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Abstract

In the present research paper, Kannan, Reich, and Dass-Gupta-type contractions are defined and discussed in
the framework of super metric space. Further, some fixed-point results are proved using the notion of
interpolation.
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1 Introduction

One of the appealing areas of nonlinear functional analysis is metric fixed-point theory. In light of Banach’s
pioneering fixed-point theorem, several findings and publications on the topic have been made during the past
100 years. Essentially, there are two widely accepted theories about how to advance the metric fixed point: the
first is changing (weakening) the constraints on the contraction mapping, and the second is altering the abstract
structure. Metric spaces have already seen several generalizations and extensions. These include the quasi-metric
space, the b-metric space, the symmetric space, the fuzzy metric space, the dislocated metric space, the partial
metric space, the 2-metric space, the modular metric space, the cone metric space, the ultra-metric space, and a
variety of other combinations of these.

It is important to note that the fixed-point theory is very practical and helpful in finding solutions to humerous
issues in a variety of industries. As a result, this topic has been the subject of extensive research, the findings of
which have been disseminated in the form of articles and books. These discoveries highlight the fact that the fixed-
point theory is congested and constrained. As an illustration, most of the results for cone metric spaces are
equivalent to the comparable results when standard metric space is used. Regarding the G-metric space, the same
result may be drawn. The Banach contraction principle was then widely generalized in the literature see [1-18].
Both pure and applied mathematics make extensive use of it. Kannan [14] defined a new variation of this theory
in 1968 and eliminated the continuity condition from it. Kannan fixed-point theorem is the first significant variant
of the outstanding result of Banach on the metric fixed-point theory. Kannan’s theorem has been generalized in
different ways. In the present note, we zoom in on one of the recent generalizations that was proposed by Karapinar
[4] as interpolative Kannan-type contraction. It was indicated in Karapinar [4] that each interpolative Kannan-
type contraction in a complete metric space admits a fixed point. Erdal Karapinar and Andreea Fulga [5]
introduced super-metric space. We were able to derive some fixed-point theorems in this structure, and we believe
that this method could assist in alleviating the congestion and squeezing problems noted before.

We prove some fixed-point theorems for interpolative contraction and interpolative rational contraction in super
metric space. Our findings extend the contractions of the metric space to a super metric space by Kannan's
contraction, Riech’s contraction and Dass-Gupta's rational contraction.

2 Preliminaries
We begin this section with the definition of the super metric.

Definition 2.1 (see [5]) Let D is a non-empty set. We say that a function n7: ® X D — [0, +o0) is a super metric
if it satisfies the following axioms:

(s1). Vo,¢€D,ifn(o,¢) =0theno =g.

(s2).  Vo,c€Dn(a,¢) =n(so0).
(s3). There exists s = 1such that for every ¢ € D, there exist distinct sequences {o,},{s,} € D, with
1(0,, ¢n) = 0 when n — oo, such that

lim supn(s,, <) < slim supn(ay,,¢)

n—-oo n—oo

The tripled (D, n, s) is called a super metric space.
Definition 2.2 (see [5]) On a super metric space (D, 7, s), a sequence {o, }:
(i).  convergesto ¢ in D if and only if lim n(o,, o) = 0.
n—-oo

(ii). is a Cauchy sequence in D if and only if lim sup{n(e,,0,): > n} = 0.

n—-oo
Proposition 2.3 (see [5]) On a super metric space, the limit of a convergent sequence is unique.

Definition 2.4 (see [5]) We say that a super metric space (D,n,s) is complete if and only if every Cauchy
sequence is convergent in D.
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Example 2.5 (see [5]) Lettheset D = R,s = 2,and n: D x D — [0, +0) be an application defined as follows:

n(o,¢) = (o —¢)? foro,¢ € R\{1}
n(1,¢) =n(,1) = (1 —¢3)? for¢ € R

Then, the tripled (D, n, s) forms a super metric space.
Example 2.6 (see [5]) Let the set D = [0, +o0] and n: D X D — [0, +o0) be a function, defined as follows:

log—1]|
o+¢+1

n(o,¢) = ,for g,¢ € [0,1) U (1, +0],0 # ¢,

n(o,¢) =0,foro,¢ € [0,4),0 =g,
n(o,1) =n(1,0) =|o — 1|, for g € [0, +oo].
We can easily see that n forms a super metric on D.

