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Abstract

Aims/ Objectives: Various efficient estimators using single and dual auxiliary variables with different
functions including log and exponential have been developed in the SRSWOR design. Since the Adaptive
cluster sampling (ACS) design is relatively new, estimators using functions like log and exponential with
single and dual auxiliary variables have not been explored much. Therefore in this article, we propose two
wider classes of estimators using single and dual auxiliary variables respectively so that the properties like
bias and mean squared errors of various estimators using functions like log and exponential or any other
function which belong to the proposed wider classes and have not been developed and studied yet would be
known in advance. Formulae of the bias and mean squared error have been derived and presented. Further,
since log type estimators have not been studied extensively in the ACS design we have developed new log
type classes from each of the proposed wider classes and developed and studied some new log type member
estimators. To examine the performance of these new developed log-type estimators over some competing
estimators simulation studies have been conducted and all the estimators are further applied to a real data
to estimate the average number of Mules in the Indian state of Assam. The studies show that the developed
log-type estimators perform better.
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1 Introduction

In survey sampling, we might come across data that is highly clumped or patchy, in such a case the traditional
sampling designs like the Simple random sampling without replacement (SRSWOR), Stratified random sampling,
and Systematic sampling among other sampling designs do not provide a representative sample. In such cases,
adaptive sampling designs are needed. Adaptive cluster sampling proposed by Thompson [1] is one such adaptive
sampling design where an initial sample using SRSWOR is drawn and based on specified condition and defined
neighborhood additional units are selected. Due to its wide applicability, it has been used in a variety of
disciplines such as ecological science [2, 3|, environmental science [4, 5] and social science|6].

Since Cochran [7] proposed the ratio estimator numerous ratio and product type estimators have been developed
using various transformations in SRSWOR, Stratified random sampling, and Systematic sampling among other
sampling designs. Drawing up a list of all such estimators will be of no use. Some noteworthy works where the
authors introduced concepts like a class of estimators, constants which minimize MSE are Grover and Kaur [§],
Khoshnevisan et al.[9], Haq and Shabbir [10]. The use of functions like log and exponential was also explored
and it was found that their use increased the efficiency of the estimators and thus various estimators have been
developed using log and exponential functions Bahal and Tuteja [11]|, Latpate et al. [12], Grover and Kaur
[8], Singh and Khare [13] and Singh and Rai [14]. Upon observation of such estimators it can be said that it
might be possible to develop a class of estimators such that various estimators existing and non-existing which
use different functions like log and exponential and different transformations can be derived from only one such
developed class. Developing such a class was first attempted by Srivastava [15] where he developed a general
class of estimators. This work was followed by Srivastava [16] and Srivastava and Jhajj [17].

In ACS design since the work of Dryver and Chao [18] where they proposed the transformed population approach
numerous ratio-type estimators using a single auxiliary variable have been developed and studied for estimating
the finite population mean. Dryver and Chao [18] first developed their ratio type estimator for estimating the
finite population mean. Chutiman [19] proposed their ratio type estimator to estimate the finite population
mean of the survey variable using some known parameters of the auxiliary variable. Qureshi et al. [20] proposed
their estimator for the population mean of the survey variable using some robust measures. Chaudhry and Hanif
[21] proposed an estimator using two auxiliary variables for estimating the population mean of the survey variable.

ACS is relatively new and its theory is being developed [22, 23, 24, 25, 26| therefore the use of multi-auxiliary
variables and different functions like log and exponential under different transformations have not been extensively
studied to develop efficient estimators. Thus in this article we have combined all these ideas and proposed wider
classes of estimators based on single and dual auxiliary variables for estimating the finite population mean of
the survey variable so that the properties like bias and mean squared errors of various member estimators using
several functions like log and exponential under different transformations would be known in advance. Further
since log type estimators have not been studied much in the ACS design we have proposed a log-type class of
estimators from each of the proposed wider classes respectively.

Since the ACS design has been of a lot of interest its methodology is known to most readers. For new readers, we
recommend reading Dryver and Chao [18]. In Section 2 all the notations and terminologies used for derivations
are presented. Section 3 comprises of some related estimators in the ACS design. In Section 4 we present
the proposed wider class based on single auxiliary variable along with its derivation of bias and MSE. In sub-
section 4.1 we propose a log type class of estimators along with some new log type estimators from the proposed
wider class based on single auxiliary variable. In sub-section 4.2 two simulation studies have been conducted
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to demonstrate the performance of the proposed log type estimators over competing estimators in ACS design
presented in this paper. In Section 5 we present the proposed wider class based on dual auxiliary variables
along with its derivation of bias and MSE. In sub-section 5.1 we propose a log type class of estimators based on
dual auxiliary variables along with some new log type estimators from the proposed wider class based on dual
auxiliary variables. In sub-section 5.2 we have conducted two simulation studies to demonstrate the performance
of these proposed log type estimators over competing estimators in ACS design. Finally in Section 6 all the
estimators presented in this paper are applied to a real population to estimate the average number of Mules in
the Indian state of Assam to highlight the efficiency of the proposed log-type estimators. In Section 7 we present
the concluding remarks on this article with fruitful future areas of research.

