢sin ¢ cos A + 254 c0s psin A — 2p@pAsin gsin A + pg?® cos@cos A + pA? cospcos A ;
P, = =2 C0S COS A + 2pA.SiN ¢SiN A+ 2 p@A cos psin A + pg’ sin pcos A + pA” sinpcos A ;
P, =-2pAicos A+ pA’sin .

Then from (5) we obtain:

HCOS@Cos A —ppsingpcos A—Apcosgsin =R +Q
SN PCos A+ pipcospcos A — pAsingsin A =P, +Q,;
psind+picosl=P+Q,.

To solve the last system with respect to pg)/l we calculate:
CoS@pCcosA —psSinpcosA —pcosesin A

A=[sinpcosA pcospcosd —psingsini|=p°cosi;
sin A 0 pPCOSA
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BR+Q -sing —cosesini
A, =p°CcosA|P,+Q, cosp —singsini|=
P, +Q, 0 cosA
= p?cos A[ (P, +Q,)cospcos A+ (P, +Q,)sinpcos A +(P, +Q,)sin 1] ;
cospcosA B +Q —cosgsind
A, =p|’sinpcosi P+Q, —singsini|=p[(P,+Q,)cosp—(P+Q)sing]
sini RB+Q, cos A
cospcosd —sing B +Q
A, = pcosl|singcosi cose PR, +Q,|=
sin A 0 P+Q,
= pcos A[ (P, +Q;)cos A — (P, +Q,)singsin A — (P, +Q )cospsin 4 |.

But
P, cos¢cos A + P, sinpcos A + P, sin 1 = pg” cos® 1+ pA®;
P,cosp— PR sing=2ppAisin A —2ppcos i ;
P, cos A — P, singsin 1 — P, cos gsin A = —2p4 — p@” sin 1cos 4 ;
Q,cospcos A +Q,sinpcosA+Q,sini=-c*/p; Q,co050—Q Sinp=0;
Q;cosA—Q,singsin A —Q, cosgpsin A =0

and then

2
2008 | pg? cos? A+ pit - & . N
p P P p). . p(2p¢/13in/1—2p¢cos/l) i pcosi(—Zp/l—pgoz smxlcosﬂ)

e p?cosd

Ib:

pPcos pPcosd

Consequently, the Initial equations take the form:

2

2p¢ 5 _ 24+ pg? sinAcos A

5= pp?cos? A+ pit -S| G =2¢itga— @
P P
We solve (7) on the initial interval [-T,0].
2.3 Equations in Spherical Coordinates
After substituting (6) in (3) we obtain
B - . : ee,A, c’cospcosA—u?p & i®
P COS@COSA—@psingcosd—Apcospsind =P + &22032 4 p ! p_mzzczAl_z;
HSiN@Cos A+ @pcospcos A — Apsingsin A =P, + 88,4, ¢ sin (pCOSZ/l ~uOp g i (8)

3 2 ’
m,C P m,c® A,

2 o 2) - 2+ (2)
88A, —C°sind+u"p ¢ U

3 2

psind+Apcosi=P, - -2
m,C P m,c? A,
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To solve (8) with respect to p, (p/l we calculate

cos@pcosA —psingcosA —pcosesin A

A=[sinpcosA pcospcosi —psingsini|=p°cosi>0 for p>p, >0, ﬂ\s%—5<%.
sin 4 0 pCOSA
To simplify system (8) we denote by
B _ &84, c’cospcosA-uPp & i B &84, c’sinpcosA-u,"p & il
Yomc? P’ mec® A, "7 mc? P’ m,c® A,
B - &84, c’sina-u?p ﬁ
°mc’ P’ m,c® A,
Then system (8) can be rewritten in a compact form:
HCOS@CoS A —@psinpcos A —Apcospsin A =P, +B;
Dsingcos A+ cospcos L — Apsingsin 1 =P, + B,; 9)

psinA+JApcosi="P,+B,.
Applying the Cramer’s formulas we obtain:

p=ATA=(B+B)cospcosi+ (P, +B,)singpcos i+ (P, +B;)sinA,
=AM,/ A=[(P,+B,)cosp—(P,+B)sing]/ pcos A ,
A=A, A=[-(P+B)cosgsini—(P,+B,)sinpsin 1+ (P, +B,)cos ]/ p.

Consequently

p =P, cospcosid+P,singcosi+Psin A+ B cospcosA+B,singcosA+B,sind;
P P,cosp—P,sing+B,cosgp—B sing
pCOS A ’

F —P, cosgsin A — P, singsin A + P, cos A — B, cos psin A — B, sinpsin 1+ B, cos/l.

Y2

(10

To simplify the right-hand sides of the last equations we calculate

P, cos cos A + P, sin pcos A + P, sin 1 = pg® cos® A + pA?,
P, cosp— P, sing =-2p@cos A +2p@isin A,

L2 .
—P, cos psin 1 — P, sin gsin A + P, cos A :—2/)/1'—&2'“2/1.

Then (10) becomes:

D= p@’ cos’ A+ pA® + B, cospcos A + B, singcos A+ B,sin 4 ;

5 “2PPCOSA 2ppAsin A . Bycosp-Bysing .
pCoSA pCoSA pCosSA

_2pﬂL 3 PH*sin 24 N —B, cospsin A —B, singsin 4 + B, cos/i'
p 2p p

(11)

ﬂ'j:
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But, since

c?—u®pcospcos A —u,?psinpcos A —u,? psin A =c? - p°;
u,? psing —u,? pcosp = —pppcos i ;

u,® cosgsin A +u,? singpsin A —u,? cos A =— pi

we obtain:

B, cos@cos A+ B, singcosA+B,sinA =

_ee,A, ¢ —u?pcospcos i —u,? psinpcos A —u,? psin A

m2c3 0
¢ U cospcosA+U singpcos A+ sin A
. -
m,c A,
_e8A, ¢ —p" ¢ U? cospeos A+Uy” singcos A+ sin A
mc®  p®  mc’ A, ’
: e,A, u,? psing—u,? pcos e i? sing—ii? cos
BZCOS¢)—BlS|n(D=e123Z L psing 2 pLose 2 % P U P _
m,c P m,c A,
ee A .. 1 2 (2) i (2
__8&A, pppeosi e i sinp—ii;” cosgp
- 3 2 2
m,C P m,C A,

—B, cospsinA—B,singsin A+ B, cosA =
e, u®peosgsin A+u,? psingsin A —u,? peos 4 .

m,c? 0’

2 i@ i i@ sin osi nel
L@ U cos psin A +U;” sinpsin A —Uj, cosi:
m,c? A,

L egA, —p/i+ e U? cosgsin 1+ U sin gsin A — i cos A

m,c® p?  m,c? A,

Then (11) becomes:

ee,A, ¢’ —p* ¢ U cospcos+ U singcos A+ sin 4

D= pp?cos? A+ pi? +

mc®  p° mc’ A,
s ~2PPCosh 2¢Asin A L1 [ eeA, pppcosd e i?singp—ii? cosp (12)
pCOS A cosA  pcosAl mct p° m,c’ A, '

P 2pA _ pg’sin2 +£( ee,A, p_/i+ e Ui? cosgsin 1+ 0 sin gsin A - i? cos/lj

P 2p P m2c3 pz m2C2 A,

2.4 Final Form of the Basic Equations

To make the last step in the derivations of the equations of motion we derive the explicit form of the
radiation term in spherical coordinates. Indeed, since

pO+7) = p(0), p(O+7) = p(0) , p(0+7) = p(0) , p(O+7) = p(0) , A(O+7) = A(0) , A(O+7) ~ A(6)

and using the Schwartz derivative we obtain

U (@+7)-0(0-1) pO+7)-p0-7) €0 C0S 1 - $O+1)-d(0-7) SN pCS— AO+7)-A(0-7)
2t 27 2t 2t

~ JCOS@COSA—@Hpsinpcos A — Apcospsin A ;

PCOSESINA ~
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U,(0+7)—U,(0-7) z,5(6’+r)—,5(9—r)sinwcosm¢5(6v+r)—¢(9—r)pcowcosﬂb_2’(9+T)—2'(9—r)
2r 27 27 2r

~ FsinpCos A+ {Hpcospcos A — Apsingsin A;

U;(0+7)-Us(0-1) N j5(9+r)—ﬁ(9—r)sin/,i+l(€+r)—)f(9—r)
27 27 2r

psingsind =

pCOSA =~ psinA+Apcosi.

Therefore

i® ~ j cos g cos A — @psin ¢ cos A — Apcos psin 4
U ~ jsin @ cos A + {#p cos ¢ cos A — Apsin psin 4
U? ~ psin 1+ Apcos i

and therefore (U,U) = g + p’gpi cos® A+ p*Ad .
Then the radiation terms of (12) take the form
i® cospcos A + U singcos A + 0P sin A = p
i® sin @ — i cosp = —@pcos A,

i® cos psin A + U sin psin A -G cos A = —Ap.

Considering A, = ¢ (12) becomes:

2 -2 2
P =pep®cos’ L+ pi?+ eleZZC Zp - ezap",
mec®  p m,C
. 2p¢ L e, Pg e ..
G=—LL s 2pitgr- 22 LD _ G 4 (13)
el m,c? p> myc

_—Zp/i_¢zsin2/1+ ee, PA ¢ 5

A=
P 2 m,c® p> m,c?

Remark 2. For =0 we obtain the two-dimensional case without radiation terms

€%, Cz_pz ¢=_2,@¢_ i %
mc®  p’ p  mc p’

p=pg'+

derived in [6], [7].
2.5 Existence-Uniqueness

Here we again denote by t=6 and present the above system in an equivalent form setting
r(t) = p(t), 4(t) = (1), 7(t) = AD):
2 . 2 i
t= pgtcost it pift ~ S =G, p=2pntga-2L =g, , =211 _$SN2L_q (14)
p P

Assumption (C) in spherical coordinates has the form:

P+ pPAt+ p*¢ cos’ A<T? < =|r|<T |pn|<CT,|pglsT <.
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By C,”[-T,0] we denote the set of all infinitely differentiable functions, satisfying the condition
r(-T)=r(0)=0. Introduce the following sets:

M, :{r e C [T, 01 r™ (1) < @"Rye“™; r(-T) =1 (0) =0; i r(s)ds :o} ,

(m) t _(m) t
d<m)(r,r)=su|o{r 0T g :te[—T,O]} (M=0L2...);
[

={¢ecT°°[—T,O]:¢<"‘>(t)<a>”cl>oe*'“*”. HT)=4(0) =4, | ¢(s)ds=T¢o},

M () _ Fm
ey (9:0) = SUP{ we‘““”’ tte [—T,O]} (m=0.12,..);
9

0 t
M, = {n eCo[-T,01n™ ()] < @ Ae““™; p(=T) =1(0) = 0; j n(s)ds =0; j n(s)ds
-7 -T

<Z_st,
2

™ ) -7 )

a)m

dey (17,77) =sup{ R = [—T,O]} (m=0,12,..),

where 0<§ <% , u>0>0 are strictly positive constants, r'™ means the m -derivative of r and

rO@w=r(t).