Proposition 2.7 (see [5]) Let I': © — D be an asymptotically regular mapping on a complete super metric space
(D,n,s). Then, the Picard iteration {I'" ¢} for the initial point ¢ € R is a convergent sequence on D.

Theorem 2.8 (see [5]) Let (D,n, s) be a complete super-metric space and let I': © — D be a mapping. Suppose
that 0 < a < 1 such that

n(lr'o,I's) <n(o,¢)

for all (o,¢) € . Then I' has a unique fixed point in D.

Theorem 2.9 (see [5]) Let (D, 7, s) be a complete super metric space and I': D — D be a mapping, such that there
exist ¢ € [0,1) and that

n(o,Ta)n(sIs)
n(lo,T¢) < k max {n(a, O o }

Then, I' has a unique fixed point.

3 Main Results

We start with the following definition.

Definition 3.1 Let (D,n,s) be a super metric space and I': D —» D a self-map. Then I is called a (4, a)-
interpolative Kannan contraction, if there exist 1 € [0,1), « € (0,1) such that

1_
n('o,I¢) < A(n(o,1'0)) (n(s, ') " (3.1)
forall o,¢ € D, with g # ¢.

Definition 3.2 Let (D,1,s) be a super metric space and I': ® —» D a self-map. Then I is called a (1, a, B)-
interpolative Kannan contraction, if there exist A € [0,1),a,8 € (0,1), @ + 8 < 1 such that

n(To,I's) < A(n(0,70)) “(n(¢, o))’ (3.2)

forall o,¢ € D, with ¢ # ¢.
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Definition 3.3 Let (D,n,s) be a super metric space and I': ® — D a self-map. Then I is called a (4, @, B8, 7)-
interpolative Reich contraction, if there exist A € [0,1),a, 8,y € (0,1), « + B + v < 1 such that

n(To,I's) < A(n(e,))" (e, )’ (n(s, )" (3.3)
forall g,¢ € D, with ¢ # ¢.

Definition 3.4 Let (D,n,s) be a super metric space and I': D — D a self-map. Then I is called a (4, @, B)-
interpolative Dass-Gupta rational contraction, if there exist 1 € [0,1), a, 8 € (0,1), a + B < 1 such that

141(0.rD)InGre)\P
n(ra,6) < A(n(o,))" (L) (3.4)

forall o,¢ € D, with g # ¢.
Our first result as follows.

Theorem 3.5 Let (D,n,s) be a complete super metric space and I': © - D be a (4, a)-interpolative Kannan
contraction. Then, I has a unique fixed point.

Proof Letg, € D andletI"'o, = o;. If 6, = o, then o;is the fixed point and the proof is completed. Henceforward,
assume that o, # a,. Thus, n(a,, a,) > 0. Thus, without loss of generality, for each nonnegative integer n, we
can define

Ons1 = oy (3.5)
such that 6,,,, # I'g,. SO0 n(0,, 0p41) > 0, for all n € N. From inequality (3.1), we have
N(0n) Opt1) =N 0n—q, 'ay)

< A (0n-1, Ton_1))  (n(0n, Ta)) "