2 Notations and Terminologies

Consider a finite population of N units with label ¢ = 1,2,..., N. The survey variable is denoted by Y and the
auxiliary variables by X; and X» respectively. Using SRSWOR a sample of size n is drawn and network averages
Wy = Wy Wys ooy Wy, Way = Wayy wey ) oyway and wg, = Way) gy ey, AT obtained (Dryver and Chao

(2007)[18]), where the network averages wy, = —— D jee, Wyys Way, = < Dee, Wa, ; and Wa,, = n% > e, Was

i 4 J
are the average values of y, 21 and z2 in the network &; containing the i*" unit where m; is the total number of
units in the network &; respectively. We are interested in estimating p,. Now consider the following notations:
= 1 n - _ 1 n - _ 1 n

Wy = 3 D g Wy Way = 57 25y Wy, Way = 5 i Was,

_ 1 N _ 1 N _ 1 N
Hy = N Zi:l Wy Py = N Zz 1 Wy, Hey = 21:1 Wz,

N N
ngy = Nl,l Zi:l(wyi ) szull = Nl—l Zi:1(w11i 7/111)27
N N N
ngzz = Nl_l 2121(7”122- - /‘Iz) ) Swywzl = Nl_l > im ((wy — /‘y)(wzli - le)) Swyw:sQ = Nl_l > i (wy —
1 N 2 w 2 S'fuzl 2 SZ)TQ
Hy)(wmzi — Has)), Swoyway = N1 Zi:1((wx1i _Mm)(wmi — Has))s Co, = y Cle = a2 waz = nZ,

The error terms used are follows:
eo:ﬂ—l,elzww —1, es = 22 _ 1 such that
Hy Haxo
E(eo) ( 1) = )—OandE(e?)):fCiy, B(el) = fCL,,, E(e3)

P
= E(e
E(eoez) = wywlzc Owwz E(erez) = fpwwl Wiy Cwmlcwzw f % %

f057m2 ) E(eoel) = fpwng;l Cwy C’UJ.T,l I
3 Some Related Estimators

In this section, we present some related estimators in the ACS design using one and two auxiliary variables.

3.1 Related estimators using one auxiliary variable

In this section, all the estimators presented use one auxiliary variable which will be denoted by X. The Hansen-
Hurwitz type estimator for population mean proposed by Thompson [1] is:

1 n
= — P 1

The expression of variance proposed by Thompson [1] is as follows:
2
Var = Sy, (2)

Dryver and Chao [18] developed their estimator as follows:

tpc = Mm%‘ 3)

T
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The expressions of bias and MSE proposed by Dryver and Chao [18] are:
Bias(tpc) = Sy (CIQUZ — Pwywe Cwy Cu, )> (4)

and
MSE(tpc) = fuy(Ca, + Ca, = 2pwyw, Cuoy C,.) (5)

respectively.

A transformed estimator developed by Chutiman using known coefficient of variation and kurtosis[19] is as

follows: o
_ [ Mo+ Cu,
tom, = w, | Ee T e
o =, (Bt e ) (©
— M + 52 (wz) >
t =Wy | ————L ). 7
CHs Y (wy +ﬂ2(wx) ( )
The expression of MSE proposed by Chutiman [19] is:
MSE(ton,) = fi3(C2, + adm, C2, — 20, puyu, Cu, Cu,) (8)
and
MSE(tCHz) = fﬂi(ciy + O‘26'H2 012111. - 2aCH2Pwywm Cwy Cwm): (9)
Where CMCI.I1 = 7Hmféwm and O(CHz = 7[/41;“’;;0('“}1) .

