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Abstract

In this paper, we investigate Sasakian manifolds that admit almost n-Ricci solitons with respect to the
Schouten-van Kampen connection using certain curvature tensors. Concepts of Ricci pseudosymmetry
for Sasakian manifolds admitting 7-Ricci solitons are introduced based on the selection of specific
curvature tensors such as Riemann, concircular, projective, pseudo-projective, M-projective, and W,
tensors. Subsequently, necessary conditions are established for a Sasakian manifold admitting n-Ricci
soliton with respect to the Schouten-van Kampen connection to be Ricci semisymmetric, based on the choice
of curvature tensors. Characterizations are then derived, and classifications are made under certain conditions.
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1 Introduction

The concept of Ricci flow was introduced by Hamilton in 1982. By employing this concept, Hamilton discovered
the canonical metric on a smooth manifold. Subsequently, Ricci flow has become a powerful tool for studying
Riemannian manifolds, especially those with positive curvature. Perelman utilized Ricci flow and its surgery to
prove the Poincaré conjecture [1],[2].

A Ricci soliton emerges as the endpoint of solitons during the Ricci flow process. A solution to the Ricci flow is
labeled a Ricci soliton if it progresses exclusively under a one-parameter group of diffeomorphisms and scaling.

Over the last two decades, the geometry of Ricci solitons has attracted significant attention from numerous
mathematicians. Its importance escalated notably after Perelman employed Ricci solitons to resolve the long-
standing Poincaré conjecture, posed in 1904. In [3], Sharma examined Ricci solitons in contact geometry.
Subsequently, Ricci solitons in contact metric manifolds have been investigated by various authors in [4]-[16].

The Schouten-van Kampen connection was primarily introduced for the detailed examination of non-holomorphic
manifolds in [17, 18]. Initially addressed by Bejancu in foliated manifolds [19], it was later discussed in almost
contact and almost paracontact manifolds in [20].

Sasaki defined Sasakian manifolds as the one-dimensional form of Kahler manifolds in [21]. After Cartan studied
symmetric Riemannian manifolds in [22], Takahashi explored different notions of symmetry in Sasakian manifolds
in [23]. Subsequently, G. Ghosh began to investigate Sasakian manifolds based on the Schouten-van Kampen
connection in [24].

In this paper, we investigate Sasakian manifolds that admit almost n-Ricci solitons with respect to the Schouten-
van Kampen connection using certain curvature tensors. Concepts of Ricci pseudosymmetry for Sasakian
manifolds admitting n-Ricci solitons are introduced based on the selection of specific curvature tensors such
as Riemann, concircular, projective, pseudo-projective, M-projective, and Wa tensors. Subsequently, necessary
conditions are established for a Sasakian manifold admitting n-Ricci soliton with respect to the Schouten-van
Kampen connection to be Ricci semisymmetric, based on the choice of curvature tensors. Characterizations are
then derived, and classifications are made under certain conditions.

From this section onwards, the Schouten-van Kampen connection will be denoted as the S — VK connection.

2 Preliminaries

Let ® be a (2n + 1)-dimensional Sasakian manifold. In this case, it is evident that the quadruple (¢,&,7,g)
defined on @, satisfying the following relations, holds on the Sasakian manifold.

¢°Q1=—0Q1 +1(Q1)&n(€) =1,17(¢Q1) = 0 and ¢€ = 0, (1)
g(Q1,Q2) = g(#Q1,¢Q2) +n(Q1)n(Q2), (2)
g(¢Ql,Q2) :—9(Q1:¢Q2),9(Qlaf):77(91)7 (3)

for all vectors field Oy, Q2 in [25, 26].
(Vo,0) Q2 =g(Q1,Q2)§ —n(Q2) Qu, (4)

for all vectors field Q1, Q2, where V is the Levi-Civita connection of the Riemannian metric. Thus, for a (2n+1)-
dimensional Sasakian manifold, the Riemann curvature tensor, Ricci curvature tensor, and Ricci operator satisfy
some fundamental relations as follows.

