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In this work, we shall derive a new subclass of univalent analytic functions denoted by Hðα, β, γ, k, λ,mÞ in the open unit disk
D = fz ∈ℂ : jzj < 1g which is defined by multiplier transformation. Coefficient inequalities, growth and distortion theorem,
extreme points, and radius of starlikeness and convexity of functions belonging to the subclass are obtained.

1. Introduction and Definition

Let A denote the class of all analytic functions of the form

f zð Þ = z + 〠
∞

n=2
anz

n, an is complex number, ð1Þ

defined on the open unit disk D = fz ∈ℂ : jzj < 1g on the
complex plane ℂ. Let S denote the subclass of A consisting
of functions that are univalent in D. Further, let S∗ðαÞ and
CðαÞ be the classes of functions, respectively, starlike of
order α and convex of order α, for 0 ≤ α < 1. In particular,
the classes S∗ð0Þ = S∗ and Cð0Þ = C are the familiar classes
of starlike and convex functions in D, respectively.

The functions of the form

f zð Þ = z − 〠
∞

n=2
anz

n, an > 0, ð2Þ

defined on the open unit disk D = fz ∈ℂ : jzj < 1g, is called
a functions with negative coefficients. Let T be the subclass
of S, consisting of functions of the form (2). The class T
was introduced and studied by Silverman [1]. In [1] Silver-
man investigated the subclasses of T denoted by S∗TðαÞ,
and CTðαÞ, for 0 ≤ α < 1 that are, respectively, starlike of
order α and convex of order α.

Let Mðα, β, γÞ be the subclass of A consisting of func-
tions f ðzÞ which satisfy the inequality

zf ′ zð Þ − f zð Þ
αzf ′ zð Þ + 1 − γð Þf zð Þ

�����
����� < β, ð3Þ

where 0 ≤ α ≤ 1, 0 < β ≤ 1, and 0 ≤ γ < 1 for all z ∈D. This
class of functions was studied by Darus [2].

Cho and Srivastava [3] (see also [4]) introduced the
operator Imλ as the following:

Definition 1. For f ∈ A the multiplier transformation Imλ is
defined by Imλ : A⟶ A

Imλ f zð Þ = z + 〠
∞

n=2

n + λ

1 + λ

� �m

anz
n, z ∈Dð Þ, ð4Þ

where −1 < λ ≤ 1 and m ∈ℕ0 = f0, 1, 2:⋯g:

Special cases of this operator include the Uralegaddi and
Somanatha operator in the case λ = 1 [5], and for λ = 0, the
operator Imλ reduces to well-known Salagean operator intro-
duced by Salagean [6].
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By making use of the multiplier transformation Imλ , the
authors derive the new subclass Hðα, β, γ, k, λ,mÞ of func-
tions as the following:

Definition 2. For 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g, we let Hðα, β, γ, k, λ,mÞ
consist of functions f ∈ T satisfying the condition

Re z Imλ f zð Þð Þ′ − Imλ f zð Þð Þ
αz Imλ f zð Þð Þ′ + 1 − γð Þ Imλ f zð Þð Þ

 !
> k

z Imλ f zð Þð Þ′ − Imλ f zð Þð Þ
αz Imλ f zð Þð Þ′ + 1 − γð Þ Imλ f zð Þð Þ

− 1
�����

����� + β,

ð5Þ

where Imλ f ðzÞ = z −∑∞
n=2ðn + λ/1 + λÞmanzn, z ∈D and an >

0:

Our first result is the coefficient estimate for functions
f ∈Hðα, β, γ, k, λ,mÞ, and the others include the growth
and distortion theorem; further, we obtain the extreme
points. Finally we determine the radius of starlikeness and
convexity, for the function belonging to the class Hðα, β, γ,
k, λ,mÞ:

First of all, let us look at the coefficient estimates.