Qureshi et al. [20] proposed some ratio type estimators using robust measure as:

_ UxMR‘i'Bl(wa:)
— o PR 1
tKQl Wy <U71MR+51(’LU1) ( 0)
and
_ (e MR+TM
brc@, =y (m MR+TM)" (11)

The expressions of bias and MSE give by Qureshi et al. [20] are:

BiaS(tKQl) = fﬂy(a%Ql CZJI — OKQ pwywzcwycwz)’ (12)
Bias(tKQ2) = fﬂy(a%(chfvm — aKQQPwyw$Cwwaw)7 (13)
MSE(tkq,) = fﬂi(ciy + a%{Qlciw - 2aKQ1p“’ywa“’yC“’m)’ (14)
and
MSE(txq,) = fiy(Ca, + 0k, Can — 20KQs puyus Cuy Cu,), (15)
where axg, = Wm and akqQ, = #@TM

3.2 Related estimators using dual auxiliary variables

Since ACS is relatively new, estimators using multi-auxiliary information are not much explored and thus in this
sub-section, we present a related estimator based on two auxiliary variables proposed by Chaudhry and Hanif
[21] as follows:

ty = (Wy + B(ley — Wa,))exp (“““%zw;l) . (16)

The expression of MSE proposed by Chaudhry and Hanif [21] is:

MSE(tn) = py fCh, + 1y fCu,, + B 12, fCi,, — 2Bbytos [ Puyywa,

(17)
Owy Cwmz - 2:u§fp'wywzl Cwy Cwml + 2By s fpwmlwzz szl szz .
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4 Proposed Wider Class of Estimators Based One Auxiliary
Variable

In this section we propose a wider class of estimators using one auxiliary variable as follows:

twy = (ki + k2 (pe — wz))5(u) (18)

apgty

T k1, k2 are constants such that they minimize the M SE;,, and 4(.) is a parametric function
and satisfies the following condition:

where u =

1. 6(1) =1.
2. The first and the second order partial derivatives of § with respect to u exists and are known constants
at 6 = 1.

To derive the expression of bias and MSE of the proposed wider class t.,,, we first expand 6(u) about the value
1 in second order Taylor’s series as

§(u) = 6(1) + (u— 1) Hy + (u — 1)*Ha,

where Hy = 25| and Hy = 1538
u=1 u=1 5 5
Note that upon simplification we get v — 1 = =+ + ;—5 and (u —1)% = ;—; where 6 = 1 + ﬁ Using above

values and the error terms defined in Section 2, we get

_ 2 2
tw; = (k1pty + k1piyeo — poeiks) ((1 + (% + %)Hl + Z%Ib) . (19)

Simplifying and subtracting p, from both sides and taking expectation we get

. 1
Bias(tw,) = kipy (1 + ejfciz (Hy + H2)

1 1 (20)
=5 H1f w0, Cuy Cuo) + Kapte g L FCL, — iy
Similarly, the expression of MSE is obtained as
MSE(tw,) = p +kiA+ k3B + 2ki1koC — 2k D — 2ko E (21)
where
A=+ gug fCL HT + py fCL, +2 (gepy fCh, (Hy + Ha) — 213 f pwyw, Cuwy Cuw, Hi ),
B=puzfCs,,

C= %Myﬂxfciz H, - Nyﬂxfpwywm Cwy Cuy s
FE = §py,uszwzH1.

Partially differentiating equation (21) with respect to k1 and k2 and equating it to zero, we get the optimum
values as

_BD-CE

Rl = A5 e (22)
AE —-CD
koo = AL _-C° (23)
Putting k1,,, and ka,,, in (21) the minimum MSE of t,,, is
MSE(th'nLin) = MZ + k%uptA + kgoptB + leom kQOPtC - 2k10ptD - 2k20mE (24)
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Is should be noted that all the estimators based on single auxiliary variable presented in this article are members
of the proposed wider class t., .

1. For (ki,k2,0(u))=(1,0,1), tw, — tau[l].
2. For (k1,k2,5(u))i(1707%), tw, — tD0[18].

(1,0, et Cuwa)y 1y s b, [19].

3. For (ki1,k2,0(u)) ? (Wz+Clug )

4. For (kika,0(u))=(1,0,{82282el) 4, — top, [19].

5. For (ki,kz,0(u))=(1,0, Grestfleely 4, — trq,[20].

6. For (k1 kz,6(u))=(1,0, GrAestidd), tu, — tro,[20]-

4.1 Log type class derived from ¢,

In this sub-section we have developed a log type class from the proposed wider class t.,, using é(u) = 1+ log(u)

where u = % The developed class is as follows:
tr = (kvisy + ko (e — ) (1 + log ( 222 E7) ) (25)
Y iy +
The bias of this class can be obtained by putting H; = % =1land Hy = %% = f% in (20). Similarly
u=1 u=1
the MSE can be obtained by putting H1 = 1 and H, = —1 in (22)-(23) and putting it in (24). The exact
expressions of bias and MSE are
. 11 2 1 1, o
Bms(tL) = k)luy(l + ieﬁfcwm - Efpwywxcwycwx) + kQNzngwz — My (26)
and
2 2 2
MSE(tL,,.,) =ty + leopt Ap + kzLopt Br + 2k1L0pz kQLopt Cr - 2k1antDL - QkQLOm Er (27)

respectively where Ay, = ,uf, + g%pifC’ix + uifCﬁ,y - %,ugfpwywz CuyCuy,
Br = Mifcium