Vo, § = —9Qu, (5)
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(Vo,n) Q2 =g (Q1,9Q2),
R(£,Q1)Q2=9(Q1,22)¢ —1(Q2) 1,
R(91,8) Q2 = —g(91,92) £+ 1 (Q2) 91,
R(Q1,92)¢ =n(Q2) Q1 —n(Q1) Qa,
5(Q1,€) = 2nn (1),
Q§ = 2n¢,
S(¢Q1,¢Q2) = 5(Q1, Q2) — 2nn (Q1) n(Q2),
for all vectors field Q1, Qs in [27, 28, 29].

3 Curvature Tensor and Ricci Tensor with Respect to the S —

Connection
The S — VK connection V is given by [20],
Vo, Q2 = Vo, Q2 —1(Q2) Ve, & — (Vaum) ()¢,
for any Q1, Q2 tangent to ®. With the help of (5) and (6), the above equation takes the form
V0,02 = V0,02 +9(Q1,6Q2) € +1(Q2) $Qu.
Putting Qo = £ in (14) and using (1), we have
Vo, €=V, 6+1(Q)€~ Q.

Using (5) in (15), we get )
vQ]‘g =0.

Let R and R denote the curvature tensor V and V respectively. Then
R(Q1,92) Qs =Vo,V0,95 — Vo,Vo,9s — Vig,,0,Qs.
Using (14) in (17), we yields
R(Q1,Q2) Qs = R(Q1,Q2) Qs — 9 (Q2,6Q3) Q1
+9(Q1,0Q3) Q2 — 1 (Q2) 1 (Q3) Q1
+n(Q1)n(Qs) Q2.
If we choose Q1 = &, Q2 = ¢ and Qs = £ respectively in (18), we get
R (€ Q2) Qs = g(Q2,Q3) € — g (Q2,6Q3) & — 1 (Q2)n(Qs) &,

R(Q1,6) Q3 = g(Q1,Q3) € +1(Q1)n(Qs)¢,
R(Q1,22)€=0
Taking inner product with W of (18) we get

9(R(Q1,02) Qs W) = g(R(Q1,Q2) Q5. W) = 9(Q2,6Q3) g (6Q1, W)

9(Q1,993) g (¢Q2, W) — g(Q1,W)n(Q2)n(Qs) + g(Q2,W)n(Q1)n(Qs).

VK

(13)

(14)

(18)

(22)
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If we select the local orthonormal basis of the tangent space of the manifold ® as {e1, e, ..., €2n41}, We get

5(Q2,Q3) = S(Q2,Q3) + g (Q2,Q3) — (2n+ 1)1 (Q2) 1 (Q3), (23)

where S and S are the Ricci tensor of ® with respect to S — VK connection and Levi-Civita connection,
respectively.

Let 7 and r denote the scalar curvature of ® with respect to S — VK connection and Levi-Civita connection
respectively. If we choose Q2 = Q3 = ¢; in (23) and taking summation over i, 1 <7 < 2n + 1, we have

F=7. (24)
Obviously, ) )
R(Q1,Q2) Q3 = —R(Q2,Q1) Qs,
R(Ql, Q) Qs + é(Qz, Q3) Q1+ R (Q3,01) Q2 =0,
and the Ricci tensor § is symmetric [24].
On the other hand, if the Sasakian manifold is a Ricci flat according to the S — VK connection, we can state

the following theorem, as can be seen from [24].

Theorem 1. If > is Ricci flat under the S — VK connection, then it is an n-Einstein manifold, and vice
versa.

4 Almost n—Ricci Solitons Admiting Sasakian Manifolds According
to S — VK Connection

n-Ricci solitons on a Riemannian manifold were introduced by J.T. Cho and M. Kimura in [30] as a quadruple

(9,&, A, ) satisfying,
Leg+2S+ 2 g+ 2un®@n =0, (25)

which is a generalization of the triple (g,&, A) on ® satisfying

Leg+25+2Mg =0, (26)
where A and p are real constants and 7 is the dual of £ and S denotes the Ricci tensor of ®. Furthermore if A
and p are smooth functions on @, then it called almost n—Ricci soliton on @ [30].

We can classify an almost n-Ricci soliton on the manifold ® according to the sign of A as follows:
- If A is negative, it is called shrinking.
- If X\ is zero, it is called steady.
- If X\ is positive, it is called expanding.