The set M, xM,xM, turns out in a uniform space by introducing a countable family of pseudo-metrics
(cf. [14]): d,, ((r.4.7),(F.6,77)) =d(, (r,T) +d ) (4.6) +d ) (7,77) . Here the index setis A={0,12,.}.

We define an operator B=(B,,B¢,B,7) acting on the function space M, xM, xM,:

B0 [ (5405 (ﬂ—lj [ 6.8~ [ [ 6, (s .t <1701

-T-T
0

B, (1,4 7)(0):=, + j G, (1, gr)(s)ds - (“T 1)] Gy (ri s~ | [ G (r.m(e)dsdp, <[-T,0]

50
0

B, (r. 4. 7)(0):= je,,(r¢n)(s)ds (”T 1][6 (r©ds—2 | [ 6, g(isch .t <[-T,0].

T-T

Lemma 1. For some ne N the following inequalities are valid for t e[-T,0] :

|r(t)| Roe/:(uT) |r(1) (t)| wRoe,u(HT) |r(2) (t)| = w R e,,(m)
In(t)] < #—A L4 |77(1) (t)| < —a)A (T |,7(2) (t)| DA
|¢(t)| < ¢0 el‘(‘”) |¢(1) (t)| C()(I) e;/(t+T) |¢(2) (t)| Z(I) e#(HT)

n

= w = s s
d(o)(r,r)g?d(m)(r,r) (S)(r“ ) <o #_d(ms)( r).(s=12..),

(0) (¢ ¢) < Z (n) (¢ ¢) CI(5,) (¢(S) ' 5(5)) < ws % d(n+s) <¢(n+3) ' 5(”*5)) ' (S = 11 21 ) ’
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n

— w — s) =(s sa)n n+s —n+s
dm)(n,n)s?d(n)(n,n): dy @, 7)< F%s)(( L) (s=12,..).

Proof: For the first Bohr orbit T~10° and then for sufficiently large x>0 and uT =const.>0we
obtain

r®) =

j r“)(tl)dtl‘

J

T

Y t Yoot
(I’l+ | r‘z)(tz)dtz}dtl =.= J(q+ [-] r‘“)(tn)dtn...dtll <
-T -T T T

r T T " "
<1 ey(HT) 4. 4L —1 e;/(HT) + R ey(HT) <2 euT ¥+ - eyT +_n Roey(HT) ~ — Roey(HT)

e U u' e VI
6] =y + | ¢“><t1)dt1‘=¢o+ | {wjr@)(tz)dtz]dn =g + j (¢1+ [- j r®(t,)dt,. dn]

a)n

n
[
<d + e +...+—¢”n*11 e+ — e < ¢ chory  Iagn +— @ &
U

,U - n-1

n
(4]
~ ¢0 + F(Doe'u(tﬂ-).

In a similar way we obtain |77(t)| A e’ |77“)(t)| a)A e™" . and so on for the higher

derivatives. The inequalities for pseudo -metrics are stralghtforward, which completes the proof of
Lemma 1.

Corollary 1.
de (1 gm). (F.8,7)) < z— o (1. 6.0).(F.8.7)), (15)
A (1. 4.7), (F.5,77)) < z— Qi (1, 6.7), (F.5,7))

Lemma 2. The distance between particles p(t) satisfies the inequalities 0< p,;, < p(t) < P -
Proof: Let p,=p(-T)>0 be the distance between particles at t=-T . Then for sufficiently large
4>0 and uTl =const.>0 we have for t [-T,0]:

t t L(t+T) uT
1(S+ € _1 e _1
pt)=p, - _[ |r(5)|d52po _RoJ‘e!( Dds = p, _ROTZIDO -R = Pin >0
-7 -7
t t ur
. . . 1(s+T) —1 _

In a similar way we infer p(t) < p, + R, j [r(s)lds < p, + R, J' e’ ds < p, + R, = P -

T -T
. -1 o —
Finally, we must check that p.;, < prx < 2o — Ro <py+R, < e -1>0(-T<0).

Lemma 2 is thus proved.

Lemma 3 (Main Lemma I) The system (14) has a solution iff the operator

B =(B,(r,$,7),B,(r 4,7), B,(r,4,1): M, xM, xM, > M, xM, xM,
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has a fixed point.
Proof: After integration of (14) in view of r(-T)=0 and 7n(-T)=0 we obtain

t t t

()= | G.(rdms), gt)=dy+ [ G,(r.gn)s)ds, nt)=[ G,(r,4,m)(s)ds .
Letus put t=0. Then
0=r(0)= [ G,(r.gmds = [G,(rgmds =0, §(0)=¢,+ [ G,(r.gmds = [ G,(r.4,m)ds =0,

0=7(0)= [ G,(r.¢.n)ds = [ G, (r,g,m)ds =0.

Therefore,
(0 = | G,(r.p)ds < 1) = | G, (r.gun)ds —[ﬂ——j [ & gms)s |
9(0) = 4, +]TG¢(r,¢,n>ds S 0= 4, +jTG¢(r,¢, n)ds —[ﬂ—ij [ G,(r.g.m(s)s (16)
") - j G, (r.d.m)ds < n(t) =]TG,,(r,¢,n)ds —[ﬂ——j [ 6,8 m))ds

0

Changing the order of integration and considering that r(0)=r(-T)=0 and _|' r(s)ds=0 we have
-T

0 dr(s

_[ J.Gr(r @,n)(s)dsdp = I 0 S G (r,¢,1)(s)ds = J‘S ( )ds_

T-T
0

:—j sdr(s)=-0.r(0)-T. r(—T)+I r(s)ds = 0.

o1

Consequently (16) can be written in the form:
r(t) = IG (1. g.m)ds —(”T lj [& 0.4 n)(s)ds——j jG (r.d.m)()dsdp |

thatis, r=B.(r,¢,7) .

In a similar way one obtains:

$0=4+ ] &,(r.mds —[ﬂ—ij [ G,(r g.m)()ds - H SRR
7= [, (5.4 —(ﬂ——] 6, me)ds- [ Jo,r.gmastn

We have shown that the solution (r,¢,7) of (14) is a fixed point of the operator equation:
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(r.¢.1) = (B.(r.4,7),B,(r.¢,7), B, (r.4.77)) .
Conversely, let (r,4,7) e M, xM,xM, be afixed point of B . Then

N0=IGAh¢ﬂNS—GiI——)IG(r¢nX9$——fIG(r¢mwmwp

for t =-T gives

JeramEds— [ [ (ram@deds =

-T-T

rGJ):IGAn¢nmS—(T:T 1] =

0 s

. j G, (r. 4, n)(s)ds—%j [ G.(r.gm)@)d6ds .

T-T

We show that j G, (r,4,7)(s)ds =0 that implies j j G, (r,4,7)(0)d6ds =

-T-T

Indeed, let us suppose that =06>0.Then

[G.(rg.m@E)ds

0

2
< I(p¢2 COSZ/1+p772—C—Jdt <
T P

2 )0 2 N _q
s[6®0+6/\0+ ¢ jje*’“*”ds:[mﬁmﬁ ¢ Je .
pmin -T pmin H

The last term becomes smaller than & for sufficiently large x>0 and uT =const. Consequently

() = [ G.(r,g,m)ds= r(t) =G, (r, 4, .

From the second component of B for t =-T we have

¢en=%+£@m¢m$—(¢:T~JjGa¢nmm$$iieu¢mwmws
and in view of ¢(-T)=¢, we obtain 0—— j G,(r. ¢, ry)(s)ds—_ll_jl jG (r,¢,m)(0)dods .

In a similar way we show that

0

IG¢(r,¢,n)(s)ds =0=

T =

G,(r,¢,7)(0)déds =0 and je (r,¢,1)(s)ds =0 =

—. 0o
[ S—)
_"—,o

jG (r,4,7)(0)d6ds =0 .
4

n
4

Therefore ¢(t) = F,(r,¢,n) and 7(t) = F,(r,¢,77) , that is, (14) has a periodic solution.

Lemma 3 is thus proved.
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Lemma 4. The operator B=(B,,B,,B,) maps M, xM,xM, into itself provided,

uT 2 ut = 24T a
e—[6®0+61\0+°7}s R,, {"50 (A tg(——5j+cJ2e }Doscbo, [2c5\0+c1>0_eje_<A
H p @, p) u P 2 Ju
2TA, d) CamCadl T s

h 2 ,U2 2

Proof: For the first component B, (r,¢#,77) one obtains

0 s

=r(-T)=B.(r,¢.n)(-T) == j G, (.4, n)(s)ds_le jG (r,¢,7)(0)dods . (17)

Then

B, (r,,1)(0) = jG (1., 7)(5)ds - (———jj G, (1 g )(s)s j jG (r,,7)(6)dsdlp =

== J G, (r.¢, n)(s)ds—— j J G, (r,¢,1)(s)dsdp =0
and

K -T+T 1
B.(r,4,m)(-T)= I G, (r, 4,m)(s)ds — [ j [G.(rg, n)(s)ds—— j j G, (r, 4,7)(s)dsdp =
j G, (r.¢, n)(S)dS—— j JG (r,4,7)(s)dsdp =0 .