Cr = 3 pytia fCL, — tytta f Pwyws Cuy Cuoy

Dy = /“L?2J + %e%luifciz - %“prwywm Cwycwm’

Er = juypafCh, with ki, = % and k2, = %

From this developed class we propose the following estimators:

Lt = (b, + (e —152)) (14 log (Eaeme i) )).
2. oy = (ki + ka(a = 102)) (1+ log ((Ffiuefuetsates) ),

_ _ MR(wg)pz+52)
3. try = (kiwy + k2 (o — Wa)) <1 + log (WZM))

The bias and MSE of these estimators can be easily obtained from equation (26) — (27) using 0 =1+ 1.
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4.2 Simulation study

To study the performance of the developed log type estimators (¢{z, ,) over competing estimators based on
single auxiliary varaible presented in Section 2 we have conducted two simulation studies. The performance
of the estimators are compared on the basis of Relative root mean square error (RRMSE). For the simulation
studies, we use the Blue Winged Teal data used by Dryver and Chao (2007)[18] and Smith et al.[27].

The following algorithm is used for conducting the simulation studies:

1. Population-1 of size 50 is generated using the model y = 4z + e where x takes the values of Blue-Winged
Teal[18, 27] and e ~ N(0,4x).

2. Using sample sizes n = 9, 11, 13, 15 sampling procedure of ACS is repeated 20000 times and several values
of estimates of population mean i, are obtained.

1 20000
20000 r=1

3. MSE for each sample size is calculated using the formula MSE(t;) = (ti — py)? where

ti=tuu,tpc,tcH,,tcHy, tKQ1 LK Qss tLy, tLy, tLg-

4. For comparison RRMSE is calculated as RRMSE(t;) = i\/MSE(ti) where t; is defined in step 3 and
the values of RRMSEs are presented in Table 1.

For the second simulation study population-2 is generated using model y = 3z +e. Following steps 2-4, RRMSEs
are obtained and presented in Table 2.

Table 1. Relative root mean square errors of all estimators in case of population-1

FEstimators | n =19 n=11 | n=13 | n=15
tum 0.7472 | 0.6673 | 0.5943 | 0.5434
tpc 0.3392 | 0.2884 | 0.2345 | 0.1942
tcH, 0.4399 | 0.3627 | 0.2921 | 0.2394
tcm, 0.4361 | 0.3594 | 0.2893 | 0.2371
tKQ, 0.3770 | 0.3045 | 0.2429 | 0.1976
tKQo 0.3770 | 0.3045 | 0.2429 | 0.1976
tr, 0.1609 | 0.1408 | 0.1239 | 0.1122
tr, 3.8993 | 3.3459 | 1.2320 | 0.7745
tr, 0.1710 | 0.1492 | 0.1309 | 0.1184

Table 2. Relative root mean square errors of all estimators in case of population-2

FEstimators | n =19 n=11 | n=13 | n=15
tum 0.7036 | 0.6297 | 0.5628 | 0.5106
tpc 7.0590 | 5.5925 | 4.4035 | 3.3961
tcw, 1.7612 | 1.4310 | 1.1637 | 0.9297
toH, 1.9853 | 1.6180 | 1.3200 | 1.0556
tKQ, 6.9331 | 5.5329 | 4.3742 | 3.3807
tKQo 6.9351 | 5.5344 | 4.3754 | 3.3814
tr, 0.1639 | 0.1428 | 0.1255 | 0.1139
tr, 3.9165 | 3.3120 | 1.2339 | 0.7685
tr, 0.1735 | 0.1506 | 0.1327 | 0.1198

58



Singh and Mishra; Asian J. Prob. Stat., vol. 24, no. 2, pp. 52-66, 2023; Article no.AJPAS.105765

5 Proposed Wider Class of Estimators Based on Two Auxiliary
Variabales

In this section we propose the wider class of estimators based on dual auxiliary variables as follows

twyy, = (Mawy + ma(fey — Way ) + M3 (Hay — Way))d(s,v), (28)

a1z +71 _ Qapay+72
atwgy+y1? T T aawz, 2’
d(s,v) is a function of s and v such that it satisfies the following condition:

where s = m1, me, ma are constants such that they minimize the MSEtw” and

1. The point (s, v) assumes the value in a closed convex subset of Ry of two-dimensional real space containing
the point (1,1).