Let ® be a Riemannian manifold, B is (0, k) —type tensor field and A is (0, 2) —type tensor field. In this case,
Tachibana tensor field @ (A, B) is defined as

Q (A7 B) (H17 7Hk7 Ql7 QQ) = _B((Ql AA QQ) H17 7Hk) -
o —B(Hi, ..y He—1,(Q1 Aa Q2) Hi)

where,

(Q1 A4 Q2) Q3 =A(Q2,Q3) Q1 — A(Q1,93) 92,
k>1,Hy, Ho, ..., Hy, Q1, Qs € T' (TM).
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Now let (g,&, A, u) be almost n—Ricci soliton on Sasakian manifold according to & — VK connection. Then we
have

(igg) (Q1,Q2) = lo/gg (Q1,92)—g ([Ongl, Qz) -9 (thongQ)
=£9(Q1,Q2) —g([§ Q],Q2) —g(Q1, [ Q2])
=g (65917 Qz) +g (Ql, 65Q2) —g (%ng, Qz)

19 (Ve,6,0:) — g (VeQ2, Q1) +9(Q1, Vast)
for all Q1, Qs € T' (T'®). By using (16), we have
(Leg) (@1,02) =0, (27)
Thus, in a Sasakian manifold, from (26) and (27), we have
8(Q1,Q2) +Ag (Q1, Q) + jim (1) 1 () = 0. (28)
Thus, we can easily express the following result.

Corollary 1. Let ®*" " be an (2n + 1) —dimensional Sasakian manifold according to S — VK connection. The
(2n + 1)—dimensional Sasakian manifold admitting almost n— Ricci soliton (<I>2”+1,g,§, )\,,u) is an n— Einstein
manifold.

For Q2 = ¢ in (28), this implies that

$(6,01) = — (A1) n(Qu). (29)
Taking into account of (23) and (29), we conclude that
A+ a=0. (30)

Definition 1. Let ®*"*! be an (2n + 1) —dimensional Sasakian manifold according to S — VK connection. If
R-S and Q (g7 S) are linearly dependent, then the ®>" 1 is said to be Ricci pseudosymmetric manifold
according to S — VK connection.

In particular, if R-S = 0, the manifold ®*"*! is said to be Ricci semisymmetric according to S — VK
connection.

Theorem 2. Let ®*" ' be Sasakian manifold according to S — VK connection and (g, &, \, i) be almost n— Ricci
soliton on ®*" 1. If 2" is a Ricci pseudosymmetric, then ®*" T is either a Ricci semisymmetric manifold or
steady.

Proof. Let’s assume that Sasakian manifold ®?"*! be Ricci pseudosymmetric manifold according to S — VK
connection and (g, &, \, 1) be almost n—Ricci soliton on ®2"*!. That’s mean

(7(Q1,02)-9) (Q5,Q1) = 11Q (9, 5) (s, Q15.Q1, Q2),
for all Q1, Q2,Q3,Q4 € T (T®*"*") . From the last equation, we can easily write

S (R (Q1,Q2) Oz, Q4) + S (Qs, R (91, Q2) Q4)
(31)
= z1 {S((Ql Ng Q2) Q3,Q4) + S(Qs, (Q1 Ay Q2) Q4)} .
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If we choose Q4 = ¢ in (31), we get

§ (R(Q1, @) Qs,€) + 5 (23, R(Q1, 2)€)
= 11 {5(9(02,05) Q1 ~ 9(Q1,05) ©:,¢) (32)

+5(Qs,7(22) Q1 —1(Q1) 22)}
If we make use of (21) and (23) in (32), we have
115(Q3,m(Q2) Q1 —1(Q1) Q2) =0 (33)
If we use (28) in the (33), we get
A1L1g(Qs,1(Q2) Q1 — 1(Q1) Q2) = 0.
It is clear from the last equality that the proof of the theorem is completed. O

For an (2n + 1) —dimensional ® Sasakian manifold according to S — VI connection, the concircular curvature
tensor is defined as

o

T

CD' (Ql, Qz) Q3 = é(Ql, Qz) Q3 — m [Q(Q2, Q3) Q1 — g(Ql, Q3) Qﬂ . (34)
If we choose Q3 = ¢ in (34), we can write
C(Q1, Q)€ = 3p 5 [1(Q1) 2 = 71(Q2) Qul. (35)

Thus we have the following theorem.