Since I(ﬂ——)dt 0 we obtain
jB (r, 4, ry)(t)dt—:[ jTG (r,¢,n)(s)ds dt — J‘(g——jdtIG (r, ¢, n)(s)ds—:[ J;G (r,4,n)(s)dsd® =0.
Besides

[B.(r,4,m()|< j G, (r,¢,m)(s)|ds + j G, (r, ¢ m)(s)|ds <

]

-T

2
c
< (Ed)o +TA,+ TJ[ _[ e Dds + J e"(s”’ds] <
P I\ T
2

1 e-1\_.. _. c (. _ ¢
<ertD [—+ j(cfbo +TA, +T] =gt 2T, +TA, +— |<Re T,
uou p u p

t

J( pp® cos’ A+ pn® ——]ds

-T

<

+ <

2
[ ¢° cos’ 1+ pn? —C;j ds

46



Angelov; Phys. Sci. Int. J., vol. 27, no. 4, pp. 31-72, 2023; Article no.PS1J.105168

For the second component of B we have:

0 p

$O) = B, (1, 4,1)(0) S = dy + j G, (1, prn)(s)ds - (———) J .3 | [0,r.hmissth =

-2 j G,(r g)(S)ds— [ | G,(r dn(©)isdp

-T-T

and

¢(-T)=B,(r.g.n)(-T) =

¢o=¢o+_f6¢(r,¢,n)(s)ds [TT” !

jje (r4, n)(s)ds—— J j G, (r ¢, m)(s)dsdp =

j G, (1.9, n)(s)ds—— j j G, (r,¢7)(s)dsdp.

T35

Therefore

B,(r g m)(-T) =g+~ J G,(r g m)(s)ds = j j G, (1, ¢, n)(s)dsdp = g, .

T35

Besides

J'B (r. o)) dt = ¢O+HG¢ ré q)(s)dsdt—j(ﬂ—ljdtjs (r.4,m)(s)ds HG,, fdm)(s)dsdo = 4T

T T

and
B, (r, 8. )| ¢ + [ |G, (r,,m)(s)|ds + [ |G, (r.¢.m)(s)|ds <

s%+j

-T

26D, (| °
<gy +| 20, A" tan( 5) —— fe““”’ds+ I e"® s |<
2 p N5 b

utT
<%, A, tan [——5 2¢ @ <@ e,
@, 2 ,0 H

For the third component of B we get

0
2¢577tan/1—ﬂ ds+j
o)

-T

2;1577tan/1—M ds <
P

_2rp #*sin2

B, (r.4.m(1)|< j G, (r.¢.n)(s)|ds+ j G, (r.g.n)s)|ds < [ |- p

2 oi 0
2rp ¢ sm2/1‘ds+f
P 2

o1

ny = 2 uT
_[ZCA CD e’ ][J‘eﬂ(sﬂ ds+ J' e/x(s+T)ds]< eH(t+T) [ZCAO + CI)O e ji< A eu(t+T)
2 =

‘dsg

P p 2 )u
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j B, (. ¢ )ds]dt < j j G, (r. g, m)dsfdt + j JQ|G,7(r ¢,m)ds|dt <

T-T

t s 2T U qu(s+T) _ Uoaul
_[ZCA e ][Ije”<p+T)dpds+J'J'e*’(s*”dsdt] [201\0+<I>02e j[!e 1ds+je 1ds]§

P -T-T -T-T P -7 H T H
= 2, uT w(t4T) T _1)(e*®™T) 1 = 24T\ p2uT

S(205\0+(I)0e j e 2 1+( )(2 ) S(ZC;AO+CD°€ ]ez T g
p 2 u JZ P 2 ju 2

Lemma 4 is thus proved.

Introduce on the Cartesian product M, xM x M, a family of pseudo-metrics:

d(m) ((rv¢1 77)! (rvavﬁ)) = d(m)(r!r) +d(m)(¢1 5) +d(m)(77!77)l (m = Oa:L 2; ) .

Theorem 1. The system (14) possesses a unique solution belongingto M, xM,xM, .

Proof: We show that the operator B = (B (), B, (), ”()):Mr><M¢><M,7 —-> M, xM,;xM, possesses a
unique fixed point in M xM,xM, . Indeed, in view of Lemma 3 the operator B maps M, x M, xM,
into itself. It remains to show that B is a (®, j) — contractive operator. Recall A% ~c? and we obtain:

= ¢20052/1+772+i
,02

2
i(pqﬁz cos’ A+ pn’ —C—j
op p

2
c

S(CDOZ +A02e2u(t+T) + AzjeZ,u(HT);
P

2 2
g(p# cos® A+ pn? —C—J =0; i(pﬁ cos® A+ pn? —C—j =[2ppcos’ 2| < 2c;
or p o¢ p

2
P
2q)l][\o eZ/J(H—T) ¢
cos’(z/2-5)
2rp  #*sin Zﬂj‘s 2CA 1D

2¢ntan A —

<20 tan(z/2-5)e T,

\_/
A

2¢ntan A —
677( &

2 2
9 pp* cos’ A+ pn’ —C—] <2t e T, ‘i[pqﬁz cos® A+ pn’ —C—j =|2pn|< 2c;
2CD
i 2¢77tan/1——¢] gcﬁ—zoe”(‘”); ‘ [2¢ tan A — 2rg j‘ ‘ ¢ o gHT).
% P P or P lp
0 ¢ t(l+T)
2 — 277tanﬂ——|g0| 2N tan (7 /2-5)+ et
o
9
oA
0

=~ ;

P

(
(
(2¢ tan 2 -
(
ol

Kl (_ 2rp  #*sin 2,1] _2AEMT
. <

p 2 P

0 _2ﬂ_¢ sin24 < PehtT. i _2r_77_¢zsin2/1 < . 2p200T) - i_Zﬂ_qﬁstl _E_
A 2 0 oAl p 2 0 “lonl p 2 p
The last estimates imply
$.1)(5) -G, (T. 4 ,$.1)(8) =G, (T, #,7)(s)|ds <

(CD +A + J(Ie”"smj|r(p)—r(p)|dpds+ jez”(s”’I|r(p)—r(p)|dpds}+
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ds]+

S

[ n(p)-77(p)dp

-7

[ n(p)-77(p)dp

-7

t 0 t
+26[ .[ g3 g 4 I es”(“”ds] d(¢,4) ++2CD, [ J' gutT)
-7 -7 -7

0
ds + j gt
-7

t 0
+2@, tan (% —5](.[ @H(s+T) |7](S) _ ﬁ(s)l ds + J' @H(s+T) |77(S) _ﬁ(s)l dsj <
T T

2 3u(t+T) _ 3ul 3u(t+T) _ 3ul _
s[®02+/\02+€—2][e 1+e le(r,T)JrZC(e 1+e le(¢,¢)+
P

3u° 3u° 3u 3u
3u(t+T) _ 3ul u(t+T) _ 3ul
+zeq>0(e 1,8 zljd(n,ﬁ)+2d>otan(£—5j(e 1.8 1)d(77,77)£
3u 3u 2 3u 3u

3ul
2(e 1 q

3 U (8T T) =

2
< {(DOZ +A, +‘i—z+ 20D, + 2D, tan [%—5)}
P

2(e3;zT _1)

P Aoy ((r.6.0).(F.6.77)) .

2
Aoy (B, (. 6,7), B, (F,J,ﬁ))s{fboz +A)7 +%+26(D0 +2d, tan [g—aﬂ
For the second component we obtain

1B,(r, 4, m(®) = B, (T, ¢, M®|< [ [G,(r,4.1)(5) ~ G, (T, 4, 7)) ds + [ [G,(r, 4, n)(s) ~ Gy (T, 4, 7)(s)|ds <

= 2u(t+T) _ 2ut 2u(t+T) _ 2uT
SZCCD0 (e l+e 1]d(r,r)+2({)°{e 1+e 1)d(r,?)+
P

P’ 2u 2u’ 2u 2u
= 2u(t+T) _ 2uT _
+[2A0tg(7r/2—5)+2;j(e e 1]d(¢.¢)+
p 2p 2p
3u(t+T) 3ul 2u(t+T) 2uT
b 2P [T S e Ly )20, tan(n/2-5)| L g <
cos (7[/2—5) 3u 3u 2u 2u
= 3uT _ = 2T _ _
<O, E—2+ . Ao ¢ - 1+(§+A0tan(z—5j+c7+tan[z—5j]e—l e“(‘”)d(m)((r,¢,n),(F,¢,ﬁ)).
p* cos’((w12)-6)) u P 2 P 2 u
Therefore

d(m) (B¢ (rv ¢1 77)1 B¢ (F, Jl 77)) <

E‘DO (DOAO e3;1T _1 2(1)0+6 E_ ez;zT _1 o
SK 5 +COSZ((ﬂ/2)_5)J 7 +( E +(Ao+<D0)tan(2 5D—# }d(m)((r,qﬁ,n),(r,qﬁ,n)).

For the third component we obtain

[B,(r.¢.n)(t) - B, (. 4,7)V)|< [ [G,(r.4.1)(5) -G, (. 8,7)(s)|ds+ [ [G,(r.4,m)(s) ~G, (T, 8, 7)(s)|ds <

= 2u(t+T) 2uT 2u(t+T) 2uT
L ZoA, [e : 1+e2 f]d(r,r)+2’}°[e 1.2 1)d(r,r)+
" p

- 2u 2u 2u

2u(t+T) 2uT 3u(t+T) 3uT = H(t+T) uT
e -1 e -1 — e -1 e -1 _, 2C|e -1 e -1 _
+(Do( + Jd(¢,¢)+®oz[ —t—— jd(n,n)+—A( + jd(rm)ﬁ
2u 24 3u 3u p u u
(ZEAO e*T -1 2A, e -1 e _1 2T _1 4t e -1
< + + + +

~2 2 -

© Jeﬂ<‘+T>d(m)<(r,¢,n),(r,a,ﬁ»
Pt u pH H weopH
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and therefore

d(m) (Bi7(r’ ¢7 77)’ B]] (Fv av 77)) <
- (26/\0 e’ -1 2A, e -1 e -1

eZ,uT
— 3 — +®@, +®@
P H P H H H

d(m) ((rv ¢l 77)! (F! a! 77)) .