2. Coefficient Estimates

In this section, we shall obtain the coefficient estimates for
the function f belonging to the class Hðα, β, γ, k, λ,mÞ.
Our first result is the following:

Theorem 3. Let 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g. A function f given by (2) is
in the class Hðα, β, γ, k, λ,mÞ if and only if

〠
∞

n=2
Tn α, β, γ, k, λ,mð Þan ≤ 2 + k − βð Þ 1 + α − γð Þ, ð6Þ

where

Tn α, β, γ, k, λ,mð Þ = 1 + kð Þ 2 − γ − n 1 − αð Þj j½
+ 1 − βð Þ 1 + αn − γð Þ� n + λ

1 + λ

� �m

:
ð7Þ

Proof. We have f ∈Hðα, β, γ, k, λ,mÞ if and only if the con-
dition (5) is satisfied.

Let

w = z Imλ f zð Þð Þ′ − Imλ f zð Þð Þ
αz Imλ f zð Þð Þ′ + 1 − γð Þ Imλ f zð Þð Þ

, ð8Þ

subject to the condition that,

Re wð Þ ≥ k w − 1j j + β if and only if k + 1ð Þ w − 1j j ≤ 1 − β:

ð9Þ

Now

k + 1ð Þ w − 1j j = k + 1ð Þ ∑∞
n=2 1 − nð Þ n + λ/1 + λð Þmanzn

1 + α − γð Þz − ∑∞
n=2 αn + 1 − γð Þ n + λ/1 + λð Þmanzn

− 1
����

����
≤ 1 − β

ð10Þ

is equivalent to

k + 1ð Þ ∑∞
n=2 1 − nð Þ n + λ/1 + λð Þmanzn−1

1 + α − γð Þ − ∑∞
n=2 αn + 1 − γð Þ n + λ/1 + λð Þmanzn−1

− 1
����

���� ≤ 1 − β:

ð11Þ

So

k + 1ð Þ ∑
∞
n=2 2 − γ − n 1 − αð Þð Þ n + λ/1 + λð Þmanzn−1 − 1 + α − γð Þ
1 + α − γð Þ − ∑∞

n=2 αn + 1 − γð Þ n + λ/1 + λð Þmanzn−1
����

���� ≤ 1 − β:

ð12Þ

The above inequality reduces to

k + 1ð Þ∑
∞
n=2 2 − γ − n 1 − αð Þj j n + λ/1 + λð Þman − 1 + α − γð Þ
1 + α − γð Þ − ∑∞

n=2 αn + 1 − γð Þ n + λ/1 + λð Þman
≤ 1 − β:

ð13Þ

Then

k + 1ð Þ 〠
∞

n=2
2 − γ − n 1 − αð Þj j n + λ

1 + λ

� �m

an − 1 + α − γð Þ
" #

≤ 1 + α − γð Þ 1 − βð Þ − 1 − βð Þ〠
∞

n=2
αn + 1 − γð Þ n + λ

1 + λ

� �m

an:

ð14Þ

Thus

〠
∞

n=2
k + 1ð Þ 2 − γ − n 1 − αð Þj j + 1 − βð Þ〠

∞

n=2
αn + 1 − γð Þ

" #
n + λ

1 + λ

� �m

an

≤ 1 + α − γð Þ 1 − βð Þ + 1 + α − γð Þ k + 1ð Þ,
ð15Þ

which yield to (6).
Conversely suppose that (6) holds and we have to show

that (12) holds. Here the inequality (6) is equivalent to
(13). So it suffices to show that,

∑∞
n=2 2 − γ − n 1 − αð Þð Þ n + λð Þ/ 1 + λð Þð Þmanzn−1 − 1 + α − γð Þ
1 + α − γ −∑∞

n=2 αn + 1 − γð Þ n + λð Þ/ 1 + λð Þð Þmanzn−1
����

����
≤
∑∞

n=2 2 − γ − n 1 − αð Þj j n + λð Þ/ 1 + λð Þð Þman − 1 + α − γð Þ
1 + α − γ −∑∞

n=2 αn + 1 − γð Þ n + λð Þ/ 1 + λð Þð Þman
:

ð16Þ
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Since

1 + α − γ − 〠
∞

n=2
αn + 1 − γð Þ n + λ

1 + λ

� �m

anz
n−1

�����
�����

≥ 1 + α − γj j − 〠
∞

n=2
αn + 1 − γð Þ n + λ

1 + λ

� �m

anz
n−1

�����
�����,
ð17Þ

we have

1 + α − γ − 〠
∞

n=2
αn + 1 − γð Þ n + λ

1 + λ

� �m

anz
n−1

�����
�����

≥ 1 + α − γ − 〠
∞

n=2
αn + 1 − γð Þ n + λ

1 + λ

� �m

an, where zj j < 1,

ð18Þ

and hence, we obtain (16).

Theorem 4. Let 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g. If the function f given by
(2) be in the class Hðα, β, γ, k, λ,mÞ, then

an ≤
2 + k − βð Þ 1 + α − γð Þ
Tn α, β, γ, k, λ,mð Þ� , n = 2, 3, 4,⋯, ð19Þ

where Tnðα, β, γ, k, λ,mÞ is given by (7).
Equality holds for the functions given by,

f zð Þ = z −
2 + k − βð Þ 1 + α − γð Þzn
Tn α, β, γ, k, λ,mð Þ : ð20Þ

Proof. Since f ∈Hðα, β, γ, k, λ,mÞ, therefore, Theorem 3
holds.

Now

〠
∞

n=2
Tn α, β, γ, k, λ,mð Þ an ≤ 2 + k − βð Þ 1 + α − γð Þ, ð21Þ

we have,

an ≤
2 + k − βð Þ 1 + α − γð Þ
Tn α, β, γ, k, λ,mð Þ : ð22Þ

Clearly the function given by (20) satisfies (19), and,
therefore, f given by (20) is in Hðα, β, γ, k, λ,mÞ for this
function, and the result is clearly sharp.

3. Growth and Distortion Theorems for the
Subclass Hðα, β, γ, k, λ,mÞ

In this section, growth and distortion theorem will be con-
sidered, and the covering property for function in the class
Hðα, β, γ, k, λ,mÞ will also be given.

Theorem 5. Let 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g. If the function f given by
(2) is in the class Hðα, β, γ, k, λ,mÞ, then for 0 < jzj = r < 1,
we have

r −
2 + k − βð Þ 1 + α − γð Þr2
T2 α, β, γ, k, λ,mð Þ ≤ f zð Þj j ≤ r + 2 + k − βð Þ 1 + α − γð Þr2

T2 α, β, γ, k, λ,mð Þ ,

ð23Þ

where T2ðα, β, γ, k, λ,mÞ is given by (7).
Equality holds for the function,

f zð Þ = z −
2 + k − βð Þ 1 + α − γð Þz2
T2 α, β, γ, k, λ,mð Þ , z = ±r,±irð Þ: ð24Þ

Proof. We only prove the right hand side inequality in (23),
since the other inequality can be justified using similar
arguments.

Since f ∈Hðα, β, γ, k, λ,mÞ, then by Theorem 3, we have

〠
∞

n=2
Tn α, β, γ, k, λ,mð Þan ≤ 2 + k − βð Þ 1 + α − γð Þ: ð25Þ

Now

T2 α, β, γ, k, λ,mð Þ〠
∞

n=2
an = 〠

∞

n=2
T2 α, β, γ, k, λ,mð Þan

≤ 〠
∞

n=2
Tn α, β, γ, k, λ,mð Þan

≤ 2 + k − βð Þ 1 + α − γð Þ:

ð26Þ

And, therefore,

〠
∞

n=2
an ≤

2 + k − βð Þ 1 + α − γð Þ
T2 α, β, γ, k, λ,mð Þ : ð27Þ

Since

f zð Þ = z − 〠
∞

n=2
anz

n, ð28Þ

we have,

f zð Þj j = z − 〠
∞

n=2
anz

n

�����
����� ≤ zj j + zj j2 〠

∞

n=2
an zj jn−2 ≤ r + r2 〠

∞

n=2
an:

ð29Þ

By aid of inequality (27), yields the right hand side
inequality of (23).