Theorem 3. Let ®*" ! be Sasakian manifold according to S — VIC connection and (g, €, A, 1) be almost n— Ricci
soliton on ®*"FT1. If @21 s a4 concircular Ricci pseudosymmetric, then 2" is a steady or

. 7
Lp=—" .
> T 2n(2n+1)

Proof. Let’s assume that Sasakian manifold ®?"*! be concircular Ricci pseudosymmetric according to S — VK
connection and (g, &, A, ) be almost n—Ricci soliton on ®2"*!. That’s mean

(€(Q1,Q2)+9) (Q3,00) = 120 (9.8) (@5, 213 1, Q2),
for all Q1, Q2,Q3,Q4 € T (T®*"*") . From the last equation, we can easily write

S (é(Ql, Q2) Qs, Q4) + S (Q37é(Q1, Q2) Q4)

(36)
= L2 {S((Q1 Ag Q2) @s,Q0) + 5(Qs,(Q1 Ay Q) Qu)} -
If we choose Q4 = £ in (36) , we get
S (é(Ql, Q7) Qs,f) +5 (Q3,C°'(Q1, Qz)f)
=L, {5 (9(Q2,Q3) Q1 — g(Q1,Q3) 2,6) (37)

+5(Qs,7(Q2) Q1 —1(Q1) )}
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By using of (23) and (35) in (37), we have
7

|:i2+m] é(Qs,T)(Ql) QQ—W(Q2) Ql) =0. (38)
If we use (28) in the (38), we can write
b+ Gy | 9(901(@) @2 = 1(02) @3) =0

It is clear from the last equality that the proof of the theorem is completed. O

We can give the result obtained from this theorem as follows.

Corollary 2. Let ®*"T! be Sasakian manifold according to S — VK connection and (g, &, \, 1) be almost n— Ricci
soliton on ®* L. If &2 is a concircular Ricci semisymmetric, then ®*" 1 is either manifold with scalar
curvature r = 0 or steady.

For an (2n + 1) —dimensional Sasakian manifold according to S — VK connection, the projective curvature tensor
is defined as

P(Q1,Q2) Q3 = R(Q1,Q2) Q3 — % [ASO'(Qz, Q3) Q1 — S5 (Q1,Q3) Qz] . (39)

If we choose Q3 = £ in (39), we can write

P(Q1,0:)€=0. (40)

Theorem 4. Let ®*" ! be Sasakian manifold according to S — VK connection and (g,&, \, 1) be almost n— Ricci
soliton on ®*"T'. If &2 is a projective Ricci pseudosymmetric, then ®2"' is either projective
Ricci semisymmetric or steady.

Proof. Let’s assume that Sasakian manifold according to S — VK connection be projective Ricci pseudosymmetric
and (g,&, A, i) be almost n—Ricci soliton on ®2" 1. Then we have

(P(Q1,Q2)-9) (Qs,Q1) = LsQ (9,5) (s, Q15 Q1, Qo).
for all ©1,0Q92,Q3,Q4 €T (T<I>2"+1) . From the last equation, we can easily write

s (ﬁ)(Qh Q2) Qs, Q4) +8 (Q3,I3(Ql, Q») Q4)

(41)
= 1013 {S((Ql Ng Q2) Q3,Q4) + g(Qs, (Q1 Ng Q2) Q4)} .
If we choose Q4 = £ in (41), we get
(P (Q1,02) Qs,6) + 5 (s, P (21, 22)¢)
= L3 {5(9(Q2. Q1) Q1 ~9(21,23) ©:.9) (12)
+5(Qs,1(Q2) Q1 — 1 (Q1) @2) }-
If we make use of (22) and (40) in (42), we have
[Q/3§'(Q3777(Q2) 01 —n(9Q1)92) =0. (43)
If we use (28) in (43), we get .
AL3g (Q3,m(Q2) Q1 —n(Q1) Q2) = 0.
It is clear from the last equality that the proof of the theorem is completed. O
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For an (2n + 1) —dimensional Sasakian manifold according to S — VK connection, the pseudo-projective curvature
tensor is defined as

P. (Q1,Q2) Q3 = aoé(Qh Q2) Qs + a1 [:§(Q27 Q3) Q1 — S’(Qu Q3) Q2]

(44)
72n’11 (22 +a1) [g(Q2,Q3) Q1 — g (Q1,Qs) Q2]
If we choose Q3 = ¢ in (44), we can write
Po(Q1, Q)€ =5 (5o o) 1(Q) Q2 —n(Q2) Qil. (45)