2

-1 4ce” —1]
+—

The above inequalities imply
dm ((B/,B,,B,).(B,, B, B,) < (K, +K, +K,)d, ((r d,n),(F.8,7)).
For sufficiently large x>0 and small 6>0 K, +K,+K, <1. If the last inequality is not satisfied we

can apply Corollary 1 (cf. (15)) and obtain a)—n(Kr +K,+ K]7)<1. Therefore, the contraction inequality
U

becomes

= = = " T
d(m) ((Br7 B¢’ B)])’ (Brl Bw B}]) < E(Kr + K¢ + Kq)d(mm) ((r’¢’ 77)! (r7¢777))
which shows that the following map arises: j:A— A j(m)=m+n. It is easy to verify that the space
M, xM,xM, is j-bounded and B is a (®, j) - contractive operator in the sense of [14]. The fixed point
of B is a solution of (14).

Theorem 1 is thus proved.

2.6 Formulation of the Periodic Problem
t

t t

Let us set p=r, p=¢, A=ny. Then p(t) = p, +J.r(s)ds ;o) :(p0+-[¢(s)ds, l(t):jn(s)ds . Recall
0 0 0

B> =0, A,~c and reduce system (13) to the following one:

ee, 1 €
It =pg°cos’ A+ pn° + 2= ——2_F=F(r,4,n),
el PN m, 2 me (1. ¢.1m)
. =2rg ee, r¢ e -
=T 2gntgA -2 2 _G=F,(r,4,7), 18
¢ A gntg m,c? o m2c3¢ AL ) (18)

_=2rp _ ¢#sin 2/1+ ee rm e

n=F (r,¢,n).
o 2 m2C2 pz mzc377 77( é,1)

n=

We look for a solution (r,¢,77) e M, xM,xM, of (18) such that p(t) and A(t) to be T-periodic ones

and ¢(t) > as t — . To simplify the next calculations, we recall denotations T, =kT(k=0,1,2,...).
Obviously T,,, -T, =T.

As above denote by r™(t), (m=0,12,...) the m-th derivative of the function r(t) and r©(t)=r(t). By

C;”[0,0) denote the set of all infinitely many differentiable T-periodic functions. Introduce the

following sets of functions, where T, =kT (k=0,1,2,...) and 0< & <% :
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Tat

M, = {r € C;"[0,5):r™ (t)| < @"Rye" ™; r(T,) =0; j r(s)ds =o} telT, Tl ,

T

r™ @) -7 (o)
wm

g (1 7) :sup{ g o e[l’k,Tkﬂ]} ; (k=012,...)(m=012,..);

M, = {¢ € C;7[0,%) [ (1) < " oe T, §(T,) = b, J $(s)ds =T¢o}.t €T Tl

(m) )
dem (4:0) =sup{¢(t)wm¢(t)e

HET) e[Tk,TM]} (k=012,... )(m=0.12,..),

< s
2 i

):te[Tk,TM]}; k=012,.. ) (M=012,..).

Teaa

U(m)(t)‘ < meoeu(thk); n(T,)=0; I n(s)ds =0;

T

M, ={77 eC,;”[0,x0):

jn(s)ds

(m) —(m)
7 " O-7" M) .
d(k,m) (m.77) =Sup{me u(t=T,

Here u> w are strictly positive constants.

The set M, xM,xM, turns out in a uniform space by introducing a countable family of pseudo-metrics
(cf. [11]):

dgem (T, 6,77), F.4.7)) = de,my (1 F) +dgem) 4.4)+ d,m (7,77) -

Here the index set A= {(k, m)} consists of the ordered pairs of numbers (k,m=012,...).

t t
Lemma 5. If (r,p,7)eM, xM,xM, , then p(t) = p, +Ir(s)ds and A(t) = Iry(s)ds are T-periodic functions
0 0

and !Lrg((oo +j.¢(s)dSJ =0(p0y ¢ >0) .

t+T t t T
Proof: Let us set s=p+T . Since [ r(s)ds=[r(p+T)dp=[r(p)dp and [r(s)ds=0 it follows
T 0 0 0
t+T t t+T t

pE+T)=py+ [ r(s)ds=p, +jr(s)ds+}r(s)ds+]r(s)ds+ [ r(s)ds = py + [r(s)ds +Tr(s)ds +jr(9)da:p(t) .

In a similar way we prove that A(t+T)=A(t) . We notice that for every t>T there is me N such that
[0,t]=[0,T .. JUIT, ..,t] . If t > then m— o which implies

=0, [#5)ds =g+ 3" [ o)+ [ p(s)is >, + T, [ fo(s)s>

2@, +mTgh—T max{‘ﬁj(s)‘ .Se [Tk+1’Tk+2]} m:)xoo-
Lemma 5 is thus proved.

Lemma 6. The distance between particles p(t) is a bounded function.

T

e’ —1 em —1

Proof: Prin = Po ~ RO

t
<p(t)=py+ [r(s)ds < py + R, = P -
0
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Recall that 4 is sufficiently large.
Lemma?7. The sets M;,M, and M, are closed.

The proof is straightforward.

Lemma 8. If (r,¢,7)eM,xM;xM, , then F.(r,4n)t), Fs(r,¢,n)(t) and F,(r,¢,n)(t) are T-periodic
functions.

The proof is straightforward.

Lemma 9. ([15]) If F.(r,@,n)(t), F,(r.4.7)(t), F,(r.4,n)(t) are T -periodic function, then

[ [F gmpdpds= [ [ F.gmpdpds; | [F.gm(pdpds= [ | F,(r.gm)(pdps

[ [F rgmprdpis = [ [ F,cr.d.m)(p)dods

Te T Tiet T

We assign to the periodic problem (18) the operator B=(B,,B,,B,):M,xM;xM, > M xM,xM,
defined by the formulas:

B, (1. .7)(0):= jF (1, g m)(s)ds— [———j j F0gn©ss-1 [ [F.gneddo  telT 5]
B, (r ¢, m)(1): f¢o+jF (r,¢,7)(s)ds - [———j j F,(r.4, n)(s)ds—— [ [Frgm©dsdo , te[T,T,]

) J. (1,8, n)(s)ds—— TJ‘F (r,¢,n)(s)dsdg, te[T,,T.,,].k=0L12,...

Te Tk

B, (r.¢.7)(1):= j F (r,41)(s)ds— [

Remark 3. Assumption (C) |mpI|es r2+ p?n? + p?p? cos A < Ry%e?T + p? (Y +®, )32‘” <t?<c? and
A +17 =0 = p'n? — p*p° COsA<T?, A+’ p>cos’ A<T? A, +p°n? <T°.

Recall [e;e,|/m, =e,”/m, and 0<f=C/c<1.

Lemma 10. The following estimates of the right-hand sides of (18) are valid:
€6, i_ e;
m, p> mc’
1 w’Re ™
7T . 3 <
pmin ¢

e, ’R
<e““I T, +TA, +— ! +a)30 :
pmln C

i<

|F,(r.¢,n)| = ‘pqﬁz cos’ 1+ pn’ +

<

2
_ , _ _ e
CCI)Oe"(l T) +cAOe“(‘ T) + 2
m,

2
r .
IF, ()| =722 4 291 tani—h—f—e—z”ﬁs
m,c® p> m,C
o w(t-Te) 2 (= H(t=T) 2 w(t-Te)
< —20<D0e +2D, A>T tan (£—5j+2(c®fe —+ @ <D0e3 J <
pmin 2 m2 c pmin c

2 = 2
<o | X = +2A,e" tan (——5) % ( : 3 +w_3} D, < DT
pmln 2 C pmln C
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2
| (r. ¢’7)| |2r77 #°sin22 elezzr_z_ e23 5l <
2 m c”p° me
= (T (T 2 (T
< 2CA " e LRV TAL"" L@ Aoe:t <
pmin 2 mZ C pmin c

o [2cA, @7 & T o’
e 0 02 2 A ||,
pmin 2 m2 c pmin c

Lemma 11. (Main Lemma B) The problem (18) has a solution (r,¢,7) e M, xM,xM,, iff the operator
B has a fixed point belonging to M, x My xM,

The proof is similar to the one of Lemma 3.
2.7 Existence-Uniqueness Theorem

The main result is:

Theorem 2. Let the following inequalities be fulfilled:

2 2 ut = 2 = 2 uT
Th, +TA, +e(1+m§0] € <R,; &+ 20+2A0e*”tg(”—5]+62( 5 ¢ 5 +w3} e—CDO <d,;
pmm c H pmin 2 mz c pmin c H

=~ a 2 = 2 T = 2 uT 2 = 2 2uT
[ZCAO+<DOe +e2A0( c +m3j]e”§A0, [ZCA D e +e2A0( 2c 2+a,3De/2 S%_&

pmin 2 m2 C pmm c pmm 2 m2

M 2 ar

c<I>0+cA0+ez[ 12+a) Ry H[ ¢ ] ;
L m2 Phin C

M = M

2—C+2A0e‘”tg(£—5)+ % { H { € 1J_md>0;

_pmin 2 C pmm

[2cA, @™ o T § -1
Lo 208 LG AT 2 148 <A, and so on.
L Phrin 2 m2 c Phrin c ILIT

It follows infinite number inequalities for higher derivatives.

Then there exists a unique solution of (18) belongingto M, xM,xM,

Tk+l —
Proof: First we show that B maps the set M, xM,xM, into itself. Indeed, since j(tT—Tk—%]dtzo
Tk

we obtain

Tamﬁmmm—iju¢m@mm—j( ijFa¢m@m—ffﬁm¢m@mw:o

Tk T Tk T Tk
and
B, (1, $.7)(T,) = J F ey (B jj F e | [FEamEaso-
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Tklﬂ

Y j F(rg)(S)ds— [ [ F(r.gn)(e)dsdo -0

Tk T

(cf. the proof of the Main Lemma I). In view of the first inequality from Theorem 2 we obtain

B, (1,4, n)(t)\<_ﬂF (r,g,m)(s)|ds+ = [ IF.(r,4, n)\ds+— j j\F (r.¢,m)|dsd@ = _HF (r.¢,m)|ds+ j |F.(r,¢,m)|ds <

T T

W 2 uT

1o ROJ [l+e 1] <’V Ed;+TA +e[ L +w5°j £ <Rt
pmln c /’l

3

7R

e
<" TD,+TA, + 2 [
' min C

Therefore B.(r,¢,77)eM, .