Theorem 6. Let 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g. If the function f given by
(2) is in the class Hðα, β, γ, k, λ,mÞ for 0 < jzj = r < 1, then
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we have

1 −
2 2 + k − βð Þ 1 + α − γð Þr

T2 α, β, γ, k, λ,mð Þ ≤ f ′ zð Þ�� �� ≤ 1 + 2 2 + k − βð Þ 1 + α − γð Þr
T2 α, β, γ, k, λ,mð Þ ,

ð30Þ

where T2ðα, β, γ, k, λ,mÞ is given by (7).
Equality holds for the function f given by

f zð Þ = z −
2 + k − βð Þ 1 + α − γð Þz2
T2 α, β, γ, k, λ,mð Þ , z = ±r,±irð Þ: ð31Þ

Proof. Since f ∈Hðα, β, γ, k, λ,mÞ, therefore, in Theorem 3,
we have

〠
∞

n=2
Tn α, β, γ, k, λ,mð Þan ≤ 2 + k − βð Þ 1 + α − γð Þ: ð32Þ

Now,

T2 α, β, γ, k, λ,mð Þ〠
∞

n=2
nan ≤ 2〠

∞

n=2
Tn α, β, γ, k, λ,mð Þan

≤ 2 2 + k − βð Þ 1 + α − γð Þ:
ð33Þ

Hence

〠
∞

n=2
nan ≤

2 2 + k − βð Þ 1 + α − γð Þ
T2 α, β, γ, k, λ,mð Þ : ð34Þ

Since

f ′ zð Þ = 1 − 〠
∞

n=2
n anz

n−1: ð35Þ

Therefore, we have

1 − zj j〠
∞

n=2
nan zj jn−2 ≤ f ′ zð Þ�� �� ≤ 1 + zj j〠

∞

n=2
nan zj jn−2, where zj j < 1:

ð36Þ

By using inequality (34), we get Theorem 6, and this
completes the proof.

Theorem 7. Let 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ
≤ 1, and m ∈ℕ0 = f0, 1, 2,⋯g. If the function f given by
(2) is in the class Hðα, β, γ, k, λ,mÞ, then f is starlike of order
δ, where

δ = 1 −
2 + k − βð Þ 1 + α − γð Þ

− 2 + k − βð Þ 1 + α − γð Þ + T2 α, β, γ, k, λ,mð Þ : ð37Þ

The result is sharp with

f zð Þ = z −
2 + k − βð Þ 1 + α − γð Þz2
T2 α, β, γ, k, λ,mð Þ , ð38Þ

where T2ðα, β, γ, k, λ,mÞ is given by (7).

Proof. It is sufficient to show that (6) implies

〠
∞

n=2
an n − δð Þ ≤ 1 − δ: ð39Þ

That is,

n − δ

1 − δ
≤

Tn α, β, γ, k, λ,mð Þ
2 + k − βð Þ 1 + α − γð Þ , n ≥ 2: ð40Þ

The above inequality is equivalent to

δ ≤ 1 − 2 + k − βð Þ 1 + α − γð Þ n − 1ð Þ
− 2 + k − βð Þ 1 + α − γð Þ + Tn α, β, γ, k, λ,mð Þ = ψ nð Þ,

ð41Þ

where n = 2, 3, 4,⋯: And ψðnÞ ≥ ψð2Þ, (40) holds true for
any 0 ≤ α ≤ 1, 0 ≤ β < 1, 0 ≤ γ < 1, k ≥ 0, −1 < λ ≤ 1, and m ∈
ℕ0 = f0, 1, 2,⋯g. This completes the proof of Theorem 7.