= /1(77 (On-1, Un))a(n (O, Un+1))1_a-

Thus,

(77 (O-n' Un+1))a < /1(77(0_71—1' Gn))a

Therefore, the above inequality gives,

1
(O, Ons1) < Aan(0y-1,07) < AN(Gn-1,0n) (3.6)
So, inequality (3.6) implies that

N(0n, Ops1) < AN(0n_1,0,) < /1277(0'11—1: On) < - < A" (0p, 01) (3.7

Taking the limit n tends to infinity in inequality (3.7), we get

rlll_lg}o 1n(0n, Ony1) = 0. (3.8)
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In what follows, we want to show that the sequence {a,,} is a Cauchy sequence. Now suppose that, m,n € N with
m > n. If 6, = g,,, then '™ g, = I'"a,. Thisimplies that '™ "(I'"g,) = I'"0,. Thus, we have I'" g, is the fixed
point of '™, Also,

r(rm=n(rrey)) = r™="(r'(MMaoy)) = (o) (3.9)

It means that, I'(I'"™a,) is the fixed point of '™~ ™. Thus, I'(I'"a,) = I'"a,. S0, '"a, is the fixed point of I'. Now,
suppose that a,, # a,,,. Then from inequality (3.8) and using (s3), we get

lim sup n(0,, 0p42) < slimsup 17(0p41, Onsz) < slimsup{ A**1n(ay,0,)} = 0. (3.10)

n—-oo n—-oo n—-oo

Hence, lim sup n(oy, 0,,42) = 0. Similarly, we have

n—oo
lim sup (0, 0,43) < slimsup (0,42, Onts) < slimsup{ A**2n(0y,0,)} =0.  (3.11)

n—-oo n—-oo n—-oo
Inductively, one can conclude that lim sup{rn (o, 6,,): m > n} = 0. Thus {g,,} is a Cauchy sequence in a complete

n—oo

super metric space (D, 7, s), the sequence {a,,} converges to ¢* € D. We claim that ¢* is the fixed point of I". On
the contrary, assume n( ¢, I ¢*) > 0. Note that

N(0n41,I'0") =00y, I'0™)
< A(n(a*,l"a*))a(n(an, I"Gn))l_a
= A(n(a*, I’a*))a(r)(on, an+1))1_a -0 asn— 0. (3.12)
Thus, n(0,41,Ta™) = 0. If there is N > 0 such that for all n > N such that gy, ; = ¢*, then we can conclude
that n(o*,I'c*) = 0 and so ¢* is the fixed point for 'c*. Otherwise, suppose that for all n € N, g,, # ¢*. Thus,

we have,

n(o*,Tao*) < limsupn(o,.q,T0o™) (3.13)

n—-oo

and one can conclude that n(a*, ' ™) = 0, which is a contradiction. Hence ¢* = I'e* is the fixed point of I' in D.
We shall now prove the uniqueness of the fixed point. If ¢* € D is another fixed point of I', that is, I'¢* = ¢*, then
we get

x Lk * * * % % R a4
n(a,¢) =nle*,I¢*) < A(n(a*, ra")) (n(s*,r¢)) <0
which is a contradiction, and hence, * = ¢*.

Theorem 3.6 Let (D, n,s) be a complete super metric space and I': ® —» D be a (4, a, B)-interpolative Kannan
contraction. Then I" has a unique fixed point.

Proof Following the steps of proof of Theorem 3.5, we construct the sequence {o,,} by iterating
Ops1 =10, VNEN,
where g, € D is arbitrary starting point. Then, by (3.2), we have
N(On, Op41) = N(I'0n—1,I'0y)

< 4101, T0n-1))" (10w T0))’
= A(n(o-n—lv O-n))a(n(o-n! o-n+1))ﬁ
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Since a < 1 — B, the last inequality gives
TI(Un, 0n+1)1_ﬂ < /177(0—71—1: Un)a < /177(%—1‘ o_n)l_ﬁ (3-14)

Hence

1

U(O'n' Un+1) < ﬂ-1_ﬁ77(0-n—1' Un) < /177(071—1, O-n)

and then

N0, Ony1) < A" (00, 01) (3.15)

and in taking the limit from the above inequality, we get
lim n(o,, 0,41) = 0. (3.16)
n—oo