For the second component we have B,(r,¢,7)(T,)=¢, and

j B,(r, g n)dt=¢,T + ”F (r.4,m)dsdt - j (——fjdtj' F,(r,¢,7)(s)ds - HF (r,4,7)(s)dsd@ =¢,T
B, (r. 8. m)(1)| < g™ + e Tk’{CWLZAOe”T tan (— 6) % [ < +w§ﬂe‘”®0 <@ e T
pmin 2 m2 C pmm c /u

Consequently B,(r,4,7)eM, .

Tk-i
For the third component we obtain j B,(r.¢,n)(t)dt=0, B (r,4,7)(T,)=0 and
Ty

HT = 2 hs
B,I(r ¢77)(t)‘ 2CA <I> e ez Ao( . C . +a)3] e—e“(”k) SAOe*‘(”U,
Prin 2 mz c Prin ¢ H
L = 24T 2 _ ’
[B,(r.g.m)(s)ds S[ZCAOJDW&AO[ . +ij Ieﬂ(s-md“
T min 2 m, C* Prin I

uopo 2

= 2 LT uT
[ zc i a)jjee l<ﬁ_5
Cpmin

= 24T 2
S[Mﬁ%em A,
prnin 2 m2

For the first derivatives we have respectively

<|F(r.¢, 77)('£)‘+ = _[ F.(r.¢, 77)(S)ds<{ccb +CA +[ ! ~+ 'Ry H[H ¢ _1]§wRoe"“Tk),
pmln C /'[T

uT

B .0, Tht =~ - 2 _
d +1 .[ |F,(r.g.n)(s)|ds < 2—C+2Aoe"T tan(ﬁ—é}rﬁ 8 o[ 142 L <o ™,
dt T T Prin 2 M, \ € Prnin ¢ 'UT
ur 2 2 HT
F, (.4, q)(t)\+ = [ g ds<| =22 XAy, DG RN | FWCa ) POV
pmm 2 mz c pmin c :UT

We notice that in the right-hand sides of the above inequalities the power of the frequency increases

which implies a satisfying of the inequalities for the higher derivatives

To prove that the operator B is contractive one we use the inequalities

ey (T 4.7). (T4, 77))< R Ay ((r.4.7).(F.4.77)) and B° ~0
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and obtain
GF,
< > |p(s) = p(s)| + \r(s)—r(s)\ \n(s) 7(s)| <
- .u('_Tk) E
< Tt )+ e ) + 2'; e, ) (48 +
OF |e#tT oF | .
+672r P dyeo) (7, 77)"‘ e/(t Tk)d o) <
aF _ - _
<e#t T“)( Op J (k,O)(rvr)+d(k‘0)(¢r¢)+d(k,0] (?7777)) )
oF, oF, |
where 7 (o] are supremums of the partial derivatives.
P n

Then in view of the definition of B, (r,¢,77) we have

e’ e _1\(|6F. |1 |oF oF |1 |oF _ — _
5(T+T 6—p’—+ 6rr + +67}:;+8777r (d(k,o)(r!r)+d(k,o)(¢!¢)+d(k,0)(77!77))£

<o &7 [|OF 1 |OF
ap or

oF| |oF, oF. T
AE A oo

It follows d,, ;) (B, (r.4.1). B, (T.#.7) < K,d o ((r.4.7).(.4.77)) , where

£l %)

In a similar way we obtain d (B, (r.¢,7).B,(F.4.7)) < K,dy o, ((r.4.7).(T.4.,7)) , Where

oF,
op|p

1 6F
ar

4|

oF,
MG
r

1, oF,
677

oF, oF,| |oF,| |oF, oF,
K¢_ 1+J+J+J£+J
6,0 or og| |OA|u |On

and d (B, (r,¢,7),B,(F,4,7)) < K,dy,, (r.4,7),(F,4.,7)) , where
<l ez )

The above inequalities imply:
dicoy (B, (r.8m).B,(r.6,1), B,(r,61)).(B.(T.6.77), B,(F.4.,77),B,(.6,7)) ) < (K, + K, +K, )dy. ) ((r, 7). (F,8,77) -

oF, 1,
oA y

oF
on

oF,
op | u

1

%,

or

oF,
o

If K, +K,+K,is not smaller than 1, we choose m; in such a way that (wj (K, +K,+K,)<1. Then we
Y7

have

@

ﬂ] O(KF+K¢+K ) (kmg)((r¢77) (T.¢, 77))

A ((B(r, ). B,(r,6.1), B, (r.6,1)).(B,(T.4.7),B,(T4,7). B,(T.6.7)) ) < (
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For the derivative w:

F () - j F.(r..7)(8)ds, te[T,.T,.] we obtain

+i

dB,(r.g.m)(t) dB, (T, ¢ ne)|
dt

\r(t) -T(O)]+

A(s)\

st<

\r(s) -T(s)|+

J(

<K, et Tk)d(k,o) ((r,g, 77),(?,43.77)) .

t| p(s) - p(s) +

It follows

dgery (B, (r.¢.7).B,(T. 8, 77))<K1ﬂ wn (. .0),(F.8.,7))
d(k.l) (B¢(r,¢, ), B¢(T,¢7,ﬁ)) < Kqﬁl%d(k,l) ((r,¢,77),(f,$,77)) )

d(k.l) (Bry (r.¢.m), B,,(vagxﬁ)) < K,]l%d(m) ((r,¢,77),(T,¢7,77))

and hence

m+1

Ay (B, (r,4m). B, (r,6m), B, (r.6,m)) (B, (. 6,77), B,(1\6,7). B, (T 4.7) ) < (K, +K, +K )W wn (LA (F6,77)) -

d’B,(r,¢. 7)) _ dF.(r, ¢ m)(1)
dt? dt ’
duz ((B.(r. ). B,(r.4.7).B,(r. 6,m)).(B, (T, 4,7), B,(T. §,7),B,(T.4,7))) <

For  the second derivative te[T, Tl we obtain

<(KZ+K7+K, )ﬂm2 dgem ((r.4.m).(T.4,77)) and so on.

It is easy to see that contain the third derivatives of the unknown

drF.(r,¢,n) dF4(r.¢,m) dF,(r.4,7)
dt ’ dt ' dt

functions I,#,7 and therefore their estimates contain »°

. But the estimates for the second

derivatives contains o’ . Consequently, the power of @ does not increase.

Define the map j:A—A in the following way:

j(k,O):(k,m), Jz(k,O)Z(k,zm),, j(k!l):(k!ml)l Jz(kll):(k’zrrh.)! .

It is easy to verify that the space M,xM,xM, is j-bounded in the sense of [15]. Indeed,
SUPd g pme) (T 4.7), (F. 8., 77)) : P} =
—sup{ (epimy (1) M }+sup{dkp+ms)((p,(ﬁ):ms}+s,up{d(m+ms)(77,77):mS}SZ(R0 +0, +A )" <o (5=123,..) .

Therefore, operator B possesses unique fixed point which is a solution of the problem.

Theorem 2 is thus proved.
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2.8 Continuous “Jump”

To describe the transitions of the moving (second) particle from the ground state to a higher energy
excited state we apply a radial force p(t) to (18). From the mathematical point of view, we add this

force to the first equation and assume that p(t) possesses some suitable properties:

ee| ¢ &

p=pgtoos’ A+ pit -8 Z ot 25 )
m m,C

2C 2
Ry R ee oo 2
=200 opigas B2 & (19)
e m,c? p*  m,c
.. —25J 2 i e 5 2 .
2Pk _¢’sin2a  lee|ph ¢ o

) 2 m,c® p°  m,c®

We would like to point out, however, that this transition is performed along a certain continuous
trajectory. We show the existence of such trajectories.

We recall that we have already solved the Initial system on [-T,0]:

2. 2 2 i
r=p¢2C082ﬂ,+p772—C—;¢:2¢77tgjv_r_¢; ﬁz—ﬁ—¢ sin24
P P P 2

and we take the values of the solution at the right end t=0 to be initial conditions for (19).

We modify the function spaces. Denote again by C;”[0,%) the set of all infinitely differentiable T-
periodic functions such that r(T,)=0,(k=0,1...). Let kg,k; €N, 0<ky <k, . We redefine every function

r() e C;[0,0) (denoting again by r()) in the following way:

(),  teloT,),
r¢)=qr)+r@t),tell .71,
rR),  te(,.«)

where 7()eC”[0,0) and F(t) >0, where F(t)=p(t).
The function F(t) is defined on [T, ,T,]. Itis T-periodic and (T, ) =...=F(T,)=0 and
Thsa

[ F(s)ds =T i (k =ky,....k, ~1), , = const. > 0.

T

Then we rewrite the above system for t €[0,) :

pOF (Dc0s A0+ p 07 -2 L+ % o) v, teqr, T

, = m, p°(t) myc
r(t):F,(r,¢,;7): | el 1 2 !
pOF ()05 2(0)+ p O () 12—+~ (1), t e[0,00) \[T, ,T, ]

m, p m,C
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o0 = 2020 osimbga + o TOO 0 =F,(r.4.1), te[0,) (20)
p(t) m,e® p(t)  mgc
Loy Z2rOn()  F®)sin22(1) | [ee| r@)nt) e o

and because of <GU> = pp + pPpipcos® A+ p?Ai we obtain for the energy of the second particle

2) o 2 .7 2 2 ..
daw ezz[Lz+rr+p dpcos” A+ p 7777]:>

dt c?
WO (1) = e, (_i+i+i2j.(ri"+p2¢¢;cosz A +p277i7')ds}.
pt) pO) c”y

For t =T one obtains:

2 ](r'r’ + p'pdcos’ A+ p’nij)ds.