2. d(s,v) is bounded and continuous in Rs.
3. 6(1,1) = 1.
4. The partial derivatives of first and second order of §(s,v) exists and are continuous and bounded in Rj.

In order to derive the expression of bias and MSE of the proposed wider class t.,,,, we first expand d(s,v) about
the value (1,1) in second-order Taylor’s series as

8(s,0) =6(1,1) + (s — DAL + (v — DAz + (s — 1)*Az + (v — 1)?As + (s — 1) (v — 1) As,

_ 93 YY) _19% _19% 25
where A1 = 5o , Ag = o , Az = 592 WAV 3507 and A5 = 88% .
(s=1,v=1) (s=1,v=1) (s=1,v=1) (s=1,v=1) (s=1,v=1)
2 2 2
e e _ —e e 2 _ e 2 _ e
Note that upon simplification we get s — 1 = 911 + é, v—1= 922 + é, (s—1)° = é, (v—1)° = é ,

(s=1D(v—1) = 55, (s —1)? :Z—%whereﬂlzlJra”Ml

terms defined in Section 2, we get

and 6 = < Wj . Using above values and the error
1 2

twr = 0n1uy‘+7n1uy€0-—7n2ux1€1-—Tnsux2€2)(14-( 9
1

€12
02 ot 9.0,

(29)
02)h1+( 02 02)h2+02h3+

Simplifying and subtracting u, from both sides and taking expectation we get

. 1 1 1 1
Bias(tw,) = mipy(1+ 92 f Wy h1 + ejfciwz ha + gﬁfcizl hs + 672]005} ha + 7‘9 0 f
2

1
Pusywey Cuosy Cuoy s fpwywﬂlo Cusy fpwmc Cuuyhz) + mapiey (- fClL 1 (30)
+@fpwzlw12 Cuog, Cuogy ho )+m3uz2(gf0312h2 + gfpwzlw”cwxlcwzz 1)~y

Similarly, the expression of MSE is obtained as

MSE(tw,;;) = :“.121 + m%Aw + m%Bw + mng + 2mimaD,,

31
+2maimsEy + 2mamsFy — 2m1Gy — 2moHy — 2ms iy, (31)

where

Au = (04 [C3, + B fC3, B + O3, 13+ 2 O3, b+ B fCE, b + 2 fC2, hs + O3, ha +
5255 ey Oty Caeyhs = 5Py, Coy Coey KL= 3 Py Coty Oy iy ey ey Gy sy s —
afpwywwl C’wy C”w,le hl — @fpwywwz C’wy C’wxz hQ)a

Bw = /"Lil fc'im17
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Cy = sz fcim27

Dy = pypay (%foiml hy + %fpwwlww wal wag ho — fpwywwl Cwycwwl )s

By = pyptas (7 fChsy b2 + 3 Py way Cua, Cuoy 1 = fwyway Cuoy Cuny ),

Fu = pay oy fPway wey Cwgy Cug,y s

Gu = p2(1+ 2 fO2 bt 3 [ O3, o+ 35 O, b+ 3 FC2, ha o+ 5 Fusy ey Cons, Cunsy hs
PPy, Cuny oy Bt = = Fpuyory Cuoy Cnny h2)s Hus = bty (= F O By + 3 Fpuny sy Cuns, Cuny h2),
Ly = pypia, (éfciw ha + %fpwwl Way wal wa h1).

Partially differentiating (31) with respect to m1, m2 and ms and equating them to zero we get

miAw +m2Dw + m3Ew = Gu, (32)
m1 Dy + moBy +m3Fy = Hy, (33)
mle + 77’L2Fw + mscw = Iw (34)

This system of linear equation can be written as

Aw Dw Ew ma Gw
Dy By Ful| X |me| = |Hy (35)
E, F, Cyu ms Ly
Using Cramer rule we get
A Am A,
Migpe = AI yM25p = AZ s M3ope = A3 3 (36)
where
Gw D FEy
Am, =|Hy Bw Fou (37)
I, Fo, Cyu
Aw Gy Ey
Amg = Dw Hu/ Fw (38)
EUJ IU) CU)
Aw Dy Gy
Apms; =|Dw Buw Hy (39)
Ey F, I,
and
Aw Dy By
A=|Dy, Bw Fu (40)
E, F, Cy

Solving the determinants in equations (37) — (40) and using them in (36) we get

e Gu(BuCw = Fiy) = Du(HuwCuv — TuFu) + Buw(HwFu — TvBu) (41)
tort = AwBuwCow — AwF2 — D2Cy + 2Dy EwFuy — BuwE2 ’

m _ Aw(Hwa _Iwa) _Gw(Dwa _Ewa)+Ew(DwIw _EwHw) (42)
Zopt AwBuwCow — AwF2 — D2Cy + 2Dy EwFuy — BuE2 ’

m _ Aw(Iwa _Hwa) _Dw(Iwa _HwEw)+Gw(Dwa _EwB’w) (43)
3opt - AwaCw - Aqu% - D%UCT_U + 2DwEwa - BwE?U ’