As already elaborated in the proof of Theorem 3.5, the classical procedure leads to the existence of a fixed-point

o* € D. Now, we prove the uniqueness of ¢*. If ¢* € D is another fixed point of I, that is, I'¢* = ¢*, then from
(3.2), we get

n(a*,¢*) =n(Ca",I¢") < A(n(o*,ra")" (n(",r¢")’ <0 (3.17)
This yields that ¢* = ¢*. This completes the proof.
Theorem 3.7 Let (D,n, s) be a complete super metric space and I': ® — D be a (4, a, B, y)-interpolative Reich
contraction. Then I' has a unique fixed point.
Proof Following the steps of proof of Theorem 3.5, we construct the sequence {o,,} by iterating
Ons1 =T 0,V EN,
where g, € D is arbitrary starting point. Then, by (3.3), we have

N(0p, Ons1) =N(T'0yq, '0y)
< A(1(0-1,0)) (101, T04-1))” ((0, T'5))”
= /1(77 (Op-1, O-n))aﬂg (77 (on, O-n+1))y

Since a + f < 1 — vy, the last inequality gives

(10 0ns)) " < AN (001, 0))" " < A(n(0p-1,0))"" (3.18)

Hence

1
(O, Ops1) < A17YN(0n1, 0p) < AN(Op-1, 0n)

and then
10w, On41) < A1 (09, 01) (3.19)
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and in taking the limit from the above inequality, we get
lim 77(0-nv0-n+1) = 0. (320)
n—-oo

As already elaborated in the proof of Theorem 3.5, the classical procedure leads to the existence of a fixed-point
o* € D. Now, we prove the uniqueness of ¢*. If ¢* € D is another fixed point of I', that is, I'¢* = ¢*, then from
(3.3), we get

n(o*,¢") =no",I's")
< A(n(0*¢)) ((o*, ra")) (n(s", ")) <0 (3.21)

This yields that ¢* = ¢*. This completes the proof.

Theorem 3.8 Let (D,n,s) be a complete super metric space and I': ® — D be a (4, @, B)-interpolative Dass-
Gupta rational contraction. Then I' has a unique fixed point.

Proof Following the steps of proof of Theorem 3.5, we construct the sequence {o,,} by iterating
Opt1 =T o, VN EN,
where o, € D is arbitrary starting point. Then, by (3.4), we have

U(Un; Un+1) = n(['o-n—lr['o-n)

@ ([147(on-1,Ton—Dn(onla)\P
= /1(7) (0n-1, 0")) ( nlJrln(aZ—i.Un) — )

@ ([147(0n-1,00) (00,0041 \P
< A(n(0p-y, 0)) " (LG o))

= A(1(0n-1,0)) " (10, 0041))”

Since a + B < 1, the last inequality gives
1-8 1-B8
(T)(Um O-n+1)) < /1(77(0-71—1: Un))a < /1(77(0-71—1' O-n))

1
ie. n(Un' Un+1) < /11‘577(0’11—1: O-n) < /177(0’11—1; Un)

and then
77(0-n: O-n+1) < /1n77(0-0' 01) (3-22)
and in taking the limit from the above inequality, we get
lim n(oy, 0,,41) = 0. (3.23)
n—oo
As already elaborated in the proof of Theorem 3.5, the classical procedure leads to the existence of a fixed-point

o* € D. Now, we prove the uniqueness of ¢*. If ¢* € D is another fixed point of I, that is, I'¢* = ¢*, then from
(3.4), we get

17



Gourh et al.; J. Adv. Math. Com. Sci., vol. 39, no. 2, pp. 11-19, 2024; Article no.JAMCS.112216

n(o*,¢) =no",I'¢™)

* % " N ﬁ
< ato ) (220
=0

This yields that * = ¢*. This completes the proof.

4 Conclusion

In this paper, using the new framework of super metric spaces, we introduced the concept of (4, @)-interpolative
Kannan contraction, (A a, B)-interpolative Kannan contraction and (4, «, B8, y)-interpolative Riech contraction
and (1 a, B)-interpolative Dass-Gupta rational contraction and proved the existence of fixed points for self-
mapping.
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