0

) 1 1 1. o - e,
W, =—e, — —2_[(rr+p gpcos’ A+ pnij)ds | = =
0

oM p(O) c
We notice [ r(s)F(s)ds = [ r(S)GF(5) = (T)T) ~r(O)F(0) ~ [ (S)Ar(S) = [ (s
lpwﬁ' cos? Ads = p (& ) cos” A&, )i«ﬁ(s)éﬁ'(s)ds - p(&)cos’ z(sT)Hms)d&(s)} -
= p* (&) cos” A& ){¢(T)¢5(T) ~$(0)4(0) —:[f/fz (S)ds} =—p*(&)cos’ A(;)T!&Z(s)ds;
ipznfids =P (s )EU(S)df?(S) =p"(r) {770- )77 (T) = 1(0)77(0) - iff(S)dS} ==p(6r )lﬁz(S)dS :

But (U,U)=p"+p?A> + p°¢’ cos’ A=r% + p’¢* cos’ 1+ p’n* . Since T is small number, we assume

p =const., A = const. and then

T 2 T T T
W, =—e [izj '+ p* g cos® A+ pnij)ds J g (Jrf‘ds+.[p2¢é5cosz /Ids+Ip277f7‘dsj=
0 0 0 0

| ; (21)
_ i_[ [¥2(s)ds+ p?(&) cos? A@T)I F()ds+p(cr) | ﬁz(s)ds]-

To obtain transition (“forbidden” in Quantum mechanics) trajectories we introduce the following
function spaces:

"R, j r(s)ds=0,(k =0,1,... k, -1, kK. +1,..);

Tk

{r()eC

Tk»l

_[ r(s)ds=THr,,;

o -frc

d™(r(t)+F(t))

o <" (R, +R,)e“ T (k =k, k, +1,..., K, —1)}

"D e j¢(s)ds_T¢o,(k 01.. )} (22)
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d"n(t)
dt"

Tz
< a)mAOeﬂ(thk) ; J‘ n(t)dt =

Te

T
M,,—{ sE—a,(k_o,L...)},

(k,m=0,12,.).

Lemma 12. The solution (r,¢,7) of (20) belonging to I\7Ir xM,xM, generates transition trajectories.

0, jn(s)ds

Proof: Indeed, in the interval [0, T, ] the distance between particles p(t) is T-periodic function and

Puin = Po — Ry (e‘” —1)/y£ p)<p,+R, (e” —1)/,uzpmax.

Let us calculate

Ty

p(T,)=py+ j r(s)ds =

Tiget Thg+2 Tig1 Ty
=P, +Ir(s)ds+ J' r(s)ds+...+ J r(s)ds+ I r(s)ds + I r(s)ds +...+ J' r(s)ds+ J' r(s)ds=
Tho-1 Tho Tio+1 T2 e
Tige1 Tige2 T Ty
=py+ [ r(s)ds + [ r(s)ds +..+ [ r(s)ds+ [ r(s)ds=p, +(k, —k,)TF;.
Tio T T2 T

T
Then since _[ r(s)ds=0, (k =k, k +1,...) we infer that the distance function p(t) increases in
Ty

the interval: [T, ,T, ] from pO+J'r(p)dp te[0T 1to po+T R+ _[ r(p)dp,te[T, ,0) and further on it

Ty

remains periodic one p(t) = p, + J r(p)dp , where p, = p, +T, , T

Ty

Lemma 12 is thus proved.

Principal Remark 4. Substituting r(t) by r(t) +F(t) we notice an increasing of the energy. Indeed,

2 T

T g 2 T & 2
2| [r(s)ds +[po +[(r(p)+ r(p))dp] cos” (&) ¢2(s)ds+[po +[(r(p)+ r(p»dp] [ (s)ds

0 0 0 0

W, = >W, .

In such a way we proved an existence of transition (jump) trajectories of the second particle (electron)
from the ground state to a higher energy excited state after absorbing energy caused by the radial

periodic force F(t).

In what follows we prove an existence of functions (r,4,7)eM, xM, xM_which guarantee an

existence of such trajectories. We endow I\7Ir xM,xM, with a saturated family of pseudo-metrics
iy ((r, ,7), (T, $.7)) = iy (1) +d ) (S, )+ Ao (7,77)
where

d™r(t) d"r(t)
at"  dt”

o (r, T) =SUPS — e telT T, 1t
(0]
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meﬁﬁ)=ﬂm{£ﬁddﬂw—déﬁne”an*tEUﬁﬂu% ,

_ 1 (d™@) d™7(t)| e
Qs (7.7) = sup{ |0 LTl vt o 11 (kim=042...).
o"| dt dt

The set I\7Ir xM,xM, turns out in a uniform space with countable family of pseudo-metrics (cf. [14]).
Here the index set consists of the ordered pairs A:{(k,m)} of numbers k,m=012,....

Lemma 13. The sets M,,M,,M, and M, xM,xM, are closed.
The proof is given in the Appendix.

Lemma 14. ([15]) If (r,¢,7)e M, xM;xM, , then F (r,¢,n)t), F,(r.4,7)t) and F,(r,4,7)(t) are T-
periodic functions.

We assign to the problem (20) the operator B=(B ,B,,B ) defined on M xM ,xM,_ for te[T,,
by the formulas:

k+1]

BU¢UD—IFU¢USN&( ij«¢m$m——Tj (r.¢.m)(s)dsdo),

Te T

B, (r ¢ )(t):= %+IFU¢UX$% [ ijU¢nX$%—%TI50¢ﬁX$$Ml

Te T

Bu¢mm—jFu¢m@$ ( jjaa¢nmmV—TjFu¢m@mw

Te T

te rl—k’ k+1] (k = 01112131"') .
Recall that Assumption (C) implies R’e’™ + p? (A,> + ®,*)e*T <t” <c?, and 0< f=C/c<1.

Lemma 15. The following inequalities are valid:

ee 2
<|T(Dy+ Ay)+ | 1 zl( 1 - W 3Roj+|=max (T -
m2 Phrin c
2 eﬂT e e/zT 2
|F¢ (r1¢7 77)| S RO + ZAO tan (Z j |el 2| RO CO q)oe#(t*Tk) ,
Prin 2 m2 C Phin C

2 3
a 2 T e ut 2
IF,(r.g.m)| < 2R AT Dy [ees|( Re AN Y
n 2 m, c? pmm c

The proof is straightforward.
Lemma 16 (Main Lemma) The problem (20) has a solution (r,¢,77)el\7|r><M¢><M,7 iff the operator B

has a fixed point belonging to M, xM,xM, .

Proof: We consider only the case te[l'kﬂ,Tkl] because for te[O'TkO)U(Tkl!OO) the proof repeats the

one from the previous subsection. Let (r,4,7)eM, xM,xM, be a T -periodic solution of the system:

F(t)=F.(r,g.m)(t), $)=F,(r.g.m)(t), 7(t)=F,(r.4.m)() .
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Then after integration (in view of f(T,)=0=r(T,)=0) we obtain:

()= [F.(r.gn)s)ds, ¢(t) =, + [F,(r.dn)(s)ds , ) = [ F,(r.¢n)(s)ds

TK +1 TK +1

and put t=T,,, which implies 0=r(T,,,) = J F.(r,¢,n)(S)ds = J F.(r,¢,n)(s)ds =0,
T

j j E.(r,,n)(s)ds .

Tzt

Changing the order of integration and considering that F(t) =F, (r,¢,7)(t) and _[ F(s)ds=Tf, we have

T

Therefore r(t) = j. Ifr(r7¢l 77)d5 = r(t) = Jt. Ifr(r,¢, ﬂ)dS—(

[ [E (r.gm)(e)dsdp = ja@_aFv¢mmm—Tmﬂsﬁ@m'mJW@m—Tw@m—

Tt Tt

=Tea (rTe) —r(T)) = [ sdr(s) =T, (r(T,.) = (1)) = (Tear (T,) ~Tor(T)) + [ r(s)ds =0.

T

. t-T, 1)% =
Consequently r(t) = J Fr(r,¢,n)ds—( T : _Ej j F.(r,¢,mn)ds can be rewritten in the form:

rm=Iﬁm¢m®—€;“

T

—%j T (r,¢,m)ds— = j _[F (r,¢,m)dsdp .

T Tk Ty
The last equality means r =B, (r,4,7) .

Repeating the above reasoning we conclude that ¢=B,(r,4,7), 7=8,(r,¢,77) . In other words

(r.6,7) = (B (r.4.7), B4 (r $.1), B, (r..m)), =B, (r.d.n),
that is, the operator B has a fixed point.

Conversely, let (r,4,7)eM, xM,xM, be a fixed point of B . Then

rm=iém¢mm—F+T QTFu¢mm——TjFu¢mww
which for t=T, implies
0=1(1,) jFU¢nMs[1;1—1jjFu¢m$——iju¢nmws:
=:TFa¢m$——EjFa¢nmws

TK +1

We show that I F.(r,¢,17)(s)ds =0. Indeed, let us suppose that

Tk

Tt

[ F(r.g.mads

Te

=£>0.
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Then in view of Lemma 15:

e 2 HT_
S(C(tl)oJer)+|el zl( 12+R°(30 J+|’maxJe 1
m2 pmin c

Tii1

[ F.(r.g.m)(s)ds

Tk

and the last term becomes less than & for sufficiently large x>0 and 4T =const. Consequently,
t
r(t) = I F.(r.g.m)(s)ds= ¢(t) = F (r.4,7)(t) .
Te
In a similar way for the second and third components of B we obtain #(t) =F,(r,¢,7)(t) and
n(t) =F,(r,¢,7)(t) which completes the proof.

2.9 Existence-Uniqueness Basic System
The main result is the following theorem:

Theorem 3. Let the following inequalities be fulfilled:

ee 2 -
|:C(®O+AO)+|12|( 12+a)§oj+fmax:|£SR0+R0;
m pmin

2 c H
ut e ut 2
&+ ﬁ+2Aotan(z j |e“|[R°e a)zj &scbo;
pmin 2 m2 c pmln c H

2R AT | Dye |e1e2| Re” @’ 1 _
st [Ny |— <Ay
pmln 2 mz c pmin c

utT LT ee ut 2 VI VI
2R AT DT e Re2+%A e 1, 1,1 T
pmm mZ C/)mln c T 2

3
, C

HT ,uT e eyT
1+e b ZRET o, tan |e1 2| j ®, < D,
CDO pmln C pmln

HT B e 2 ~
(1+e T(D,+ A,y) + e Zl( 12+a)R°j+Fmax}e"(””3a)(Ro+Ro);
m pmln

E |z 0y mi( oo
/UT L pmm 2 m2 ?

jAO} < wA,and so on.
C pmln C
(For higher derivatives see Appendix)

Then there exists a unique solution of (20) belonging to M, xM,xM, .