Using (41) — (43) in (31) we get

MSE(tw”mm) = ,ui + mi)ptAw + m%m By + mgom Cuw + 2muy,,, ma,,, Duw

=+ 2m10m mgom Ew =+ 2m20pt mgopt Fw — 2m10m Gw — 2m20ptHw — ngom Iw (44)
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5.1 Log type class derived from ¢

wry
In this sub-section we have developed a log type class from the proposed wider class t.,,, using d(s,v) =
(14 log(s))(1 + log(v)) where s = SLEettTL 1, 2202292y doveloped class is:

ajwgy +71” Wz, +72

tLy = (mlwy + mQ(Mm - w_zl) + m3((/1'902 - w;’z)))

45
<1+log(a1ﬂf1+’y1)) (1+log<a2,uf2+’)/2>) (45)
Q1Wg; + 71 Q2Wgy + 72
The bias and M S E,.:» of this class can be obtained using
A =2 =1,A =2 =1, Ag_% =-1
(s=1,v=1) (s=1,v=1) (s=1,v=1)
A4:%g—i§ = -3 and A5:3836u =1
(s=1,v=1) (s=1,v=1)

n (30) and (41) — (44) respectively.The expressions of bias and M SE,;, of the developed class tr,,, are
Bias(te,,) = mapy(1+ =05 fC%, + = fC% + c
ias(tr, ;) = mipy(1+ ﬁf Wy + Tegf Wiy + mfpwflww Wy

Cl L re (46)

01 Wy

1 1 1
+ g, fPweywey Gy Co,y ) + M3 pay (@fcﬁmz + g, Pwesway Cuay Cugy) = Ky,

1 1
zo Efpwywxlcycwml - gfﬂwyww Cycwxz) +m2ﬂx1(

2 2 2 2
MSE(tLUmm ) = iy + LLLT P AwLH + M2,pe BwLH + M3t C’WLH + 2mlopt M2y DwLH

+ leoptm?’opt EwL” + 2m20ptm3opt FwLU - leopt GwL” - 2m20pt HWLU - 2m3opt IwLU ) (47)

where Ay, = py(1+ fCh, + %fcim + %fcﬁ,mz + 555/ Pway way Cuway Cugy —
& [ pryivay Cuoy Cuny — 2y, Cuy Cuss, )

Bun,, = 12,2,

CwLH = :u’izfc’?um27

Dy = iytton (2FC2, 4 2 FPury iy Consy Cuy — PPy, ConyCons, ),
Bu,) = tiyttoa(2 FC2o + 2 Fpunsony Cu, oy — Fuyiny Cuny ),

Fy wr g :uzlﬂzzfpwzlwaEQ szl sz2a

Gy = 11+ 3 OB+ 5 fOR, + 55 f Py Cu, Cony —

éfpwywrz Cwwarz - %fpwywu Cwwawl )’

fCl‘L o Cuyy C
— 11 Way Wag “Way “Wag
Hyp = pytta, ( + o ),
fCJ‘I, FPway wasy Crwgsy Cw
_ 12 z) Wag YWy YWy
IwLH = iy ey ( + 01 )
— 2 — — —
mi _ GwLII(BwLII CwLU F“’LH) D“’LH(H“’LH CwLU I“’LU FwLII)+EwLII(HwLIIFwLII I“’LH B“’Lu) ma _
opt — A B C, —A, F2 —D2 C. 2D E, F, —B E2 ’ opt
WL T%Lpp WLy WLrr WLy WLrp wr g T2Pwp Bwppp Fop g WLip WLy
A, H, C, —1I, F, -G D C, —FE. F, E, D, I, —FE, H
wLII( WLpp “WLyp " “Lpg wLu) wL121( wLIé “Lir “Lir “’Lu)Jr “’LU( “Lir wLIé “Lig wLII) ma
Awpy, Bus,, Cury, —Awe, Fay Doy Cuwpy +2Duwp Bup Fup —Bug, Bh, » M3opt
A I B —H F, D I D —H E, G D F, —FE. B
— wry oy Bop ) —Huy )y Fopp - wLII( wry Pwppy “Hopy Bopp 34 CGuy ) Puy ) wLII YLip “’LU)