4. Extreme Points of the
Subclass Hðα, β, γ, k, λ,mÞ

The main purpose of this section is to characterize the set of
linear homeomorphisms of the extreme points of the closed
convex hulls of the subclass Hðα, β, γ, k, λ,mÞ, and the
extreme points are given by the following theorem.

Theorem 8. Let f1ðzÞ = z,

f n zð Þ = z −
2 + k − βð Þ 1 + α − γð Þzn
Tn α, β, γ, k, λ,mð Þ , n = 2, 3, 4,⋯, ð42Þ

where Tnðα, β, γ, k, λ,mÞ is given by (7).
Then f ∈Hðα, β, γ, k, λ,mÞ if and only if it can be repre-

sented in the form

f zð Þ = 〠
∞

n=1
yn f n zð Þ, ð43Þ

where yn ≥ 0 and∑∞
n=1yn = 1.

Proof. Suppose f can be expressed as in (43). Our goal is to
show that f ∈Hðα, β, γ, k, λ,mÞ .

By (43) we have

f zð Þ = 〠
∞

n=1
yn z −

2 + k − βð Þ 1 + α − γð Þzn
Tn α, β, γ, k, λ,mð Þ

� �
: ð44Þ
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Then

f zð Þ = z − 〠
∞

n=2
anz

n = z − 〠
∞

n=2

2 + k − βð Þ 1 + α − γð Þynzn
Tn α, β, γ, k, λ,mð Þ :

ð45Þ

So that

an =
2 + k − βð Þ 1 + α − γð Þyn
Tn α, β, γ, k, λ,mð Þ , n ≥ 2: ð46Þ

Now, we have

〠
∞

n=2
yn = 1 − y1 ≤ 1: ð47Þ

Setting

〠
∞

n=2
yn

2 + k − βð Þ 1 + α − γð Þ
Tn α, β, γ, k, λ,mð Þ × Tn α, β, γ, k, λ,mð Þ

2 + k − βð Þ 1 + α − γð Þ = 〠
∞

n=2
yn = 1 − y1 ≤ 1:

ð48Þ

It follows from Theorem 3 that the function f ∈Hðα, β
, γ, k, λ,mÞ.

Conversely, it suffices to show that

an =
2 + k − βð Þ 1 + α − γð Þyn
Tn α, β, γ, k, λ,mð Þ : ð49Þ

Now we have f ∈Hðα, β, γ, k, λ,mÞ, and then by Theo-
rem 4, we have

an ≤
2 + k − βð Þ 1 + α − γð Þ
Tn α, β, γ, k, λ,mð Þ , n ≥ 2: ð50Þ

That is,

Tn α, β, γ, k, λ,mð Þan
2 + k − βð Þ 1 + α − γð Þ ≤ 1, ð51Þ

but yn ≤ 1: Setting,

yn =
Tn α, β, γ, k, λ,mð Þan
2 + k − βð Þ 1 + α − γð Þ , n ≥ 2: ð52Þ

Yields the desired result. This completes the proof of the
theorem.

Corollary 9. The extreme points of the class Hðα, β, γ, k, λ,
mÞ are the function

f1 zð Þ = z,

f n zð Þ = z −
2 + k − βð Þ 1 + α − γð Þzn
Tn α, β, γ, k, λ,mð Þ , n = 2, 3, 4,⋯,

ð53Þ

where Tnðα, β, γ, k, λ,mÞ is given by (7).

Finally, in this paper, we consider the radius of starlike-
ness and convexity for the class Hðα, β, γ, k, λ,mÞ.

5. Radius of Starlikeness and Convexity

The radius of starlikeness and convexity for the class Hðα,
β, γ, k, λ,mÞ is given by the following theorems.

Theorem 10. If the function f given by (2) is in the class H
ðα, β, γ, k, λ,mÞ, then f is starlike of order δð0 ≤ δ < 1Þ, in
the disk jzj < R where

R = inf Tn α, β, γ, k, λ,mð Þ
2 + k − βð Þ 1 + α − γð Þ

�
1 − δ

n − δ

� ��1/ n−1ð Þ
, n = 2, 3, 4,⋯,

ð54Þ

where Tnðα, β, γ, k, λ,mÞ is given by (7).