.
K+l _T 1

Proof: First we show that B maps the set M, xM, xM,  into itself. Indeed, since J [ T k _Ejdt:O
Tk

we obtain

J B, (r, ¢, 7)(t)dt = I I F,(r.4,n)(s)ds dt - I [%—%jdt I F,(r.4,7)(s)ds -

Tk

—T; T F L pme)dsdo | Fs)ds =T,

T Tk Tk

and
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&mﬁmmﬁiﬁaﬁﬂmmﬁ$m*(n;n WT¥U¢UWN&E¢TFU¢W®mM_
=—TF(r¢m@ms——T1F(r¢m@mw9 S

(cf. the proof of the Main Lemma).

We must show the inequalities for t €[T,,T,,,].k =k;,k, +1..,k, =1, where k, <k, are natural numbers.
For the first component we have

B, (r. ¢, ) (1)] <

[F (r.¢,m)(s) +F(s)]ds

ee 2 t
<{c(d) +A)+|12|{ 12+w5°j+Fmax}J‘e"(”“)dss
m pmin

C
T 2 T

ee 1 2R B w(t=Ty) -1 -
< {C(CDO+ A,) + e 2|[ ~+ @ - °J+ rmax}e—s (R, + R,)e“ ™,
mz min ¢ H

For the second component we have

jBu¢nmmL¢J+TjFa¢mmm—j[——f ]iju¢qmnyFu¢qmwa =T

Te Tk Te Tk

and

t
@, &' s <

Tk

B, (r.8,m)()| < ¢, +

[F,(r g m)(s)ds

ZR ut ee R Ut 2
<¢ + i +2A0ta1n(£—§j+M %+w—3
pmin 2 mz c pmin c
2R &|( Re” )
< {qﬁo { R +2A,tg (Z ) e 2|( +w—3 —0te ) < et
pmin 2 mZ C pmm C H

and finally for the third component we obtain:

Tt

| B,(rgm®dt=0, B, (r.4.n)(T,) =0,

< e/l(t*Tk)AO

utr 2 uT e ut 2 u(t=Ty)
8, (r, ()] < | 2R, DT MJ(RG +%Jm)i__
pmin H mz c pmln c H

and

Tk19

7iju¢ﬂmwa

Te T

<

jB«¢m@m HFU%mW%

t
_f(s st
T Ty KT
ut uT e utT 2 H(t=-Te) _ M1
o 2R +Q>02e \el o[ Re AN e : 1,1 em-1)
pmin mz C pmm c H T 2

utT 2, uT e utT 2 ut ut
| 2RALT | DT qz[Re +a2}% e %}+1 e jé
pmin 2 mz c pmm c ,U T 2

+

IFU¢@%

+

jfdss
Te

—0.

z
2
Therefore B, (r.¢.7)eM,, B,(r.dn)eM,,B (r.g,n)eM, .

For the first derivatives we have respectively
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ds <

dB, (r,¢,m)() 1%
‘T”ﬁ ,¢,n)(t)|+;j :

ut 2 .
(1+ —a 1]{0@ R 2'( 5 ”j* fmax}”w < (R, + R)e" ™),
/’l pmln

b c

<|F,(r.4, n)(t)\+ = j |F,(r.¢.m)(s)|ds <
ur ur e ur 2
<|148 ! ¢ + 2Ree +2A, taln(z j |e1 oI Ry _e + 2 @, e < e T,
/uT pmin 2 m2 C pmln c
dB, (r J.

<1+ e#T -1 2R0Aoem— + (DOZeHT |e1e2| R eﬂT +(()_2 A eﬂ(t—Tk) < oA e;t(t—Tk) .
/'IT pmin 2 rle c :Dmm2 03 ’ ’

dB, (r, ¢ m(t)

w

$)(s)|ds <

For the higher order derivatives see Appendix.

We show that the operator B is (@, j) — contractive one in the sense of [14], [16].
In view of Appendix

d(k,O) (Fr(r’ ¢177)! Fr (T, ¢7, 77)) < Krd(k,o) ((r!¢177)! (?’ a! !77)) ’

where

ur ur 2
K, =K(D02+A02+ 2lee| =+ 20,0 @ 2J6—+ [ 2Ry 62 +a)—3J+(DO+2pmaon}e”T
lLl m C pmln C

meln

and d ) (F,(r.4,7), F,(T.4.7)) < K,d o ((r.6.1), (T, 6., 7)),

where
K - R,®,e%" 2|e1e2|RcI)e2"T 20,A£*T |1 +CDOe“T lee, |c1> e’ .
‘ pmin2 m C pmln COSZ E—é‘ H Phrin m C pmln
2
2R e ee,| Re” 20’
2 2A, e tan(z—5j |“| = +20 e"Ttan( 5j+ezw3
prnin 2 mC pmln 2 mZC
and
ooy (F, (1 4.1), F, (T.8,77)) < K, dye o) (1. 67). (T, 6,77)).
where

(ZROA 2|elez| R A LD ZjeZ;lT 2A0e1¢T |ele2| A euT
0
ﬂ H pmin m C pmm pmin m C pmm mzc3

ur ur 2
e s 2Re |e1e2| R.e ezw
3 2 0 '
pmm m C pmln

The above inequalities imply
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dgoy ((F (r,6,0), F,(r,6,0). F, (1,6,m)),(F, (. 4.,7). F, (T, 4,7, F, (T, 4,7) ) ) <
S(KF+K¢+K7]) (k,O)((r’¢1n)l(rl¢!ﬁ))'

m

If K, +K,+K, is not smaller than 1 we take m sufficiently large such that (Kr +K, +K7])w—m <l.
U

Then
Ay ((F (. 6.7), Fy (1 6m). F (r ). (F. (T 6.70), F, (T, 6.70), F, (T, 6.1)) ) <
<(K, +K, +K, )ﬂ dem ((r4.7). (7. 6.7)).

For the first derivative we get

o4 [[9B.(r.g.m) dB(r.dm) OB, (rd.m)) (dB,(F.¢.7) UB,(T.4.7) dB,(T\¢.7))_
D ad¢ ' dt ' dt ’ dt ’ dt ’ dt -

<(KE+K!+K, )ﬂ i) ((r.8.7), (T, 6,77)).

d?B, (K)(r,4,7)(t) _dr.(r.¢, 7))
dt? dt '

g d?B,(r,¢,n7) d°B,(r.¢,n) dB(fM) dB(r¢77) d’B,(T.4,7) dB,,(r¢f7)
*2) dt? T dt? dt? ’ dt? dt? dt?

For the second derivative te[T,.T,.,] we obtain

<3(K*+K/+K, )ﬂ Ao, ((r 4m). (T, 6,7)).

dFr(r’¢’ 77) dF¢(r’¢’77) dF77(r,¢,77)
a da dt
functions I',#,77 and therefore their estimates contain the multiplier ®®. But the estimates for the

contain the third derivatives of the unknown

It is easy to see that

second derivatives contain ?. Consequently, the power of @ does not increase.
Define the map j:A—A in the following way: j(K,0)=(k,m), j*(k,0)=(k,2m),...; j(k.1) =(k,m,),
i2(k2) = (k,2m,),... .

Itis easy to verify that the space M, xM ;xM,, is j-bounded in the sense of [14]. Indeed,

sup{dy, p.m) (1. 87), (T, 6,7)) : P} =
ZSUp{ (kp+m)(r r) m }+Sup{ (k,p+mg) (¢ ¢) m }+Sup{ (k, p+m)(77 77) m }<2(R +R0+(D +Y )eﬂT <o

(s=123,..) . Consequently, B has a fixed point which is a solution of the problem formulated- an
existence of transition trajectories.

Theorem 3 is thus proved.

To show an existence of transition trajectories from exited to the ground state we consider the system
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ee 1 e2
[E

) R e FotelT, . T,]

t=F.(r4n)= i .

e
ptcos v pif 128l L L & o nm T
m, p° mgc
2
¢:%+2¢77t3“/1 |12|r¢ % ¢ F,(r.¢,m), te[0,x) (23)
2

-2r 2sin24  |eg,|r e2 .
_ n_¢ | 2| 77 23775F,7(I’,¢,77),t€[0,00).
Ve 2 mC p° m,C

We introduce the following function spaces:

d" r(t)

= {r() eC,;

"R, j r(s)ds=0,(k =0,1,....k, -1, k;, k. +1,..);
T

Tea

[ r(s)ds=Tr,;

T

d™ (r(t)-F(t))
dt"™

<o"(R,—R)e"“ ™ R, >R, >0,(k =k, Kk, +1,....k, —1)}

_ { 4<C[0,0): dzi}rgt) < "D Tl¢(s)ds T (k = 0,1,...)},

dt™

m Test t
M,,={nec;‘[o,oo): IO oraen ™ [ =0, |[ n(s)ds
Tk

T
<7-d.(k= 0,1,...)},

T

(k,m=012,..).

Then the energy decreases from W, to V\:/T :

27

- 2T g B : T g ~
W, i—[ | r'Z(s)ds+[p0 +J(r<p)—r(p»dpj cos’ A& ¢2(s)ds+[po + [ (r(p)- r(p»dp] [ (s)ds |<W .

The proof repeats the above reasoning.

Lemma 17. The solution (r,4,17) of system (23) belonging to I\7Ier¢><M,7 generates transition
trajectories from excited state to the ground state.

Proof: Indeed, in the interval [O,Tku] the distance between particles p(t) is T-periodic function and

Pain =P1— Ry (e"T —1)/,u§p(t) <p+R, (e‘” —l)/,u = Proax -

Let us calculate
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T

p(T)=p + j r(s)ds =

Tigst Tig+2 T Ty
_p1+fr(s)ds+jr(s)ds+ A+ j r(s)ds+ .[ r(s)ds + j r(s)ds +...+ '[ r(s)ds+'[ r(s)ds=
Tig1 Tio Tiont T2 Tt
Tigit Tigr2 e Ty
=p+ | r(s)ds - [ F(s)ds +..+ [ F(s)ds+ [ F(s)ds=p, — (K, —k,)T 7.
T Tigst T2 LR

Tt
Then since I r(s)ds=0, (k =k, k +1,..) we infer that the distance function p(t) decreases in the
Tk

interval [T, ,T,] from p1+jr(p)dp tel0OT, ] to A-T T +Ir(p)dp te[l,,) and it is again

Ty

periodic one p(t) =, — (K — k)T T+ I r(p)dp .