A C —A F2 —D2

B C. 2D E F, —B E2
WLpp TWLpp “WLpg WLy wLgp WLrr “’LMJr WLpp WL YLpy WLpr TWLpp

From this developed classty,;, we propose the following estimators:

Loty = (mawy + ma(pay — Way) +M3((Hay — Wa,)))

TM (wgy ) pray +MR(wg ) TM(way ) pawg +MR(wey )
(1 +log (TM<wm11>w;i+MR(w;))) (1 +log (TM<wzj)w§ci+MR(wm2)))7

61



Singh and Mishra; Asian J. Prob. Stat., vol. 24, no. 2, pp. 52-66, 2023; Article no.AJPAS.105765

2.ty = (m1wy + ma(pe;, — Way ) + m3((pay — Way)))
(1 +log (TM(wm)le +52(wm1))) (1 +log (TM(wzz)uzerﬁg(wzz))),

TI\/I(Tle )“’;1 +f32(“’m1 ) T]\J(U’zg )U’ig +[32(wm2)

3. tLIIB = (mlwy + m2(ﬂzl - w_zl) + m3((“£2 - w;2)))

MR(way Yoy +52, MR(wgy) g +S5,,
(1+ZOQ(W 1+ log | SRtan,yun, 52, ) )

Wy z2

The bias and MSE of these estimators can be easily obtained from equation (46) — (47) using 6, = 1 + —2

a1z,
and 02 =1 T2
2 + Q2 pgo

5.2 Simulation study

In this section we conduct two simulation studies to assess the performance of the developed log type estimators
over competing estimators that are based on two auxiliary variables presented in Section 2 on the basis of
Relative root mean square error (RRMSE). For the simulation studies, we again use the Blue Winged Teal data
from Dryver and Chao (2007)[18] and Smith et al.[27].

The following algorithm is used for conducting the simulation studies:

1. Population-3 of size 50 is generated using the model y = %m + %xz + e where x1 takes the values of
Blue-Winged Teal [18] and z is generated using the model z2 = 3z + e.

2. Using sample sizes n = 9, 11, 13, 15 sampling procedure of ACS is repeated 20000 times and several values
of estimates of population mean i, are obtained.

1 20000

20000 Z2r=1 (ti—py)? where t; = tg,

3. MSE for each sample size is calculated using the formula M SE(¢;) =

tLlll ) tLUQ ) tL113 .

4. For comparison RRMSE is calculated as RRMSE(t;) = i\/MSE(ti) where t; is defined in step 3 and
the values of RRMSEs are presented in Table-3.

For the second simulation study population-4 is generated using model y = %xl + %:rz + e where z; takes the
values of Blue-Winged Teal [18] and x2 is generated using the model x2 = 3.521 + e. Following steps 2-4,
RRMSEs are obtained and presented in Table-4.

Table 3. Relative root mean square errors of all estimators in case of population-3

FEstimators | n =19 n=11 n=13 n =15

tHu 0.748470 | 0.668437 | 0.595328 | 0.544375
tu 0.887735 | 0.778505 | 0.683279 | 0.620539
toyg, 0.430774 | 0.336801 | 0.277607 | 0.240991
tLig, 0.741258 | 0.372371 | 0.501833 | 0.887541
tr,p, 0.685537 | 0.475919 | 0.370864 | 0.311403

Table 4. Relative root mean square errors of all estimators in case of population-4

Estimators | n =9 n=11 n=13 n=15

tay 0.748383 | 0.668359 | 0.595258 | 0.544311
te 0.887737 | 0.778506 | 0.683280 | 0.620538
topg, 0.742780 | 0.502529 | 0.387352 | 0.323269
tr;g, 0.744425 | 0.371564 | 0.507063 | 0.896693
Loy, 0.685473 | 0.475888 | 0.370845 | 0.311389
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6 Application on Real Data

In this section we use all the estimators presented in this article to estimate the average number of Mules in
the Indian state of Assam using number of Mules over three years and number of male Donkeys in the same
district as the auxiliary variables. In this section we use the 19" Livestock Census data [28] of the state of
Assam. In order to use the ACS design, each of the twenty seven districts of Assam are treated as a quadrat
and the entire population of Mules is divided into twnety seven quadrats. In order to have 5X6 quadrats (for
easily applying the ACS design) we add three quadrats having zero Mules and finally a population of Mules of
Assam divided amongst thrity quadrats is used for this study. For comparison of estimators the formula of MSE
of each estimator is used and the values obtained are presented in Table 5.