Theorem 5. Let ®*" ! be Sasakian manifold according to S — VK connection and (g,&, \, 1) be almost n— Ricci
soliton on ®2" 1. If ®*"*! is q pseudo-projective Ricci pseudosymmetric, then ®>"*! is either steady or

° —73 aop
Ly = (52 +ai).
il T
Proof. Let’s assume that Sasakian manifold according to S — VK connection be pseudo-projective Ricci pseudosymmetric
and (g,&, A, 1) be almost n—Ricci soliton on ®2"*!. Then we have

(P* (Q1,9Q2) - S) (Q3,0Q4) = 101462 (g7 S) (93, Qq; 91, Q2),
for all ©1,092,Q3,Q4 €T (T<I>2"+1) . From the last equation, we can easily write

S (P* (Q1,Q2) Qs, Q4) + S (93,15* (Q1,9Q2) Q4)

(46)
=L {S((Q1 Ag Q2) Q3,Qu) + S (Qs, (Q1 Ag Q2) Q4)} .
If we choose Q4 = £ in (46) , we get
g (ﬁ* (Q17 QQ) Q?ﬂ&) + SY (937]3* (Q17 QQ)S)
= L4 {g(g(QmQ:a)Ql —9(Q1,Q3) Q2,8) (47)
+5(Qs,1(Q2) Q1 — (1) Q2) }-
If we make use of (23) and (45) in (47), we have
{L + 5 (et al)} §(Qs,1(Q1) Q2 —1(Q2) Q1) = 0. (48)
If we use (28) in (48), we get
A {[‘34 + 2n:— T (;T()l + a1)} g(Q3,m(Q1) Q2 —n(Q2) Q1) =0.
It is clear from the last equality that the proof of the theorem is completed. O

Corollary 3. Let ®*"! be Sasakian manifold according to S — VK connection and (g, &, \, 1) be almost n— Ricci
soliton on ®2" 1 If ®2" T is a pseudo-psrojective Ricci semisymmetric, then ®*" 11 is either manifold with scalar
curvature r = 0 provided ao + 2nay # 0 or steady.
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For an (2n + 1) —dimensional Sasakian manifold according to S — VK connection, the /\;l—projective curvature
tensor is defined as

M (Q1,Q2) Qs = R(Q1,Q2) Qs — 2 [5(Q2,Q:) Q1 — §(Q1,02) 02

(49)
+9(Q2,Q5) QQ1 — 9(Q1,Qs) QQ:]
If we choose Q3 = £ in (49), we obtain
M(Q1, )€ = 5 [1(21) 02 —7(22) Q2] (50)

Let us now investigate the /\o/l—projective Ricci pseudosymmetric case of the Sasakian manifold.

Theorem 6. Let ®*" T be Sasakian manifold according to S — VI connection and (g, €, A, 1) be almost n— Ricci

soliton on "1 If ®2"F1 s ¢ /\O/l—projective Ricci pseudosymmetric, then 2"+ is either steady or
S
Ls = —.
> 2n

Proof. Let’s assume that Sasakian manifold according to & — VK connection be projective /\;l—projective Ricci
pseudosymmetric and (g, £, A, ) be almost n—Ricci soliton on 2"+, That’s mean

(M(Q1,@2)-8) (Q3,Q1) = L5Q (9,9) (Qs, Q13 Q1, Q2),
for all ©1,0Q92,Q3,Q4 €T (T<I>2"+l) . From the last equation, we can easily write

S (M (Q1,Q2) Qs, Q4) + 3 (Q37M (Q1,Q2) Q4)