Proof. Here (54) implies

2 + k − βð Þ 1 + α − γð Þ n − δð Þ zj jn−1 ≤ Tn α, β, γ, k, λ,mð Þ 1 − δð Þ:
ð55Þ

It suffices to show that

zf ′ zð Þ
f zð Þ − 1

�����
����� ≤ 1 − δ, ð56Þ

for jzj < R, we have

zf ′ zð Þ
f zð Þ − 1

�����
����� ≤ ∑∞

n=2 n − 1ð Þan zj jn−1
1 −∑∞

n=2an zj jn−1
: ð57Þ

By aid of (19), we have

zf ′
f

− 1
�����

����� ≤ ∑∞
n=2 n − 1ð Þ 2 + k − βð Þ 1 + α − γð Þ zj jn−1À Á

/ Tn α, β, γ, k, λ,mð Þð ÞÀ Á
1 − ∑∞

n=2 2 + k − βð Þ 1 + α − γð Þ zj jn−1À Á
/ Tn α, β, γ, k, λ,mð Þð ÞÀ Á ,

ð58Þ

the last expression is bounded above by 1 − δ if,

〠
∞

n=2

n − 1ð Þ 2 + k − βð Þ 1 + α − γð Þ zj jn−1
Tn α, β, γ, k, λ,mð Þ

≤ 1 − 〠
∞

n=2

2 + k − βð Þ 1 + α − γð Þ zj jn−1
Tn α, β, γ, k, λ,mð Þ

" #
× 1 − δð Þ,

ð59Þ

and it follows that

zj jn−1 ≤ Tn α, β, γ, k, λ,mð Þ
2 + k − βð Þ 1 + α − γð Þ

1 − δ

n − δ

� �� �
, n ≥ 2, ð60Þ

which is equivalent to our condition (54) of the theorem.
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Theorem 11. If the function f given by (2) is in the class H
ðα, β, γ, k, λ,mÞ, then f is convex of order εð0 ≤ ε < 1Þ, in
the disk jzj <w where

w = inf Tn α, β, γ, k, λ,mð Þ
2 + k − βð Þ 1 + α − γð Þ

�
1 − ε

n n − εð Þ
� ��1/n−1

, n = 2, 3, 4,⋯,

ð61Þ

where Tnðα, β, γ, k, λ,mÞ is given by (7).

Proof. Here (61) implies

2 + k − βð Þ 1 + α − γð Þn n − εð Þ zj jn−1
≤ Tn α, β, γ, k, λ,mð Þ 1 − εð Þ: ð62Þ

It suffices to show that

zf ′′ zð Þ
f ′ zð Þ

�����
����� ≤ 1 − ε, ð63Þ

for jzj <w, we have

zf ′′ zð Þ
f ′ zð Þ

�����
����� ≤ ∑∞

n=2n n − 1ð Þan zj jn−1
1 −∑∞

n=2nan zj jn−1
: ð64Þ

Then by using the same technique in the proof of Theo-
rem 10, we can show that

zf ′′ zð Þ
f ′ zð Þ

�����
����� ≤ 1 − ε, for zj j ≤w, ð65Þ

with the aid of (19). Thus we have the assertion of Theorem
11.

6. Conclusion

The aim object of this article is to introduce a novel new sub-
class of univalent analytic functions on the open unit disc
defined by multiplier transformation. We study their prop-
erties, begin by coefficients’ characterization. The functions
in this class are acquired via this approach; for example, it
can provide a number of fascinating features. The coefficient
estimates, growth and distortion theorem, extreme points,
starlikeness radius, and convexity of functions in the sub-
class are all introduced.

We remark that several for a wider subclasses of univa-
lent analytic functions can be introduced by using multiplier
transformation and studied their coefficients’
characterization.
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