14 1 0 0 3 1
4 0 2 10 13 0
3 4 0 0 6 0
0 0 0 7 0 0
0 0 0 24 0 0

Fig. 1. Network of Mules formed using the condition Cy : y; > 0

Table 5. Mean squared errors of all estimators in estimating average number of Mules in Assam

Estimators | n =9 n=10 | n=11 | n =12
teH 1.4421 | 1.2361 | 1.0676 | 0.9271
tpc 3.1050 | 2.6621 | 2.2991 | 1.9966
tcH, 2.8298 | 2.4255 | 2.0948 | 1.8191
tcm, 2.4508 | 2.1007 | 1.8142 | 1.5755
tkQ, 3.0923 | 2.6505 | 2.2891 | 1.9879
trkQ, 3.0600 | 2.6200 | 2.2600 | 1.9700
tu 1.2277 | 1.0523 | 0.9088 | 0.7892
299 1.3000 | 1.1300 | 0.9830 | 0.8610
e, 1.3400 | 1.1600 | 1.0100 | 0.8810
iy, 1.2795 | 1.1100 | 0.9731 | 0.8530
tryg, 0.0642 | 0.0562 | 0.0493 | 0.0433
iy, 0.0361 | 0.0365 | 0.0351 | 0.0330
trg, 0.0561 | 0.0506 | 0.0452 | 0.0403

3.5000

32.0000

2.5000

2.0000

MSE

1.5000
1.0000
0.5000

0.0000
thh D 1C1 2 WOl a2 il w2 L3

e 1= n=10 n=11 n=12

Fig. 2. MSEs of all estimators based on one auxiliary variable in estimating average number of
Mules
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—n=9 n=10 n=11 n=12

Fig. 3. MSEs of all estimators based on two auxiliary variable in estimating average number of
Mules

7 Conclusion

The ACS design is relatively new and has not been explored much. Various efficient estimators based on single
and dual auxiliary variables studied in the SRSWOR design have not been explored in the ACS design. Thus
the aim of this research paper was to develop wider classes of estimators based on single and dual auxiliary
variables in the ACS design so that the properties like bias and MSE of numerous member estimators of these
proposed wider classes will be known in advance. The proposed wider classes using single and dual auxiliary
variables have been presented in section 4 and 5 with their formulae of bias and MSE. In sections 4.1 and 5.1 we
developed new log type classes of estimators using single and dual auxiliary variables t,, L and t, L from the
proposed wider classes t.,; and tw,, and further proposed some log type estimators from each developed class
twLI and twLH respectively.

The proposed log type estimators bwy, —twg, and t have been developed using known parameters
1 3

WLry _twLU
of auxiliary variables namely Tri-mean, Mid-range, coefﬁclient of klirtosis and population variance. The performance
of these estimators are then compared with several competing estimators presented in this article using various
simulation studies presented in sections 4.2 and 5.2 respectively. The performance is compared using the Relative
root mean square errors or RRMSEs. The results of the simulation studies have been tabulated in Tables 1-4.
From the results we can see that the developed log type estimators twL,1 , tles and twLHl , twLH3 result in

lower RRMSEs than the competing estimators.

Further we studied the performance of all the estimators on real data in section 6 using the 19*" Livestock
Census data[28] to estimate the average number of Mules in the Indian state of Assam using all the estimators
that have been presented in this article. The performance of all of these estimators have been compared on
the criteria of MSE which is calculated using the formulae of MSE of all the estimators. The result of this
study is tabulated in Table-5. It should be noted that amongst all the estimators based on single auxiliary
variable namely tgm,tpc,tcH,,tcH,, tkQ,,tKQ, our proposed estimators tw,_l1 'twL,3 result in much lower
MSE. Further we observe that the competing estimator based on two auxiliary variables namely ¢y results in
much higher MSE than the proposed log type estimators based on two auxiliary variables namely ¢, L, —tw Lo,

Our aim in this study was to develop wider classes of estimators based on single and dual auxiliary variables

so that the properties like bias and MSE of numerous member estimators based on different functions which
have not been developed yet will be known in advance without much effort. Since the ACS design is relatively
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new, estimators using functions like log and multiauxiliary variables have not been explored much therefore from

the proposed wider classes t,,; and t.,, we develop log type classes t. L, and tq, L and further propose some

log type estimators t,, L, —twg, and t, Ly, — twr,, using known parameters of auxiliary variables namely
3

3
Tri-mean, Mid-range, coefficient of kurtosis and population variance from the proposed log type classes twp,,
and ty,  respectively. From the results of the simulation studies and application on real data, we recommend
using the proposed log type estimators t,, L, o bwg, and t,, Ly bwr,, when the population under study is rare
1 1 3

or hidden clustered and ACS design is to be used. For future research studies we recommend studying different
functions like exponential and different transformations of u, s and v. It is also advised to study the effects of
different definitions of neighborhood.
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