Ty

Lemma 17 is thus proved.

Numerical verification of the results obtained

The inequalities from Theorem 3 can be checked using the results from [17], [18].

For the first Bohr orbit we have p,=53.10"m, p,, =510",p,., ~54.10™ while for the second one

=2°5,410"m=216.10"m (cf. [11]). In order to describe the transition, we use p,+(k —ko)T =p;
and obtain 5,3.10™" +(k, —k,)T =21,6.10™ =k —k, =21,6.10™ /T . The last estimate shows that the particle

(electron) must perform 16.10*/T rounds to pass from the first stationary state to the second one.
Since 1-f~1 , v=65510° 0=27v~4110°, then T=1/v=1/(655.10")~153107"% |
k,—k, =21,6.10™/1,53.10 ™ ~14.10° .

Considering the values (cf. [12]-[14]) e2/m,~10° , c~3.10® , and choosing u=10°=

e = e 24,62 and f)—o <1 sufficiently small we verify the inequalities from Theorem 3:
0

16\ 2
5,410 (@, +Y,’)4,62+10° 1711 : 4 (4110 ZG 116 <R, +Ry;
(5.10™)* * 137.9.10° ) |10
4,60 2R
0 510

0]

§ 1 (4,1.10°)2 )] 1
—+2A,t +10°® + <1;
g( j (3.108 (5102137 27.10" )|10%

-11 12 16\ 2
462 ZR(311 +5,4.10 <D0.4,62+1 8 _ R, - (41.10 )2.44,62 116 <1
5.10 2 9.10"(5.10™) 27.10 10

Passing to the next stationary state can be achieved in a similar way.
2.10 Existence-Uniqueness of Escape Trajectories

To obtain escape trajectories we again must change the function spaces. Namely, we apply the radial
force on the interval [Tko,oo) and introduce the spaces:
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- |27
dt™

d™ (r(t)+F(t))

tm

Tk +1

J r(s)ds =Tr,;

T

o
fpe

(k,m=0,12,.).

ATGWO _ gy g
d m

< "R ", Ir(s)ds_O(k 0,1,..

" A8 T ; j n(t)dt =

Tk+1
d"” l‘(t) o"R, (=T

T

<" (R, +R,)e“ ™ (k =k, .k, +1,...)},

J’qs(s)ds =T ¢, (k=0,1,. )}

0, Tfkﬂ(S)ds < %—5, (k = 0,1,...)},

One can prove as in Lemma 17 that p(t) > as t—co for t>T, . For the angle function ¢(t) there

are various cases. If we choose the last space we obtain escape trajectories with ¢(t) >o . But

another possible case is the function ¢(t) to be bounded one and yet p(t) > . This case is realized

provided:

e

3. CONCLUSION

In the present paper we have formulated
conditions for the existence of periodic orbit of
particle moving around nuclei, transition from on
energy level to another one and escape motion.
This is performed in the 3D-Kepler formulation of
the 2-body problem. In this manner we confirm
N. Bohr hypothesis from 1923. We propose the
main goals of the Bohr’s hypothesis from [18].
The starting point for the Bohr’'s theory of the
atom is the recognition of the fact that the
Rutherford’s model of the atom cannot,
within the framework of classical physics,
explain that stability which one knows from
everyday life experience to be a property
of the atom. According to classical
electrodynamics (at the time - author's note), a
system composed of a positive nucleus
with electron orbiting about it would inevitably
radiate light, so that the orbits of the
electrons would shrink and finally collapse into
the nucleus.

In fact, we confirm the famous Bohr’s hypothesis
in the framework of the present classical
electrodynamics on the base of our generalized
Synge’s model.

We note some papers studying similar problems
with different approaches [19-24].

D, T jqﬁ(s)ds =0,(k =0,1,.. )}
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APPENDIX
Al. Solution Sets Are Closed
(k+)T
M, = reCTw[O,oo):‘r(m)(t)‘Sa)mRoe”(t’kT); r©(kT) =0; Ir(s)ds:o te[kT, (k+DT];
kT
(k+D)T
My ={# € Cr[0,) ™ ()] < 0" De D, GO KT =y, [ g()ds =Tehy L e [KT, (k+DT1 ;
kT
(k+)T
M, =11 €Cr [0,20) ™ O] < Yo D 1O (kT =0; [m(s)ds =0, jn(s)ds <20
kT

(k=012,..)(m=0,12,.).

Indeed, let {r,}7, e M, {¢s |, e My, {nsJ=, €M, be convergent sequences. We show that their limits
belong to corresponding sets, that is, peM,, gy eMy, 9 €M, . We have

1™ 1)

m

(m) ‘
ot
‘0 ® e u(t-kT) _I°° e H(KT) o

(KT
— - e D <dy m(rrp) <&
[0} [0} (4]

It follows

‘ro(m) (t)‘ < ‘rs(m) (t)‘ +ea™e < MRy 4 g M :‘ ™ (t)‘ < wMRye# KT

and then
(k+D)T (k+D)T T (k+D)T
[ odt< [r™@di+som LEN j ™ (t)dt =
KT KT
(k+1)T (k+1)T T (k+l)T

j¢o‘m)(t)dt< j¢s(m)(t)dt+mm LN j¢ ™ ()t = T ;

j 1™ (PP < jn;m)(p)dp oo )

j ™ (P)dp

A2. Lipschitz Estimates for the Right-Hand Sides

e, (°-r) & (2-p'n’—p’p’cosA)t +ppreos’ A p+np’rij

F (r, cos? 1 + +—=
(ro.n) = po’ P’ om, 2 me A,
-2r e r el roi+(A+ cos® 1)+
F (o) = @\ 2omtgi- ?2_4127_ 2, rei+( 9'p’ : )P (/mpn
c’m, p*  m,c? A,
2rp eez & rmi+enp’cos’ Ag+ (A + pPn’)if

F (r =—-"L_ pp’sinicosi—
,(r@.m) P o M A

Then in view of [ee,|/m, =% /m, we get
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oF,

2 2 2 2y o2, 2
-r 1 -r
a'=(/)2COSZ/'L+772—2 A ) +e1ez(c )N~ +@ CosA
0

szz P’ C3m2 pA23

2pe (—1° =" cos A ) + Gor cos® A+t
_ : _

m,c? c
2 (c?=p*n” = p*p® cos AT + Gor p* cos® A +iinrp’
223( )5 (pn2+pgpzcosl);
m,C c
‘ oF,|_ 2} +(®02 +Y02}32"T L. & [ c+40Ryppet” o 3¢ (cRy + D °Roe™" p° + Yo' Ree®" p%) || _ oF, .
ap m2ﬁ3 m, CSﬁ(l_ﬂ2)5/2 C7 (1_ﬂ2)5/2 6,0

In a similar way we obtain estimates for

F. OF, O, o, OF, OF, OF, OF, OF, F, F, F, F, F,

or '0p oA on op or "op oA on op or og AL on

It is easy to verify that the upper bounds of all partial derivatives contain a multiplier »?®because the
radiation terms possess second derivatives of the unknown functions.

A3. Estimates of Time-Derivatives of the Right-Hand Sides of Basic System

In view of the Assumption (C),

2ut 2ut 2ut

+p2Yy % 1 p?0, e <&? | and
e 2 Zi;_ 2 Zi:_ 2 42 r 7 Zr 2 .. Zr
E (1) = pd cos? A+ pi’ + & 3 g Cr—p'nt—pg 008/15+¢¢p Cos” A +7npT
m,p® m, c
e, & CF+gfp’rcos’ A+ijnp’r
m,p>  m, c’

r2+ p’n® + p?¢? cosA < R,%e

~ pg® cos’ A+ pn® +

we obtain

|d?B,(r, ¢, m)(®) |
dt? |

— IdF, (r.¢ ”)(t)l = |rg? cos? 4+ 2p¢d cos” A - pgnsin 2+ o’ + 2o

dt
28 & C'F +ggp’rcos’ A+ ggp’r cos® A+ 24dpr? cos® A+ gp’t cos” A — 24p’rsin A .
3 5
mp®  m, c

| & iinp’t +ijiip’n + 21t +ijnp’r?|
m, ¢’

Therefore

|d”B.(r, 4. m)® |_|dF.(rnem®)|
|| dt -

<eMITD, + 20D e MW 1 TD AW Tt I 2+ 2CwA e T +

.\ 2lee,|C . e T C’w’R, + 40T’ +T* + 2T’ D, + 20°C°A, + 20°C* + 0°T*

2 u(t=Ty)
z <w'ReMv.

3
M, Pryin m, c
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It is easy to see that the inequality is always satisfied:

C®, + 20w, +CP A" +Ce" Ay’ +2CwA, | 2lee,|C .

o’ M, @ Py’

. & C'oR, +4aC’ +2C°®, +2C°A, +2C° +T°
m, c

<R,.

2
But in view of the values p~53.10", @~ 27.6,55.10"° ~41.10"°, 22 ~10°8 ¢~3.10%(cf. [12] - [14])
m,

we conclude that the last inequality might be satisfied for suitable values of the rest constants.

|dB, (K)(r. ¢ m)(t)
dt®

0

. L 2 R
For the third derivative I and then the term — —- becomes %

d?F.(r,g.m)(1)
2

dt 2 =3

" p w

? ~10_4810T44 and so on.

For the derivatives of

— P 2 2 2 2 . 2.
2r¢+2g077tanﬂ— elez[ ro Jrr¢)r+(c +@°p°Ccos° 1)p+ pnp nj;

F,(r.o.mn) = 7 e

2

-2rn 2
F,(r.on) =T—pg0 sinAcos A —

& ( rn_ Tnf+enp®cos’ 2 §+(A,"+p’ n’)ii
m, | c2p? cc3

one can make similar estimates.

dF (r.4,7)(t)
dt

We notice that the estimate of contains @° and therefore we obtain

|d7B, ()T $)O) |_[dF (D) _ 2 3o ook
dt? R

(cf. the definition of M, xM ;xM, ).

It is obvious that in the brackets remains @ and the same is valid for the Lipschitz estimate in view of
the definition of metric between the second derivatives.
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