(51)
=1Is {S((Q1 Ng Q2) O3, Q4) + S'(Qs, (Q1 Ng Q2) Q4)} .
If we choose Q4 = £ in (51), we get
§ (M (Q1,22) Qs,€) + 5 (20, M (21, 22)€)
= L5 {§(9(Q2,Q:) Q1 — 9(Q1,25) 2:,¢) (52)
+5(Qa,m(Q1) Q2 — 1 (Q2) Q1) } -
If we make use of (23) and (50) in (52), we have
58 (1(21) Q02— 1(Q2) 01, Qs) = 65 (1(Q2) Q1 — (1) Q2. s). (53)
If we put (28) in (53), we can write
505 m(Q1) Q2 1(Q2) Q1) — Alsg (Qs,7(Q1) Q2 —7(Q2) Q1) =0. (54)
Again, if we use (28) in (54), we obtain
A2 ..
on +ALs| 9(Q3,m(Q1) Q2 —n(Q2) Q1) =0.
It is clear from the last equality that the proof of the theorem is completed. O

72



Mert et al.; Asian J. Math. Comp. Res., vol. 31, no. 1, pp. 64-75, 2024; Article no., AJOMCOR.11857

Corollary 4. Let ®2"*! pe Sasakian manifold according to S — VK connection and (g,&, A, 1) be almost n— Ricci
soliton on ®>"T1. If &2 s o M—projective Ricci semisymmetric, then ®" 1 is steady.

For an (2n + 1) —dimensional Sasakian manifold according to S — VK connection, the Wa—curvature tensor is
defined as

W2 (Q1, Q) Qs = R(Q1,Q2) Qs — 5 [9(Q2,20) Q01 — 9(Q1,24) Qs - (55)
If we choose Q3 = ¢ in (55), we can write
W2 (Q1,Q2) € = —i [7] (Q2) Q01 — 1 (Q1) QQQ] . (56)

Theorem 7. Let ®*" T be Sasakian manifold according to S — VI connection and (g, €, A, 1) be almost n— Ricci
soliton on ®*"T1. If ®2"T1 s q Wao— Ricci pseudosymmetric, then ®2"1 is either steady or

P A
= o

Proof. Let’s assume that Sasakian manifold according to & — VK connection be W>—Ricci pseudosymmetric
and (g,&, A, i) be almost n—Ricci soliton on ®2"*!. That’s mean

(W2 (Q1,92)-8) (Qs,Q0) = LeQ (9, 5) (s, Q15 Q1, Qo).
for all ©1,Q2,Q3,94 €’ (T<I>2"+1) . From the last equation, we can easily write

s (W2 (Q1, Q2) Qs, Q4) +S (Qs, Wa (Q1, Q2) Q4)

(57)
= ZG {S((Ql Ng Q2) Q3,Q4) + S(Qs, (Q1 Ay Q2) Q4)} .
If we choose Q4 = £ in (57), we get
S (W2 (Q1,92) Q3,§) +8 (Q3, Wa (91, Q2)5>
= Le {é(g(Q%Qs)Ql —9(Q1,Qs3) Q2,¢) (58)
+5(Qa,1(Q2) @1~ (Q1) Q) } -
If we make use of (22) and (56) in (58), we have
- %S (Q:a,n (Q2) Q01 — 1 (Q1) QQz) = 165 (Q3,1(Q2) Q1 —n(Q1) Q2) = 0. (59)
If we use (28) in the (59), we get
%S’(Q:a,n(Qz) Q1 —1(Q1) Q2) + ALeg (Qa,m(Q2) Q1 — 1 (Q1) Qz) = 0. (60)
Again, if we use (28) in (60) , we obtain
A2 ..
|:_2n + AL | g(Q3,m(Q2) Q1 —n(Q1) Q2) .
It is clear from the last equality that the proof of the theorem is completed. O

Corollary 5. Let ®2""! pe Sasakian manifold according to S-van-K connection and (9,&, A\, ) be almost n— Ricci
soliton on ®2" 1. If ®2"*1 is q Wa— Ricci semisymmetric, then ®2" T is steady.
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5 Conclusion

In this paper, we investigate Sasakian manifolds that admit almost n-Ricci solitons with respect to the S — VK
connection using certain curvature tensors. Concepts of Ricci pseudosymmetry for Sasakian manifolds admitting
n-Ricci solitons are introduced based on the selection of specific curvature tensors such as Riemann, concircular,
projective, pseudo-projective, M-projective, and Ws tensors. Subsequently, necessary conditions are established
for a Sasakian manifold admitting n-Ricci soliton with respect to the S — VI connection to be Ricci semisymmetric,
based on the choice of curvature tensors. Characterizations are then derived, and classifications are made under
certain conditions.
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